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PREFACE 


bject of writinp: lliia l)ook is to formiilato a Kinetic 
r (U‘i'(/ain proportioH of matter, whiuh sliall apply 
'(^11 to matt(a* in any Ktato. Tlui (IeHiral)i!ity of 
/eloinnent iuumI not \n\ oniphaHize.d, Tlui (lifliaulty 
xporioncKul in applyinfr the niHults obtained in the 
e Kinetie 'riu'ory of ClaneH in tlie well-known form 
and inteniK'diary stati^H of matter has Ixam i)ri- 
‘to the diirunilty of proptu’ly intorpre. Latin li; inoha;- 
K’tion, In tlu‘ eaH(‘ of p;hh(‘h thi.s iliirnnilty in in 
ov(*ri:onn‘ i»y tlie. intr(Hliu;tion of th(j HHHUmption 
oleenle tuniHintH of a jierfe.e.tly (^luHtio Hjdu're not 
1 1 by any lield of Jonu*. Hut Kinee. HueJi a Htab; of 
ntit (‘xist, tlu^ resultH obtaitu'd in the ('aHc. of KaHcw 
in a Koneral way, and the mnneriend (unintiintH 
u’e. therefore of an inth'llnite natur(‘, \vhil(‘ in tin* 
line KUMCH and li(]uidH tluK prcxuMlure doea not lead 
IK that iri of us«' in ((XplainiiiK the faetHi. 

1 of an uloin, or molecule, (utuHiHliiiK of a per- 
dit^ sphere, it in more likt'iy that each may b (5 
simply UH a teenier of forcu'H of at(,ra(!tion and 
If ihe exact nailin' of the field of force mir- 
atoms anti inoleeuleH were known, it, would he a 
lathemalieal problem to determine the reuniting 
tif matter, Hnt our kiiowh'tige in tliiM eomietd.iou 
'lit nt»l sullicienlly extensive to penuil. a de.velop- 
he mibjeet along tlie.se line.s. Hut iu whai.ever 
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way the subject is developed fundamental progress will 
have been made only if molecular interaction is not, as is 
usually the case, represented by the collision of elastic 
spheres. It will be shown in this book that the subject may- 
be developed to a considerable extent along sound iiiathe'- 
matical lines yielding important results without knowing the 
exact nature and immediate result of molecular interaction. 
Thus it will be found, for example, that the definition of the 
free path of a molecule in connection with viscosity, con- 
duction of heat, diffusion, etc., may be given a form in each 
case not involving the exact nature of molecular interaction, 
which is mathematically quite definite, and which therefore 
applies equally well to the liquid and gaseous states. Since 
in the gaseous state each kind of path is proportional to the 
volume of the gas, its interest is then mainly associated with 
the characteristic factor of the volume which makes the 
product numerically equal to the path. A direct physical 
meaning may be given to this factor. 

In constructing a general Kinetic Theory the problem 
that presents itself first for investigation is the dependence 
of the velocity of translation of a molecule in a substance on 
its density and temperature. It is often assumed that this 
velocity is the same in the liquid as in the gaseous state 
at the same temperature. It can be shown, however, that 
this holds only for each molecule at the instant it passes 
through a point in the substance at which the forces of the 
surrounding molecules neutralize each other. The total 
average velocity corresponding to the whole path of a mole- 
cule is usually much greater than the foregoing velocity in a 
liquid and dense gas on account of the effect of the molecular 
forces of attraction and repulsion. 

The pressure which the molecules exert tending to expand 
the substance, or the expansion pressure, and the number 
of molecules crossing an area of one square centimeter from 
one side to the other per second, evidently depend on the 
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magnitude of tho total average; volooity. It can bo hIiowii 
that if the nu)l(;cuh>s haves no aii){)ar(‘iit volume;, or no volunie; 
aasoc.iatesd with euush molcesules through vvhiedi another inolo- 
tsuUs isaimot pa.sH, the; cxisan.siou pressHure; in equal to the; 
iminhcr of inohicndcs croHning a Hepiares easntimestesr per nocond 
multiplied by ii faestor whom; values is the; HJiino as if tlio sub- 
Btaiu’e; we*ro in the; povfeestly gaHesoiis states at the; Ramo tom- 
pe'rature' and eUsnsity, Tins api)aront molesesular volume of 
the; inohsendesH may be* elesfinesel aw the eiuautity wheims ohango 
in magnitude; at esemstant tesmixsnU.ure; {inel denKity would 
ne»t eUTe‘(;t tlie; tevtal eivesrage; vesleseuty. Its dclinitiem is thus 
malheumLtieally deslinilo. The; (;irt'e;t nf this eiuautity on the; 
(‘Kpaimion isresMurt; is to ine!re;aHe; it, in the; ratio e)f the; ved- 
ume* e)f tlus sulsatanese to the elKTesresnese; b(;tw(;(;n the; veslume; 
anel tiu; apparenit ine)k;cular volume*. 'I'he; (;xpauHion preR- 
Hure* of a Hulmtuneu; is (;vidtsn1.ly bidaneeefe! by the; Hum esf tlu; 
(‘xlesrnal isresM-sure; ami the; intrinshs esr ne'gative; pimsure elues 
fe» the* altrae;tion esf the* moles(;ide'.H upon e;ae;h e)the;r, the; 
etinalion e'xpre*H.siiig this reslatioushii) l)(;ing a form of the; 
t;tjnation of state;. 

In the* e'ase* e»f a mi.Kturi* it is e'onvisnie'iit to intreseluese; the; 
terms '■ pju’iiid e'.xjainsion pn‘.ssure',” " partial intriiiHie; ptus- 
snre," and “ partied (‘Kte'rnal prt;.sHure;,'* in esonne'estion with 
e'lii'h e’ljnstitueut. I'ne’h jiartial <;xpan.sion pressure; is hal- 
anei'd hy tins Huni eif the* <M)i'reHpe)n(ling partial intrinsie; 
ami piirtied e*xtermil prt'ssnreH, simiieuiy a.s in Ibe; ease; of a 
pnre subHlaneie*. 'Fhe pr(»|)erty of tiHiuotie* pres.'eeire; eein th(;n 
be sliown te> be a funelinn of tins eorre'sjxmding partial in- 
(I’inNie prs’ssnres eif the* rnixturts, eunl tins numixsr of niesle;- 
e'liles giving rise to the o.*emotie pre.sRUUs whiesli esnisH a nepians 
eeistime*ter from one* side; to the; other pcsr Hesesond. 'I’Iuh is 
wlmt we would i-xpi'ct, sinese* o.snsotie pressures muHt Ise; tins 
outenme of the fund.‘uiu‘nleil properties of a mih.steinexs the 
motion of tremHlation of its moleesuhss, and the forces tlusy 
cxesrt upon e'eu'h other. 
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With the foregoing results as a basis, and the modified 
definitions of the free paths of a molecule mentioned, the 
foundation of a general Kinetic Theory can be laid which 
applies to matter in any state, and which furnishes a num- 
ber of important formula. These formulae may be given 
important extended forms containing quantities which are 
arbitrary in so far as they satisfy the formula as a whole. 
Formulee may also be deduced along the same lines involving 
instead of the molecular free path the projection of the mo- 
tion of a molecule along a line. This projection and its 
period are also arbitrary in so far as they satisfy the formulae 
as a whole. Some of them find an interesting application, 
in connection with colloidal solutions. The foundation of 
the subject may be said to be fairly complete, since it fur- 
nishes the structure about which further advances may 
be made so that the subject can be rendered more or less 
complete.. These advances will consist largely in expressing 
the constants involved in the fundamental formula in terms 
of the constants of the molecular forces and the molecular 
volume. If the formiilse obtained in connection with vis- 
cosity, conduction of heat, and diffusion, be applied to a 
perfect gas, they assume the well-known forms, but the sym- 
bols have somewhat different meanings. 

The development presented is perfectly sound without 
involving difficult mathematics. This has, in fact, been 
one of the main objects kept in view. As a physicist I have 
often failed to see the usefulness from a physical standpoint 
of the extremely intricate mathematical investigations pur- 
porting to work out to the utmost limit the results of certain 
assumptions (usually in connection with molecular collision) , 
and which have usually led to results whose usefulness seems 
incommensurate with the labor involved, seeing that the 
assumptions are usually not likely to be true. It is desirable 
that there should be a simple and clcarcut connection between 
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theory and experiment, and the physical side of the sub- 
ject has therefore been kept in prominence. 

The development of a general Kinetic Theory of matter 
will be of service in the study of chemical action, principally 
in connection with the constant of mass-action and the reac- 
tion velocity constants. On the whole the kinetic aspect 
of the chemical interaction of molecules apart from the 
thermodynamical aspect, which does not take into account 
the individual nature of the different effects producing a 
resultant whole, can only proceed along. lines having such a 
Kinetic Theory as a basis. Thus it will readily be seen 
that the rapidity of a chemical reaction in a gaseous or 
liquid mixture must be intimately connected with the num- 
ber of molecules crossing a square centiirieter per second 
in the case of each constituent. The constant of mass-action 
must evidently be intimately connected with the free dif- 
fusion path of a molecule, etc. 

The study of viscosity, conduction of heat, diffusion, 
etc., has usually been confined to pure substances .and to 
mixtures whose constituents do not interact chemically. 
It would evidently be of great interest to study these effects 
in the case of substances partly dissociated, since the inter- 
acting between molecules is then influenced by chemical 
affinity. Further light may be thrown on the nature of this 
property by the application of the formulse obtained. 

I have previously published some investigations in 
various scientific journals along the lines pointed out. Since 
the development of a subject can only be gradual, it was 
necessary to modify some of these results before incorporat- 
ing them into this book. The other investigations in the 
hook which more or less complete the Kinetic Theory along 
the lines mentioned I have not published previously. It 
seemed that it would be better to present the subject as a 
whole to the scientific public, since the various results are 
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intimately connected and could therefore not be presented 
in detached parts without a good deal of reference to, and 
recapitulation of, preceding parts being necessary, to the 
inconvenience of the reader. 

The book has also been brought up to date in matters 
not connected with molecular collision, and has been treated 
in a way so that the results are connected as directly as pos- 
sible with the results of experiment. 

The properties of matter treated in this book may be 
said to depend mainly on the dynamical properties of mole- 
cules modified in most cases by the molecular forces of attrac- 
tion and repulsion. There is evidently, therefore, another 
side to the subject of the properties of matter, namely that 
which deals with those properties which depend in the main 
on the molecular forces modified in some cases by the dynam- 
ical properties of the molecules. Thus, for example, the 
internal heat of evaporation and the intrinsic pressure 
probably do not depend directly on molecular motion. 
This part of the physico-chemical properties of matter will 
be dealt with in a separate book under the title “ Molecular 
Forces.” The present book may serve together with the fore- 
going as an introduction to the study of the purely ther- 
modynamical aspect of material properties. 

R. D. Kleeman. 

Union College, Schenectady. 

March, 1919. 
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erratum 


Page 229, instead of the contents from line 20 to end of 
paragraph, read: 

the same as equation (178). The factor 

Nr‘d-j-{-Ne'^e 

disappears from both sides of the equation. Thus it follows 
that the period t"sr is independent of the external molecular 
volumes t?,. and of the molecules r and e. Since on de- 
creasing the volume of a given mixture, v, decreases, and Nr 
Ner, n„ and i^'sr increase, while 6'^ remains approximately 
constant, it follows from the equation obtained that i"sr may 
pass through one or more maxima and minima. 
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It will bfi nfloful to giv(? a list of tho loost iwiportant 
syinhulH umul in a gonorul way in this book, tho kind of 
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molecular motion 
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NOTE 


coefficient of conduction of heat 
D = coefficient of diffusion 
6 = rate of diffusion 

Z,=mean momentum transfer distance 
mean heat transfer distance 
Z a— mean diffusion path 
$= interference function 
«= path factor 

d- projection of the motion of a molecule, or its displace- 
ment 

period of displacement. 
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CHAPTER I 

THE MOLECULAR CONSTANTS, AND THE DYNAMICAL 
PROPERTIES OF A MOLECULE IN THE GASEOUS STATE 

jf. A Brief Historical Summary of the Develop- 
ment of the Kinetic Theory of Explaining the External 
Pressure and other Properties of Gases. 

In order to explain the external pressure, or elasticity of a 
gas, vapor, or liquid, it is necessary to introduce a theory, 
since the mechanism giving rise to this property is not evident 
to the eye. A purely mechanical explanation based on 
the observed elasticity of solid materials, or of a mass of 
fibrous matter, no doubt presented itself to the minds of the 
early physicists. But since from the earliest times some 
philosophers regarded matter as consisting of a number of 
hard, indivisible, and similar parts, it was natural that it 
should occur to some to explain the elasticity of a gas by the 
motion and consequent change of momentum of these parts. 
Thus Gassendi in the 17th century elaborated an atomic 
theory of the properties of matter based upon the assump- 




2 THE MOLECULAR CONSTANTS 

tion that all the material phenomena can be referred to the 
indestructible motion of atoms. He supposed that all atoms 
are the same in substance, but different in size and form, and 
that they move in all directions through space. A number 
of processes, in particular the transition of matter from one 
state to the other, were explained on this basis. Later these 
ideas occurred independently to other investigators, who 
elaborated them to a greater extent. Thus Daniel Bernoulli 
in his Hydrodynamica, published in 1738, pointed out that 
the elasticity of a gas may be explained by the impact of the 
particles of which it was supposed to consist on the walls of 
the containing vessel, and accordingly he deduced Boyle's 
law for the relation between pressure and volume. Later 
the subject was taken up by Herapath, Water tson, Joule, 
Kronig, and with great success by Clausius. Some time 
later Maxwell added some important contributions to the 
Kinetic Theory. In the hands of Clausius and Maxwell it 
developed with great rapidity and success. The subject 
now attracted numbers of theoretical and experimental in- 
vestigators who helped to perfect it theoretically, and by 
testing the results experimentally demonstrated the sound- 
ness of the underlying assumptions. Of the theoretical 
investigators Boltzmann should be specially mentioned. 

The endeavor by scientists in recent years to extend the 
well-known mathematical investigations of the Kinetic 
Theory of Gases to liquids and dense gases, supposing that 
molecular interaction may be represented by the collision 
of elastic spheres, has been almost barren of results. The 
object of this book, as has already been pointed out in the 
Preface, is to give the Theory such a form that these diffi- 
culties are I'emoved, and that it accordingly applies as con- 
veniently to liquids as to gases. Van der Waals has already 
rendered important service by means of his theory of con- 
tinuity of state, in indicating the general nature of the relation 
between the pressure, volume, and temperature of a sub- 
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stance in any state, and of two states in equilibrium with each 
other. 

In this development a knowledge of the nature of the 
relative distribution of matter in space is of foremost impor- 
tance, and therefore claims first attention. 

A Direct Experimental Proof that Matter 
consists of a large Number of Entities or Atoms. 

This was first furnished definitely by an experiment 
devised by Rutherford and Geiger. It was arranged that a 
particles of radium were fired through a gas at low pressure 
exposed to an electric field. This gave rise to ionization in 
the gas which was measured in the usual way. The amount 
of ionization obtained was considerably increased by in- 
creasing the field to near sparking value. The velocity 
given to the initial ions was then so largo that they pro- 
duced further ions by collision with neutral molecules. In 
this way the small ionization produced by one « particle in 
passing through tlie gas could be magnified several thousand 
tinuis. The sudden current through the gas, due to the 
(uitraiKH! of a singles parliclo in the detecting vessel, was by 
thi.4 nudhod incnvi.sed sufilimuitly to give an ea.sily measur- 
able (lidlecdion to tlu\ iieiHlle of an ordinary electrometer. 
Thus hy limiting tluj nunibcu’ of e: partickis shot into the 
vessel by means of a si, op, a succession of throws of the gal- 

* Pmu Ron. Hoc., A. 81, p. 141 (1008); Zoii. 10, p. 1 (1009). 

Notm, Thoni exiHtod previoiwly a good deal of indirect evidonco 
tliat nial.ler (! 0 iiHiH(;.s of (uit,ii.i(iH. Thus law of constant proportion, 
nod otlKM'H, in clunnintry ciouid very ninii)ly ho exitlained if this wore 
the ea.se. Al.s(t the fonnulin obtained for tlio viseoHlty, conduction of 
h(!at, of a giiH, (ledu(!(^d froni the assuniirtion that it conHists of particles 
of matter in motion, gav(( a gcnniral ugfeoineiit with the facta, But 
ca(h of then(! results ini^dit also hold on mathematical grounds without 
matter n(!ee.s.sarily conHiKt.ing of a(;<)in.s or inoknmles. A dollnito proof 
of the atomistic! nature of inaliter was therefore dc^sirablo and of itnpor- 
tancic, and this was lirst funiiHhecl by the experiments quoted. 


4 


THE MOLECULAR CONSTANTS 


vanometer needle was obtained. This proved the atomistic 
nature of the a radiation given off by radium. 

Eamsay and Soddy* had previously shown that helium 
was produced from radium emanation^ and that it is there- 
fore pne of ' the products of the disintegration of radium. 
It was suspected that helium might consist of a particles 
which have lost their electric charge. This was proved by 
Rutherford and Roydsf who showed that accumulated a 
particles, quite independently of the matter from which 
they were expelled, consist of helium. The radioactive 
material was enclosed in a glass tube whose walls were so 
thin that they were penetrated by the expelled a particles, 
which were retained by a vessel containing the glass tube. 
The matter collected in this way was tested spectroscopically 
and otherwise, and found to consist of the gas helium. The 
atomistic nature of one of the gases was thus proved; and 
since different gases possess similar physical properties this 
result is likely to hold for all of them. 

Some interesting experiments by DunoyerJ may be men- 
tioned which can only be reasonably explained if matter 
consists of entities which possess motion of translation. 
A cylindrical tube was divided into three compartments 
by means of two partitions perpendicular to the axis of the 
tube, each partition being pierced centrally by a small hole 
so as to form a diaphragm. The tube was fixed with the axis 
vertical and a piece of some substance such as sodium, 
which is solid at ordinary temperatures, placed at the bottom 
of the lowest compartment. The tube was now exhausted 
and the substance heated to a sufficient temperature to 
vaporize it. The vaporized particles were projected in all 

* Nature, 68, p, 246 (1903); Proc. Roy, Soc., A. 72, p. 204 (1903); 
73, p. 346 (1904). 

t Phil. Mag,, 17, p. 281 (1909). 

XComyles Rendua, 152 (1911), p. 592; Le Radium, Vlll (1911), p. 
142. 
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directions, some of which passed through the hole of the first 
diaphragm at various angles. Of these some passed through 
the hole in the second diaphragm forrning a deposit on the 
top of the tube. This deposit was found to coincide exactly 
with the piojection of the hole in the second diaphragm 
formed by radii drawn from the hole in the first diaphragm. 
A. small obstacle placed in the path of the particles was found 
to form a shadow on the upper surface of the tube. The 
vaporized matter thus moved along straight lines, and there- 
fore could conceivably consist only of particles, i.e,, atoms. 

3. The Absolute Mass of an Atom is Most Ac- 
cufotely Detefmined ffoin a I^^nowledye of the Electfic 
Charge e Carried by an Electron. 

For this reason, and that the accurate determination of 
the value of e is important in itself, a number of different 
principles and methods have been employed in recent years 
to determine this quantity with the greatest possible ac- 
curacy. 

A determination of e from radioactive data was made by 
Rutherford and Geiger. The number of a particles passing 
into a vessel of the kind mentioned in the previous Section 
were directly counted, and also the total electrical charge 
carried by the particles determined. It was thus found that 
each particle carried a charge 9.3XlO-io units, and from 
various evidence it was concluded that this was twice the 
unit charge. Similar observations were carried out by 
Regener,t who counted the particles by noting the scintilla- 
tions that they produced on impinging on a diamond. The 
value found by him was e=4.79X10“i^. 

Millikan I perfected a method in which minute drops of 

* Proc. Roy. Soc., A 81, p. 162 (1908). 
t Ber. d. K. Prcuss. Akad. d. IFisvs., 38, p. 948 (1909). 
tPhil. Mag., 19, p. 209 (1010); Science, 32, p. 430 (1910). 
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a non-volatile liquid are introduced between two parallel 
and horizontal plates having a strong electric field between 
them. The drops were obtained by spraying and became 
electrically charged during the process. The movements 
of individual drops under the action of gravity and the 
electric field were observed by means of a microscope. By 
adjusting the electric field to counteract gravity, it was 
found possible to keep a charged drop suspended in nearly 
the same position in the gas for an hour at a time. In that 
case if X denotes the electric field, iV'e, the charge on a drop 

XN'e^igpr^ 


where r denotes the radius of the drop, g the gravitational 
constant, and p the density of the material. The value of 
r was obtained from observations of the rate of fall of the 
drop under the action of gravity. According to Stokes’ 
equation the rate of fall Vs is given by 


y.JmI 

Qt, 


( 1 ) 


where ri denotes the coefficient of viscosity of the gas through 
which the drop moves. A number of experiments were made 
to test the vafidity of Stokes’ equation for drops of different 
sizes, and a suitable correction was made from the observ- 
ations. The value of N'e accordingly could be determined. 
The experiments showed that each of these drops carried 
a definite multiple of a small charge, which accordingly 
is equal to e. The final result obtained gave a value* e =4.77 
X 10-10 E. S. U. 

If e be the charge of electricity carried by the hydrogen 
atom in electrolysis, and N the number of atoms in one 


* The Electron, by R. A. Millikan. The University of Chicago 
Science Series. 
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Aiiyoi.in’i'] mass of an atom 


KHim (|f hydroiroii, it m known from 

<ni llu! (d('(!lrolysis of .soliitioiiH that. 


exporimenta 


M'-()047 K.M.U. 

Now atjcordinp; to Hiithorford and Ctaigcir 
^;-4.(I5X1()- RS.IJ., 

and acooi’dinpily 


iV-().2Xl(P, 

wliK-h IK jiIko tli(‘ nnmlxsr of mok'oidt'K in a gram molecule 
of any Kuhataiife, acc'ording to the definition of a gram 
.nol,.,tuli. Tl„, ,ii,s„)uli.. rm™ w„n (if a liy,lr<,K,>„ atom m 
tHiual to 1/A^, and lu'iuai 


idiOX lO'”"'* grjo. 

The numl»er of niole(nil(‘K in a mihic! em. of any gna at 
Klandard presKiire atitl I ('tiiix'raUm* (‘an now la^ nhown 
Kinijily from divnsity considerationH to ii(UK|ual to 2.78X10***. 

Willikan'.s valiu* of e give.M 

di.OdXKF, 

and 

vi„r l.Onx ]() ’"* grin. 

I hi* remarkalile reKiilt that the iiiuniier of moleoules 
HI a giiH undi'r Htandard eomlitioiiK is a. (amtant independent 
ol llie nature of Ihe gas, and (he faiit Unit a gas as a whole is 
eompre.ssilde, .miggesls thal, tiu- moh'eiile.M are. not ])nek(Hl 
elo.m‘ly togelher. Iml. Kt‘parafed from (‘aiT otiaa’ hy diHlainees 
mueh grealer Ilian (heir own dimen.Hions, and (,hat they 
undergo molion ol |.ran.‘dalion so an to jirodiiee on f,h(‘ aver- 
age an even dlslrilnilion of mati.er in apaiu*, and give riHO 
(o the e.xtenial ijriwiure of (he gan. 


8 


THE MOLECULAR CONSTANTS 


Indirect Experimental Evidence that the Mole- 
cules of Gases and Liquids are in Rapid Motion. 

It will first be shown that there are definite theoretical 
reasons that the molecules should be in motion. 

Two ways only suggest themselves of explaining the 
pressure exerted by a gas, vi25.: (a) By forces of repulsion 
between the molecuies, (5) by a molecular motion of trans- 
lation. It can be easily shown that the pressure cannot be 
exerted according to (a) . The Joule-Thomson effect described 
in Section 14 indicates that forces of attraction exist between 
molecules which act over distances of the order of the dis- 
tances of separation of the molecules of a gas. The positive 
sign of the internal heat of evaporation of a liquid indicates 
that this also holds for much smaller distances of separation 
of the molecules. The pressure exerted by a gas cannot 
therefore be produced by forces of repulsion; and the 
molecules must therefore possess motion of translation to 
account for the pressure. 

It will be shown in Section 6 from dynamioiil considei’a- 
tions that the magnitude of this motion decreases as the 
mass of the molecule increases. Accordingly if the mole- 
cules were sufficiently large to be visible to the eye, we 
might expect that this motion could actually be observed. 
It is evident that the motion will not be along a continuous 
straight line, but zig-zag shaped, since the molecules will 
collide with each other. This will also be the case with a 
particle, or a conglomeration of thousands of atoms, con- 
tained in a liquid or gas, for the particle would 1)0 struck {»n 
account of its size by a large number of molecules jit the 
same instant, but the same number would not necessarily 
strike it on each of two opposite sides, and thus the motion 
of the particle would be rendered undulatory in character. 
These conclusions are borne out in a striking way by experi- 
ment. 


HUOWNIAN MOTION 
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On by nu'auH of a miorosenijo small particles 

of inaOtT snsiumdod in a liciuitl, 1,lu‘y are found tc) be imdor- 
poitifj; rapid osinllatory motion, xiuH was first Htiidied by 
Brown in 1H27 in I lit* east' of polkm of plants suspended in 
water, and lienee lias been ealU'd Brownian motion. The 
motion is best observed liy nuains of the ultra-mieroscopc 
inirodueinl by Siedi'iitopf and Zsigmondy.*' In this appa- 
ratus a- parallel Ixaua of sunlight, or arc-light, is pavSsed 
tliniugh the liquid undtu’ inve.stigation at right angles to tho 
axis of the mieroseojH'. If tlie litiuid is eoniplotcdy homo- 
geneous no seattt*red liglit enters the mieroHcop(^. On tho 
otlu‘r hand if th(‘ liciuid eontains particles of matter theso 
appt'ur, through seattcaing some of the light passing through 
th(* litiuid, {IS liright .specks of light against a dark back- 
ground. Tliese .speeks of light undergo a rapid oscillatoiy 
motion indiiaiting the motion of the piirticles. Through 
the eoutnist of tlu' light and darkness a iiiirticlc liecoines 
mueh more (-onspieuous in this arrangement than under 
ordinary eondilious, though a "jiroper view" of tlie ]uirtiele 
is entirely lost. It is neee.ssiiry tluit th(^ iueidtmt liglit he jlh 
iiiiense as possihle. sinee the amount of seattered light 
iuereases in iiroporl ion. Also the layer of liiiuid shouhl he 
.'IS thill as possihle in ordei' to ili'erease tlm ahsorption of the 
seattered light, and tiiinimi/e tlit', overlapping of the scat- 
tered light fruni dilTmeiil. partieles. 

'File ani|)litude of (he oHeillutioii of a iiarticle wiis found 
tu depimd upon its .‘d/.e. For a diameter of Ig, or .t)()l nini., 
of tile parliele, lli(> ainplilude is about etiua.1 to Ig, whihs 
lor a diaiiieler of hg the ainplilude is priu'tieally s^ero. Ihir- 
tieles II) lO/i/t in diameter have aiUjililudeH uj) to 2()/ji. 
It uppi'nrs from a diseussioii f of the ultni-uiicro.seope tliat 
it is still ptissible to deteet by this inetlioil a linear magiu- 
tutle of ()>, 10 ' eni. ti or {dsuit 1/101) of a light wavi!. 

* Ihu.i. .t //»(., 10, |i. 1 (too;)). 

t liirii. I II,, p, M (li)(i;i). 
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Brownian motion has also been observed in the case of 
smoke particles in air. 

Other designs of the ultra-microscope have been intro- 
duced besides the foregoing, of which that by Cotton and 
Monton* deserves special mention. In this arrangement 
the beam of light is passed through the liquid in such a 
manner that it is totally reflected from a cover glass placed 
on top of the liquid. 

Liquids containing small particles in suspension may be 
prepared in various ways: by means of chemical reactions 
involving precipitation, etc.; by sparking different metal 
electrodes in a liquid, etc. 

Some well-known experiments by Crookes also show that 
motion is associated with matter, and that an increase in 
temperature gives rise to an increase in this motion. Thus 
if a thin vane of light material is suspended vertically in a 
tube partly exhausted and heat radiation is allowed to 
fall upon it at right angles, it is deflected in the direction of 
propagation of heat. This effect is strikingly shown by an 
apparatus consisting of a number of vanes mounted on a 
horizontal frame which can rotate round a vertical axis in 
a partly exhausted tube, the planes of the vanes pass through 
the axis of rotation and each alternate side is covered 
with lampblack so as to make one side of each vane a better 
absorber of heat than the other side. This apparatus is 
known as Crookes’ radiometer. An observer in the same 
horizontal plane as the frame carrying the vanes is therefore 
faced by blackened vanes on one side of the axis of rotation 
and by unblackened vanes on the other side of the axis. 

If heat radiation from a source in this plane is allowed to 
fall on the arrangement it rotates rapidly in a direction as if 
a greater pressure were applied to the blackened surfaces than 
to the unblackened ones. This is caused by the temperature 
of the vanes being raised above that of the gas through the 
* Cornpies Hendus, 136 , p. 1657 ( 1903 ). 
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absorption of heat radiation, and hence heat being con- 
veyed from the vanes to the gas by conduction. Therefore 
if heat consists of kinetic energy, motion is given to the gas 
in the immediate neighborhood of the vanes, which by 
reaction gives rise to pressures acting upon them. Now 
the absorption of heat by the blackened sides of the vanes 
is greater than by the unblackened sides, and hence the rise 
in temperature is greater in the former case, giving rise to a 
greater transfer of kinetic energy to the gas, which results 
in a greater pressure on the blackened sides than on the 
unblackened ones. Therefore since the surface of a vane 
rapidly loses the absorbed heat when not exposed to the 
source a continual motion of the system results. 

Further information as a guide to the development of a 
kinetic theory of matter is obtained from a consideration 
of the physical properties of a gas as a whole, which will be 
described in the next Section. 

5. The Absolute Temperature; and the Equation 
of a Perfect Gas, and of a Mixture of Gases. 

Experiments on the coefficient of expansion of a gas at 
constant pressure have shown that it is practically inde- 
pendent of the pressure, the temperature, and the nature 
of the gas, and is approximately equal to .0036625. There- 
fore if V, and v denote the initial and final volume of a gas 
when its temperature is changed by t°, we have 

w = y„(l+.0036625i°) (2) 

If the volume of the gas is kept constant and the coefficient 
of increase of pressure is measured, it is found to be inde- 
pendent of the volume, temperature, and nature of the gas, 
and practically the same as the foregoing coefficient, and 
thus 

23=po(l+.0036625i°), (3) 
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where p and po denote the final and initial pressures respec- 
tively when the temperature is changed by i{°. 

If we consider a mass of gas whose pressure is po at the 
temperature 0° C., and imagine the volume kept constant 
while the temperature is lowered to —t°, the pressure p 
will be given by 

p=po(l-.0036625i°). 

If the cooling is continued to a temperature of — 1 /.0036625 
or -273° C., then 

p = po(l-l) = 0, 


i.e. the gas would exert no pressure on the walls of the con- 
taining vessel at this temperature. According to the previous 
Section this can only occur when the velocity of translation of 
the molecules is zero. The temperature - 273 ° C. has accord- 
ingly been called the absolute zero. The temperature of a 
substance may be measured from this zero and denoted by 
T, in which case 0° C. corresponds to 273 °C., and in general 
T'° = 273+i°. The foregoing equations then give 


and 


vocT, 


pccT, 

while the experiments on the relation between p and v at 
constant temperature give 

1 

voz 

p 


which is Boyle’s law. Accordingly 


or 


pv oc T, 


pv = RiT, 


where is a constant. If v refers to a mass of M grams of 
gas we may write Ri — R 2 M\ experiment then shows that 
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B 2 for different gases varies inversely as m the molecular 
weight in terms of that of the hydrogen atom. Hence 
finally the equation of a gas becomes 


'pv = 


MRT 


. . (4) 


where R is an absolute constant, and v refers to the volume 
of a gas of mass M. If p denote the density of -the gas it 
follows that vp = M. The foregoing equation may also be 
written 


nia m 


Nc 


rria 


( 5 ) 


where N denotes the number of molecules in a gram mole- 
cule, Nc the molecular concentration, and Wa the absolute 
molecular weight of a molecule. 

In the case of a mixture of molecules e and r the total 
pressure p according to equation (6) is given by 


v=v,+v,-n.^^+n/^^n.,^, 

where pe and pr denote the partial pressures, Ne and Nr the 
partial concentrations, and Ner the total concentration of 
the molecules. This equation is the same in form as equa- 
tion (5), which therefore also holds for a mixture of any 
nhmber of constituents. 

The value ‘of R may be determined by means of the 
foregoing equation on substituting the values of p, v, and T, 
of a given gas. Since, however, in practice a gas does not 
obey strictly equations (2) and (3), the value of the absolute 
zero of temperature deduced from them in terais of any 
arbitrary scale of temperature requires correction. The 
thermodynamical equatjpji (47) which involves the absolute 
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temperature is usually used for this purpose. If t denote 
the temperature readings of any arbitrary thermometer 
the equation may be written 



\u),dT 


Vf 


integrated in the form 



■atures T and To on the absolute scale 
. ^iid to on the arbitrary scale. The quan- 
.xght hand side of this equation can be directly 

The quantity is most conveniently de- 

em experiments on the Joule-Thomson effect.* 
I such determinations of To the absolute zero have 
xcd out by a number of observers; in the Recueil 
stantes Physiques, published under the auspices of the 
5 Franfaise de Physique, the most probable value is 
bo be 

To=-273.09°C. 


From values of p and v for oxygen Berthelot {Trav, 
et Mem. Bur. Inti.) obtains 


72 = 8.315X107. 


Equation (4) is useful in helping to interpret the equa- 
tion for the velocity of translation of a molecule deduced 
from purely dynamical considerations in the next Section. 

* For further information see Planck’s Thcruwdynamics, pp, |,2T- 
131, and Partington’s Thermodynymics, pp. 162-167. 
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6. The Velocity of Tmndation of a Molecule in 
a Gas from Dynamics. 

Consider a single molecule of absolute mass ma moving 
to and fro between two parallel walls at right angles to each 
with a velocity F. The; molecule on colliding with one of the 
walls has its momentum changed by 2 Fto«, and since this 
occurs V/21 times pc;r second, where I denotes the distance 
between the walls, the change in momentum per second is 
Y'im 

equal to Nenv according to dynamics 


force X time = change in momentum, 


and the force exerted ])y the molecule on the wall is there- 
fore equal to the foregoing expression. Suppose now that 
there are Nc molecul(;H i)er cubic cm. moving in all directions 
between the walls. It will be convenient first to suppose 
that these mohaailes (jonsist of three streams each equal 
to //f/3 moving parulU*! to three axes at right angles to each 
otli(;r. If om; of llu‘S(* ax(‘s is taken at riglit angles to the 
walls, lNe/'>^ mol{;(',ul(‘s cixert the fon'going pressure on each 
Hciuare cm. of tin; walls. Thertdore if /; denotes this pres- 
sure; we have 




. (C) 


where NeWta^^p, tin? demsity of tlie gas. 

Lt;i us now suppo.s' Mint tiu; mol(;(;ul{!H move in all dinu;- 
tions, X4*t us lake a line at right angFs to the walls and a 
point on llu‘ litie, and draw a si)her<! of radius r aroim<l it. 
Moltumles will pass through llu; point in all direcllons, which 
is e<juival(‘nt to supposing that moksmlc's fall pen- squan; 
cm. per scctmd at right. nngl<;s on tla; surface; of the sphere;. 
Let. m lind fin expression for tlu; frac.tion of the molocuh's 
Ijassing through tie; pt^int, which mov(; towards one of the 
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walls and make an angle 6 with it. On taking two lines 
making angles 6 and d-\-dd with the normal and rotating 
these lines with the normal as axis, a belt whose area is 
27rr Bin 6 -r-dd is traced out on the sphere. The fraction in 
question is therefore equal to 


27rr sin P'r-dd-Ug 
%(r^na 


= sin 




Thus of the total number of molecules Nt between the walls 
JV< sin Q-dQ molecules make an angle 0 with a normal to one 
of the walls and move towards it. Each of these molecules 
on striking the wall gives rise to a change in momentum 

equal to 2maV cos 6 and this happens times per sec- 

ond through rebounding from the two walls. The molecules 
under consideration therefore exert a pressure equal to 

NtmaV^ cos^ 6- sin 6 -do 
I 


upon the wall. The pressure P exerted on the whole wall by 
the total number of molecules moving in all directions is 
therefore given by 


P = 


I 

maNtV^ 


£ 


cos^ 0 sin 0 • do 


I 


cos^ 0 


maNtV^ 
‘61 • 


If Aa denotes the area of the wall, p the pressure per square 
cm., and Ne the number of molecules per cubic cm., we have 

N, 

P—AaPf and Nc = -i— / 

Jxa I 

By means of these two equations the preceding equation 
may be reduced to equation (6). It appears therefore that 


the molecular velocity op translation 
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we may represent the moJecules as far oq 
e- . LY .... 

oftmnltio“L"m7ecufet'ToLeT4r^ 




• • • • ( 7 ) 

” fs P^-- wlooity 

y ib expressed in cms, per second. - 

In illustration of this formula the values of F . 


TABLE I 


Substance. 

formula. 

V 55??* 
sec. 

Hydrogen . . . 

Helium 

H2 

169,200 

Methane. . 

He 

120,400 

Ethylene .... 

L/ij.4 

60,060 

Carbon dioxide 

^2-Ei4 

pn 

45,420 

Amyl propionate . 

OU 2 

P TT r\ 

36,250 

C. tetrachloride 

^8-tll6U2 

PPl 

20,030 

Ethyl iodide . 

Ov»/i4 

19,390 

Mercury. 

Hg 

18,820 



17,000 


Since in the foregoing investigation the velocitv of a 
molecule does not depend on the presence of another mole- 
cule, r IS mdependent of the volume of the gas. Therefore 
acccrdmg to equation (6) the pressure of a g^s 1 pr7po7 
tonal to Its density, or inversely proportional to its volume 
which agrees with the facts and is known as Boyle’s law 
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By means 
be written 


of equation (4) the foregoing equation may 

( 8 ) 

\ m 


The velocity of translation of a molecule thus varies 
inversely as the square root of its mass, and hence the 
greater the mass the smaller the velocity. It is due to this 
that it is possible to observe directly the motion of large 
particles in a liquid, as described in Section 4, The velocity 
is also proportional to the square root of the absolute tem- 
perature, and hence is equal to zero at the absolute zero of 
temperature. 



In the foregoing investigation it has been taciily assumed 
that the apparent velocity of translation of a molecults is 
not effected by the presence of other molecules. This, how- 
ever, does not hold; the velocity is apparently increascul by 
the volumes of the molecules. Thus consider two rnolecuhis, 
a and b, which collide head on so that each retraccss its path 
as shown in Fig. 1. This amounts to the same thing as if 
the molecules at the moment of collision were to bo inter- 
changed, the molecule a then taking the place of the! retreat,- 
ing molecule 6, and the molecule h the place of the; retreat- 
ing molecule a. The velocity of each mohamle is thus ap- 
parently increased, since each passes instanltineously ov(a 
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a part of its path equal to the diameter of a molecule. Under 
these conditions the walls are struck oftener per second bv 
eac molecule, givmg rise to a greater pressure than would 
be obtained if each molecule had no volume or space asso 
mted with It through which another molecule caLt Z 

by equation (7) are therefore greater 

n they should be. It is easy to see, however that if thp 

diameter of a molecule is sTYinll in nr. > ' 

I. , „ iibuiecuie IS smaU m comparison with thp 

istance of separation of the molecules, as is the case with 

a gas under ordinary conditions, the error introduced to 

IS way IS small. It will be evident now that the deviation 

0 a gas from equation (7) is in part caused by the apparent 

voljme assocmted with each molecule. The remaining part 

Will^ deviation is caused by the molecular forces, tLh 
will be discussed in Sections 14, 15, and 21. 

It has also been assumed that each molecule possesses the 
same velocity. This does not hold in practice in a gasZce 

!hfl molecules tends to contiliually 

change their velocities. A theoretical investigation showW 
that this is the case, and the law of distributiL of velocitii 
obtamed by Maxwell, will be given in the next Sectior 
u we may still express p by means of equation (6), where 
F IS now called the average kinetic energy velocity a 
tity which will be discussed in Section 8. It is the’ vetocitv 
which gives the average Idnetic energy of a molecule. 

7. Maxwell s Law of Distribution of the Velnm 
ties of the Mobcules of a Oas. " 

It can be shown theoretically that the molecules in » 
gas at any instant have not the same velocity moreoL 

mZtudZ Th-'"”^ “ntinually changing in 

magnitude. This is what we would expect on account of 

the mteraction between the molecules. Accordine to M 
weu-s law, which wiU be_piwed presen^^htlmZ^J 
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iiiolcculc.s Ni of N iii(>U‘(‘ult‘s wliifh iuivc u V(i 
between Vi and Vi+dVi at any instant is given 


N 


4yVr 



The most prol)al)U* V(‘Iut*ity is tlu* vahn* of I i 
the foregoing (‘xpn'ssion a niaxiinuni value, 
the differential eoefheituil ol tlu‘ t*xia'es*»iou wit| 
Vi is obtained and tajuated to ztn’ti \V(* havt* 


r, = r, 


Thus Vp is the most probabli* vehaaty that tieet 
the gas mohaniles. 

The i)robability of tlie (seeurn'ju'e of otlie 
decreases ra|)idly on inereasing e*r deereasing l 
Fi from ]'p. That a inoleeule may huvi* an inli 
velocity is of zero probability, and this ulsr* ii 
infinitely Iarg(‘ vidoeity. It appears that by fn 
number of molecules have Vi'loeities difleritiij 
from the* most j>ntbable vehieity, and as a first 
tion we may thereha’e supjHise lliaf ibe nudeeul 
sanu* vciloeity. 

The most probable vi'h>eily Vp must no! be 
with th(‘ average veitK'ity 1 ’,.. The latter t|U:sntil\ 
by udtling ut> all possible veloeilie-. and dividing 
b(‘r into the .sum <»btained. 'rhis ♦ntrn sponds 1 
ing tire exjjfession for A'l from etjuafitut '.ti by 1 
ing itdxd.wemi the limits I’l I) and lb ' . a 

by iV, giving 




. f 


I »' 
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on writing Fi/F, = ;r. Tims (lie uvoragc velocity is greater 
than tlu^ most probiilihi. 

Ma.xwt‘irs hiw (am at oiua^ he strictly deduced if it can 
l)e shown that ilie velocity components of a molecule along 
three axes at right angles are independent of each other. 
It will he nicognized that this need not necessarily hold 
wit.hout Ix'ing provcxl, on account of the interaction between 
th(! niolecuk's. Maxwtll’s law has therefore been deduced 
hy a nunil)er of mathematicians in different ways from, a 
gtmeral inv(‘stigation of molecular motion, but which all 
involve one or more assunii)tions which are stated, or partly 
hidden in (he deducitions. Mathematicians are therefore 
not y(‘t agnaul (hat a ptu'fect proof has been given, while 
some maintain that tlu; law cannot hold. The writer has 
developed a thermodynamical proof that the velocity com- 
poiumts mcntioiuid should he ind(^j)end(uit, and on this the 
proof of MaxwciU’s law will l)e based in this l:)(,)ok. 

It can h(( shown from (.iuu-modynamics that osmotic 
e<iuili!)rium is not of jl t{,mii)oi-ary nature, Init must be per- 
manent. A number of (Juu’modynamical formuhe have beeni 
deduced involving the isotluamial separation of substances 
hy means of semi| jermeal )le nuanhraiuss. Van’t Hoff’s formula 
for the heat of formal, ion of a sul)stane.e in the gaseous 
slate, lor (^xamplt‘, (h'pends upon the pi-operties of semi- 
perm(‘ahk‘ memhraiu's. d'he tluo’modynamical etiuation 
(■17) in Heehion 21 may evidently he applied to a system 
involving semipermeal)k^ numihramw. Now the isothermal 
separation oi suhs(,anc(!s must tala^ pkuui infinitely slowly 
only, olh(vrwist^ (he i)roc(‘ss would not he isolhermal. There- 
lort* th(‘ gases on tlui two side's of the semipermeahle mcm- 
liraiu' of a, system must he; in i)c;rmanent e(iuilihrium with 
each olht'r wlum l,h(* movalile parts of the sysl.em are kept 
in a fixed position, t,hat is, in tlit^ limiting case when the 
movable parts a, re kept in fixed positions the diffusion of 
the different gas(;ous constituents from one side of the 
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molecules Ni of N molecules which have a velocity lying 
between Vi and Vi+dVi at any instant is given by 


Ni = 






(9) 


The most probable velocity is the value of 7i which gives 
the foregoing expression a maximum value. Therefore if 
the differential coefficient of the expression with respect to 
Vi is obtained and equated to zero we have 




( 10 ) 


Thus Vp is the most probable velocity that occurs amongst 
the gas molecules. 

The probability of the occurrence of other velocities 
decreases rapidly on increasing or decreasing the value of 
Vi from Vp. That a molecule may have an infinit.ely small 
velocity is of zero probability, and this also holds for an 
infinitely large velocity. It appears that by far tluj larg(U’ 
number of molecules have velocities differing but little 
from the most probable velocity, and as a first approxima- 
tion we may therefore suppose that the molecules luive tlui 
same velocity. 

The most probable velocity Vp must not bo confounded 
with the average velocity Va. The latter quantity is ol)taincHl 
by adding up all possible velocities and dividing tluur num- 
ber into the sum obtained. This corresponds to multiply- 
ing the expression for from equation (9) by Fi, intc'grat- 
ing it between the limits Fi = 0and Fi= oo, and dividing 
by N, giving 
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on writing = Tims the avtn-Mgn v('lo(‘ity is gr( 3 Mt( 3 r 

than trh(3 most probabh'. 

Maxwc'lPs law ean at onc(‘ bo strietly dcdueod if it can 
1)0 shown that, tlici velocity components of a molecule along 
three axes at riglit angk's are iiuFpcmdeiit of each other. 
It will b(3 rcHiognized that this need not necessarily hold 
without b(‘ing proved, on account of the interaction l)etween 
the mol(‘(;uk(s. Maxwell’s law has then^fore l)een deduced 
l)y a numlx'r of mathematicians in difh'rent ways from a 
gtmeral investigation of molecular motion, l)id/ which all 
iiivolve one or more assumptions which are stated, or partly 
hiddcai in the dedvictions. Mathematic.ians are therefore 
not yet agr(*ed that a pc'rlc'Ct i)roof has been given, while 
80111(3 maintain that the law (!annot hold. The wrilier has 
<leveloped a thermodynamicial proof that the velociity com- 
porumtH mentioned should be independ('nt, and on this the 
proof of Maxwell’s law will be liasi'd in this book. 

It (uin be shown from tlu'rmodynamics that osmotic 
(Hiuilibrium is not of a teiiRiorary nature', but must lie per- 
manent. A numlHa’ of thermodynamiiial formuhe have been 
dedmu'd involving tlu3 isotlu'rmal se])ara1ion of sulistanct's 
by means of semip('rm('a,bl(3membran(‘s. Van’t Hoff’s formula 
for the heat ol lormation ol a substance in the gaseous 
stut(‘, for example, depends uiion the propi'rties of sc^mi- 
permeabl(3 nu'mbraiK's. d'he thei-modynamieal e(]uation 
(47) in Section 21 may <'viden(.ly be a])plied to a system 
involving sc'miiic'rmeable membranes. Now the isothermal 
sejiaration ol substances must tak(3 p]ac (3 infinitely slowly 
only, otlH'i’wise the process would not, lx; isotlu'rmal. Therc'- 
lorc! thi' gases on tlu* two sides of t.h(3 s('mi]H'rmeal)le niem- 
l)rane ol a systian must, lx; in ])erma,nent (uiuilibrium with 
ea(*h other wluin tlu; movabh^ pai*t,s ol the syst.em au) k( 3 pt, 
in a fixed position, that is, in tiu' limiting (sasii wlum the 
movabki jiarls are k('pt in lixcxl positions the diffusion of 
the difleuait gaseous eonstit.uents Ironi one side of the 
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membrane to the other must be infinitely small. If this were 
not the case the formulae deduced would not apply in prac- 
tice. Thus in the- limiting case the diffusion of certain gases 
through a given membrane may be infinitely small, while 
other gases pass readily. Each of the constituents of a 
gaseous mixture may thus exist on the two sides of a mem- 
brane, when initially placed on one side, but the condition 
of the system may be such that some of them exist on the 
other side of the membrane in infinitely small amounts only, 
which condition remains unaltered. 

The partial pressure of each constituent of a mixture of 
gases is the same as if the other gases were absent. Hence 
the redistribution of the velocities of the molecules of a 
gas that might take place on addition of another gas is such 
that each molecule produces the same average pressure as 
before, which is equivalent to each molecule having the 
constant velocity V given by equation (7), which will be 
called the pressure velocity in this Section. 

Let us now consider a mixture of molecules a and b in 
a chamber AB separated from a chamber A by a semi- 
permeable membrane, which is permeable only to the 
molecules a. A migration of the molecules a from the cham- 
ber A through the membrane into the chamber AB, and in 
the reverse direction is continually going on. This is shown 
by the fact that on increasing the volume of the chamber 
A molecules a at once pass into it from the chamber AB, and 
that therefore there is a free passage for the molecules a 
through the membrane which can only be interfered with 
occasionally by molecules coming in the opposite direction. 
The number of molecules passing in one direction per second 
is evidently equal to the number of molecules passing in the 
opposite direction, otherwise the number of molecules 
on each side of the membrane would gradually change. 
We have seen that the pressure velocity V of translation of 
the molecules a is the same in the two chambers. The 
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piossuio volocitiy ol each set of luigTutiiif*; niolecules must 
also be the same and equal t<i the foregoing velocity, other- 
wise the pressure would gradually change in the two cham- 
l)eis. Let denote the nuiiiber of molecules migrating 
fiom one chanilier int.o the other when no molecules b are 
in the chamb(jr H/i, and the number corresponding to 
a given number of mol(;cules h in the chamber. Thus the 
addition of th(', niolecules b to the chamber AS has the effect 
of dividing the number of molecules N' into two parts, the 
partiV" whi(!h migrates and the part A"' -A'" which does not, 
the pi (assure molecidar velocity lieing the same for each part 
accoiding to what has gone liefore. Now a set of niolecules 
of dilferent velocilies can be divided in one way only into 
two parts satisfying tlie foregoing conditions, viz.: which 
corresponds to the same distribution of velocities in each 
part. Eor if the number of molecules N" is decreased by 
M , the pressure velocitiy of these w' molecules must be equal 
to F, since this holds for the niolecules N"-~n' and A' — 
(A 71 ), which can only lie realizeil in the foregoing way 
unl(‘ss eai^h molecule u has the same velocity. Thus the 
distribution of vi'lociiii's lietweeii the niolecules migrating 
from the clianilier A into tiie chamlier AB is the same as 
that of tile mol(‘cul(!s in tiui chamber A, and the distribution 
amongst the moleiades migrating from the chamber AB 
int'O the cluimbca’ vl is tJie same as tha.t of the molecules in 
the (hamber AB. These t,wo distributions can lie shown to 
lie idiaitical. 11 this were not tiie case tiie molecules passing 
intn (lie chamber /I would give rise to a dilTemnt distribu- 
(ion ol velocities near tlu' iiK'mbrane liian exists at other 
pat ts of the eluunber. This would (dfect the migration of 
the molt'cult's a from the cluimber A into the chamber AB, 
and thus disturb the (itiuilibritmi. From this it follows 
tlijit (he distribution ol vciocil.ies bet.wetai the molecules 
a in tlu' (iiamlier A is liit' siune .as t.h.at in the ciiamber AB. 

The Jiddition of molecules h to the cluunlier AB, accord- 
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ing to the foregoing investigation, does not jiltor the dis- 
tribution of the velocities between the moleciih'S a from that 
obtained when molecules a only arc in tlu* ehnnilxu*. Thus 
the velocity components at right angles to t‘a(di other of 
the molecules a are not changed by collision wdth the. mole- 
cules b, and hence not changed l)y the collision of the molcv 
cules a with each other, i.e,,the vc'locity corniioncmts are 
independent of each other. This result will now l)e us(Ki 
to prove Maxwell’s law. 

Let the rectangular components of the vcdocity Fj of a 
molecule be denoted by a, b, and c, in which case 

. . ( 12 ) 

Let the probability that the component vcdocity along th(‘ 
X axis has a value lying betwcHui a and n-f-r/a he exprc'sscal 
by the function /(a), siiniliirly let fib) and f{c) t»xi)rc‘Ks flu*, 
probabilities that the component velocities along tlu* y 
and z axes lie between b and b-\-db, and Ixdavc'en c and r4- 
dc, respectively. The probability of th(> thn'o o.oini)nnents 
occurring simultaneously is tlierefore /f«) -/(/r) */fo), siiHa* 
the components are indcpvndmt. 'The situation of tdu^ .s 3 !'h- 
tem of coordinates in space is arbitrary, and tlutrcToro 


/(a) •/(?>) = 

where is a definite function of Tr. On <lifTc*rt*ntiating 
this equation, keeping Vi constant, and dividing t in; r(;sult<- 
ant equation hy fin) -fib) -fie), we oldain 


/'(a) 

/(«) 


•da-T 


m 

fib) 




fir) 

fi<') 


■dc 


0 . 


The difierentiation of e(juation (12) und(»r tins Hiiino condi- 
tion gives 
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On this equation l)y the undetermined multi- 

plier \ the foregoing two equations may be combined into 
the equation 


/m 

\m 



da-i- 


/f(h) 

\m 


“hX& jd5-j- 




Since the changes da, dh, and dc, are independent their 
factoi'H may be separately equated to zerOj giving 


m 


4"Xn = 0, 


and two similar equations involving h and c. The integra- 

tion of these equations gives f(a) = Cig ^ ^ f(j)) = Cie 

and/(e) = Cic ^ , where Ci denotes an arbitrary constant 
whose valium is infinitedy small, since the probability of a 
certain (!as(* in an infinitely large number of possible cases 
is infinitely small. We may therefore write Ci = C2-da, 

and if besides we write "= we have 
f{n]~C2e ^V]) -da. 


Siiuie tlu; sum of tlui probability of an event happening and 
flu* ])robalnlity of it failing is equal to unity, we have for 
all possible eases 


(h f e -da^l, 

00 


fh(‘ int(‘gral expressing f.lui sum of all the probabilities. 
Similarly we have 



•r/6==l. 
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which on miiltiiilyiiiB l.y fho prciceding equation becomes 

cici'dh = l, 


or 




e 



r /'* 



if we write and = If rr and y are now 

regarded as ecjurdinutt-s in a system of rectangular coordinates 
they may Ik‘ transformed into coordinates by writing 

a-Hr = /•“ and dr • r/?y ==r-dr-d(j>, 

which transforms the foregoing integral into 

i, '^''-<^<35-=’rC227„2 = l, 

and hemee 

1' f>\' rr 

Accordingly 

/(«)= , .V JW =“/-c“(F^)’-d6, 

VpVw 

r " C"i77^) -dc, 


and the prolndiihly that lite tlii'<‘o components a, b, and c, 
occur simulluiHsmsly is theri'fore 


1 

/(a)-/dfJ'/Cr| .. ■“ -da-db'dc. 

> id w ■ 

To olitain ilie proltalalify of f occurrence of a certain 
velo(‘i(y Vi l(*i us as iH'fore take* rx, b, and c, as coordinates, 
in which case 


r*V a*' I h-~\-c^, 
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and 

da-dh-dc=Vi^-dVi- mid-dd-d 4 >, 

where 6 denotes the angle between Vi and the c axis, and 
<j> the angle between the a axis and the projection of Fi on 
the (a, h) plane. The probability of a velocity Fi having a 
definite direction is therefore 

1 

y 3 \Vp} Vi ‘dVi- &m. d-dd‘d<j). 

The probability independent of any direction is obtained 
on integrating with respect to 6 from 0 to w, and with respect 
to 4> from 0 to 2 t, which is taking into account all possible 
directions. This can easily be shown to give 

which expresses the probability that a molecule has a veloc- 
ity lying between Fi and Fi+dFi. The fraction of N 
molecules possessing this velocity is then immediately given 
by equation (9), which completes the proof. 

It will easily be seen that the average velocity of trans- 
lation of a molecule depends on the nature of the distribu- 
tion of the velocities amongst the molecules. . But the aver- 
age kinetic energy of a molecule is independent of this 
distribution, as will appear from the -next Section. 

8. The Average Kinetic Energy Velocity of a 
Molecule, and the Relation between the Kinetic 
Energy of a Molecule and its Absolute Temperature. 

li Ni molecules in a cubic cm. of a gas have a velocity 
Fi, and N 2 molecules a velocity F 2 , etc., where 


• • ■ Rn — Nc, 
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the total niiinber of inolecnk's in tlu' (tiibio (;ni., thc^ average 
kinetic energy of a inok'cuk' is giveji l)y 


Ima 


(N^±NtiVt^± 

\ Ab+A’ 2 + - 



where ma denotes the absolute' mass of a molecule. This 
expression for the kinetic (‘iiergy may also l)e writ ttui 


where V will be called tlu' average kimhic encu’gy vthxdty 
of a molecule, and is givaai by 


y= 


A^i F I " -T A' 2 1 2“ “f“ 
A 1 4* A^2 "b • 


TnIv']^ 

Nn ' • 


This velocity is evidently not e(|ual to the av(‘rag(‘ velocity 
Va, which is given by 

__iViFi+A'2ro.f . . . A^„F, 

“ iVi-bA’u -f- . . . A"rt 

ft can be shown that tlu' vedoeity 1 ' is indeiJtmtkmf of tin* 
distribution of the molecular velocities. Thus if pi denote 
the partial pressun', of the Ah molecules having a velocity 
Vi, and j)2 the partial pressure of tht* AT* molecules haviiig 
a velocity F2, etc., the total pressure /> of th(‘ gas is givim 
by 

p^^ jn+[)2 . . . p„. 


But according to (aiuation (ti) 
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11(1 


nd henae 


V 



Fi 


Vn 


Nnmay 2 

3 


. . . NnVn^) 


Nc m,i 


F^. 


'his ('(inution, which is siunc as (‘quaticm ((5), cxprcsseH V 
1 terms of p and mu, and it is tlKTcforo independent, of the 
istrihntion of mol(‘enlar V(*loeiti(‘s. 

Idle kinetic eiunxv <»f u Knun molecule of molecule.^ in 
he gast‘oiiH state tlanH'fore hccoines 

imF“ = -~J’ = 77’=1.247XlO»rcrp;B, . . (13) 


the help of (‘(luation (8). The average kinetic energy 
f a Mingl(‘ mol(‘cul(N which is 1/iV, or 1/{).2X 10^“’, the fore- 
tjing vahu', is tlun-efore eciual to 

:;|(‘'r-2d)12Xl()-^ . . (14) 

V 


du* values of R and N usi'd arc* givc'ii in Sections 5 and 3. 
Tins the nvc'rage kinetic, eiua'gy of a moletcnk*, what, ever the 
istrihntion of molc-cnlar velocities, is simply proiiortional 
n the nhsolutc ti'iniK'ratnre, and tlius hidrpv.ndv.nl of molv.c- 
Inr mass. 

If will he of interest to obtain tlu* connection hc'tween 
lu‘ average* kinetics energy velocity V of a, inok'cnh* and its 
lost prohahle velocity l> according to Maxweirs la.w. The 
,um!*er of molei’ules of Ne niol(*cul(‘s in a cubic cm, whose 
■|•locities li(! h(‘tween Vh and Fi 1 c/l'i a,t. any instant is 
<pial to 
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according to the preceding Hection. Th(‘ pressure; these 
molecules exert is obtained by multiplying this (‘Xivression 


by according to equation ((5). Tlu'rc’fon; on into 

3 


grating the foregoing product, from Fi=() to lb = rx) we 
obtain the total pressure p exertc'd l)y the mokH’uU‘s, that is 


3\/ TrVp^jQ 3\' TT Jo 




sVtt Jo dvv Jo 


NcMaVp^ p 


TJ ^ 

► V ) 


X oo 

e ®*-da:= , when* p denotes tlie density. On 

comparing the foregoing valu<* of p with that givcm by tajiia- 
tion (6) we obtain 



or the average kitu'tie energy velocity is about greater 
than the most i)r()babl(‘ velocity, d'hc relation between 
V and Va is obtained from a conifiarison of ilit* foregoing 
equation and equation (11), which gives 

-.U221 , 


Thus the av(;rag(; V(*]o(!ity is alxait h2' of the average 
kinetic energy v(3lo(!ity. 

In the case of a Tiiixture of gase.s of molecules r and e tta* 
total pressure p is given by 
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on applying equation (6)*, where and p, denote the par- 
tial pressures, No and Nr the partial concentrations, niae 
and niar the absolute molecular weights, and Ve and Vr the 
average kinetic energy velocities of the molecules e and r 
respectively. If the temperature of each set of molecules 
is the same an application of equation (8) to the foregoing 
equation gives 

p=N. ‘^'RT+N, ~RT=nM~, 

where Ner denotes the total concentration of the molecules 
per cubic cn., and melmae=mr!mar=N the number of mole- 
cules in a gram molecule of a pure substance. This equation, 
which is the same as equation (5), agrees with the facts, 
showing that when two gases are mixed they rapidly assume 
tile same temperature. This would arise in part through 
l)oth gases being in contact with the vessel whose tempera- 
ture they would gradually assume, in other words, the 
vessel usually being a conductor of heat would act as an 
int(;rmediary in adjusting the gases to the same temperature. 
The question them arises, would an equalization of tempera- 
ture take place through the interaction of the molecules 
aloru!, and what is the distribution of vcdocities when the 
two sets of moleculcis in some way or other have acquired 
the same tempei-ature? This will be discussed in the next 
Section. 

9. The Ecjidpartition of Energy between the 
Different Molecules in a Mixture of Gases. 

Wlum twf) s(d,s of molecul(!s of different kinds at different 
temiieratures Jire mixed, the aveu-age kinei;ic eruu-gy of each 
molecule of each set, according to the Law of I'xiuipartition 
of Energy, eventually becomes the same through niolec- 
* We may do this since! (!adi set of molecules acts independently. 
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ular interaction, and tlie corrcvsponding distril)ii1i()n f,f |ht‘ 
molecular velocities at any instant i.s tim satiu' as if tlu' ^-ases 
were isolated. This law is usually provtal, or attempts are 
made to prove it, from purely dynamical considerations 
in treatises on the Kinetic Theory of (lasc's. The* analysis 
is very intricate, and the suppositions introducaal are not 
unobjectionable. The subject has always attracted a good 
deal of attention from mathematicians witli th(‘ ol)j(‘et of 
putting the proof on a sounder basis. In the earli(‘r devedoj)- 
ment of the subject the investigations of Ma.xwell and 
Baltzmann are pre-eminent. 


The dynamical proof of the law usually dc^pends on the 
assumption that the molecuUns consist of perftHdJy (dastic 
spheres not surrounded by fields of force, and that the 
equipartition of energy is solely causcul l)y inolc'cular collision. 
As a matter of fact in practice the equipartition would Ijo 
caused in other ways if not caused l)y molecular (tollision. 
Thus we know from experience that a mass of a hot gas 
located in a colder gas radiab'S lu'tit to th(‘ latt<‘r till th(‘ 
temperature is equalized. A w(dl-known (‘xanij)l<‘ of Uns is 
the radiation manifested by the hot aii’ rising from a tin* 
or from a furnace. This shows that each individual moh*- 
cule in a gas is continually radiating heat energy whows 
amount per second depends on its kinetic (*n(‘rgy.' d’lu're- 
fore if two sets of molecules at dillercnl. temperatunNs jire 
mixed heat will be radiated from om* s(‘1. of inolecuh'.s to the* 
other till the average kinetic (‘iiergy of eueh molecuh. is Mu* 
same, or the two sets of moh'cuk's have* tlu* same t(‘mp(»ra- 
ture, as would be the case if tlu* two s(*ts of molecides wem 
separate but adjacent to each otlua*. It will hdlow tlu*n from 
Section 7 that after temperature (‘(piilibriuin has I)e<*n 
obtained the distribution of velocities in (*ach set, of mole.- 
cules is the same as if it wei'e isolaf t^d. 

It seems unnecessary and fulile, Ihccf.a-e, ..ndeav.u- (c. 
establish the Law of Equipartition of Mnergy on ass,i.„,,fio„s 



equipartition of energy 
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relating to the interaction of molecules, when the law fol- 
lows directly from the fact that a molecule is continually 
radiating heat energy. Although equipartition of energy 
would be brought about as indicated, it is very likely that it 
would also be brought about by the collision of elastic spheres, 
since it follows from mechanics that on the average two 
colliding bodies of different kinetic energies have their 
energies^ more evenly distributed after collision. In fact, 
every kind of interaction between two molecules, whether 
by collision, or through the molecular forces of attrac- 
tion and repulsion, has on the average the effect of redis- 
tributing the kinetic energy in favor of the body possessing 
the lesser energy. A definite mathematical proof that 
equipartition of energy may take place along these lines is 
difficult on account of having to deal with a large number 
of molecules possessing different velocities, each of which 
interacts some time with one or more molecules, and it is 
therefore necessary to show that equilibrium in energy 
partition exists after an infinite time beginning from an in- 
definite state of affairs. 

10. The Number of Molecules per Cubic Cm. in 
a Gas. 

According to equation (5) the number No of mole- 
cules per cubic cm. of a gas is given by 

= . . . (15) 

where N and R are given in Sections 3 and 5. Hence if 
two different gases possess the same temperature and 
pressure each contains the same number of molecules per 
cubic cm. This result is known as Avogadro’s Law. It 
foUows also that two gases at different temperatures con- 
tain the same number of molecules per cubic cm. if the 
ratio p/T has the same value for both. It will appear 



34 


THE MOLECULAR CONSTANTS 


from Section 5 that these results also hold for mixtures of 
gases, in which case p denotes the sum of the partial 
pressures. 

The foregoing equation may also be written 

iV,=iV-^ = 6.2X1023-^, .... (16) 

according to equation (5), from which it follows that two 
gases not necessarily at the same temperature contain the 
same number of molecules per cubic cm. if they have the 
same values for the ratio p/m. 

Since the molecules possess motion of translation this 
leads us to the consideration of another quantity. 


11. The Number of Molecules Crossing a Square 
Cm. in all Directions from one Side to the Other in a 
Gas. 

This number is of importance, since it is one of the funda- 
mental quantities occurring in the different formulm relating 
to a gas. It can be expressed in terms of quantities which 
can be measured directly, and hence its numerical value 
obtained when desired. We will see in Section 29 that its 
value can also be found in the case of a liquid. It will be 
convenient first to obtain the number corresponding to the 
supposition that the molecules move parallel to three axes 
at right angles to each other. We have seen that this supix)- 
sition may be made when dealing with the connection between 
the velocity of translation of the molecules and the pres- 
sure which they exert. Let uq denote the number of mole- 
cules crossing a plane one square cm. in area per second in 
one divection situated at right angles to one of the foregoing 
axes. It follows then that 


nQ = 


NcVa_pVa 

2X3 6ma' 


(17) 


THE PRESSURE FACTORS OF A MOLECULE 35 

where Va denotes the average velocity of a molecule, Nc 
the molecular concentration, and p the density of the gas. 
To prove this we may suppose that we are dealing with a 
single cubic cm. of gas whose faces are parallel to the axes 
mentioned, in which case a molecule having a velocity Vx 
will cross it V x/2 times in one direction per second. There- 
fore if there are iVi, N2, Ns , molecules having respec- 
tively the velocities Vi, Y2, Vs • • . , we have 

Ti-|-iV 2 F 2 + . . . } 

A^ 2 F 2 + • . . 1 _ NcVa 
6 I Nc j 

Another expression for no whiqh is very useful may be 
obtained. The pressure p in dynes exerted by a gas may be 
written 

p=noA, ...... (18) 

where A represents an appropriate factor, which has other 
important applications which will be found in Section 20 . 
The value of the quantity A may be determined by substi- 
tuting in the foregoing equation successively for the quan- 
tities p, no and Va, assuming that Va= V, from the equations 
(17), ( 8 ), and (4), giving 

^= 6 ^-Jf^?m = 5.087X10-20V5%, . ( 19 ) 

where ?na/n?, = 1.61X10 the absolute value of the mass 

of a hydrogen atom. 

Let us now consider the case when the molecules are 
moving in all directions. Let a point b be taken on a plane 
ahc in the gas, Fig. 2, and a sphere of radius r described 
round it. The molecules passing through the point 6 strike 
the surface of the sphere at right angles, and let us therefore 
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suppose that their number corresponds to S molecules 
entering the sphere per second per cm.^ of its surface. The 
number of molecules impinging on a circular belt of the 
sphere of breadth r • dd, and radius r cos. 6 is therefore 2wr^S 
cos d-dd. The force exerted by a molecule impinging on the 
plane ahc at an angle 6 is proportional to its component 
velocity at right angles to the plane according to equations 
(17) and (18), and thus according to equation (18) equal to 

or sin d-A. Hence the molecules entering the 



upper hemisphere, which lie in the solid angle tt, on impinging 
on the point b exert the force 


TT 



2 

2Trr^SA sin 6- cos 6-d6=Trr^SA.. 


If u denotes this number of molecules we have u = 2irr^S, 
and the pressure exerted may therefore be written u-A/2. 
Hence if n denotes the number of molecules crossing a square 
cm. from one side to the other in all directions, the pressure p 
of the gas is given by 

23 = ^2 =n2.543X 10- 2oV^ , , ^ ^20) 
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This equation may be used to find n. The equation may 
also be written in the form 


1 1 iRTm 

n— . / — - — , 

vma\ 3 


( 21 ) 


by means of equations (19) and (4), where v denotes the 
volume of a gram molecule of molecules. 

In the foregoing investigation we have assumed that 
Va=V, or the average velocity of translation of a molecule 
is equal to the average kinetic energy velocity. But this is 

not the case according to Section 8. According to Max- 
J o 

well’s law Va = .^—V—.922V. If this is accepted and taken 

into account the value of A is 5.52lX10~^^v'fm, or 1.085 
times that given by equation (19). In subsequent investi- 
gations we shall, however, use the value of A given by 
equation (19). The necessary change if desired can always 
be readily made. 

The value of n given by equation (21) is corrected accord- 
ing to Maxwell’s law_by multiplying the right-hand side 

of the equation by or by .922. 

\ OTT 

Since a molecule in motion represents a certain amount 
of kinetic energy, general energy considerations will be of 
interest and importance. 


IS. The First Law of Thermodynamics. 

According to this law energy is indestructible. Since the 
expenditure of energy on a substance is accompanied by a 
change in temperature heat represents a form of energy. 
The amount of change in temperature depends on the heat 
capacity, or the specific heat, of the substance. By defini- 
tion the heat capacity of water between the temperatures 
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14.5° C. and 15.5° C. is unity, and the amount of heat ab- 
sorbed corresponding to this change in temperature is called 
a calorie. Other definitions of the calorie have been pro- 
posed, but the foregoing is mostly used. The units of heat 
capacity and mechanical work are quite arbitrary, and there- 
fore a factor according to the above law should exist which 
would enable heat units to be converted into mechanical 
units, and vice versa, that is, if W denotes the amount of 
work in ergs expended to produce an amount of heat Q in 
calories, the relation between the two quantities is expressed 
by the equation 

where J denotes the factor in question. 

The first law of thermodynamics was first enunciated by 
Mayer in 1842, who obtained a value for J from the dif- 
ference between the specific heats of air at constant pres- 
sure and at constant volume, which is equal to R/J accord- 
ing to the next Section. The value obtained is not very 
accurate on account of the existence of the Joule-Thomson 
effect according to which a certain amount of work is done 
in overcoming molecular attraction during the expansion 
of a gas. But it would have been possible to obtain a much 
better value by this method by using the gas at a tempera- 
ture and pressure for which the Joule-Thomson effect is 
zero; the method has, however, now been superseded by 
others. In 1843 Joule began a series of classical experi- 
ments to test the law from different aspects, the best values 
of J being obtained from the experiments on the agitation 
of liquids. More recently J has been determined from the 
heating produced by an electric current. In the Recuiel 
de Constants Physiques (Gauthier-Villars, 1913) published 
under the auspices of the Societe Frangaise de Physique 
Its most probable value is taken to be 

J'=4.184X10L 
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We may now coiusidcr more clowoly the nature of heat 
capacity of substances. 


13, The Specific Heats of Gases and Liquids. 

Ihe K{Ka;iiic heat of a perfect gas at constant volume 
consists ol the sum of the changes in kinetic energy of 
motion of translation and internal molecular energy per 
degree change in ii'inperature. If the specific heat is ex- 
pmssed in calories, tlai first term is equal to 3/f/2/ for a 
gram molecule according to the preceding Section, and 

equation (13); the siicoiid term may lie written 

whei’c Ua denotes the inlmml molecular energy per gram 
molecule (^xpri'ssi'd hr tivrins of calories. Hence if and 
diaiote the specific h(>ats per gram molecule and per 
gram respectively we liave ^ 


and 


, / bu,\ 


Stm=S'v. 


I 


(22) 


(23) 


If tin; pressure of the gas is keiii- constant during the 
““■e of tmnperature. additional heat is absorbed in doing 

tlui ext(',rnal w'orl* 


k exprcissed in calories, which is 

equal to H/J according to (Hiiiation (4). TlK'ix'foro if N' 
and denote the specific heats at constant pressure 
giain molecule and per grain ri^spec.tively have 


p ■ 


'2.7' 


and 


3n.„\ 

< 577 / 


(24) 


Spin ~ S'pj 


(26) 
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where 

that 



and 



for a perfect gas. 


It follows then 


. ( 26 ) 

5 R / SUa\ 

S', 3^ /^\ • (27) 

2J'^\Bt)v 


In the special case that the foregoing equation 

becomes ^=1.666. 

;Jo 

It will be instructive to consider the ratio of the specific 
heats for a number of gases at 0° C. given in Table II. It 


TABLE II 


Substance. 

Formula. 

S' 

p 

S'v- 

Mercury 

Hg 

1.666 

1.667 

1.403 

1.311 

1.245 

1.153 

1.107 
. 1.097 

Argon 

Carbon monoxide 

CO 

CO2 

C2H4 

Carbon dioxide 

Ethelene 

Propane 

Methyl ether 

CzHsd 
n.TT n 

Ethyl ether 




will be seen that for the mon-atomic gases argon and mercury 
the ratio is practically the same as that given by the fore- 
going equation, and that therefore for these gases ^ ' 


= 0 , 


i.e the kinetic energy of motion of translation only changes 
with change of temperature. This does not, however, hold 
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when the molecules of the gas consist of two or more atoms, 
in a general way the deviation of this ratio from the value 
1.666 increases with the complexity of the molecule. This 
is what we would expect since a change in temperature 
increases the violence of molecular collision through the 
increase of velocity of translation, which would give rise to 
an increase in the velocity of rotation of each molecule, 
changes of the atomic configuration through collision and 
increased velocity of rotation, etc. 


It will be instructive to calculate the value 
in the case of one of the complex gases — say ether. 



We have 


and therefore 


1.097 


5E . /dUa\ 
2J^[8T/o 


[sr/, 2J ' 


and thus the heat absorbed in changing the molecular 
internal energy is very much greater than the heat 3E/2J 
absorbed in changing the kinetic energy of motion of trans- 
lation, or in doing the external work li/J on carrying 


out the heating at constant pressure. The values of I — 

\8T 

thus vary very much with the complexity of the molecule. 


The ratio of the two specific heats of a gas, it may be 
pointed out, can be determined with a much greater accuracy 
than either of these quantities separately from measure- 
ments of the velocity of sound Vs which is given by the 
equation 
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where p and p denote the pressure and density of the gas. 
The value of Vs for any given gas may be determined in the 
laboratory by measuring the wave length X in a Kundt’s 
tube corresponding to a musical note of known frequency 
n, these quantities being connected by the equation Fs = nX. 
It may be noted that since sound consists of the propagation 
of waves of compression and rarefraction, the velocity with 
which they travel is closely connected with the velocity of 
translation of the molecules. 

The specific heat S'vi at constant volume per gram mole- 
cule of a liquid, or gas not obeying Boyle’s law, is expressed 
by the equation 

>S'(;2= (28) 


where Ue denotes the heat absorbed in internal energy 
changes on allowing the substances to expand at constant 
temperature till its volume is infinite. This equation may 
be proved by passing the substance through a cycle and 
equating to zero the internal work done. Thus on expand- 
ing the substance at constant temperature till its volume is 
infinite, and then raising the temperature of the resultant 
gas by 5T at constant volume, the internal work Uc-i-S'v- 8T 
is done. On compressing tlie substance to its original vol- 
ume at constant temperature, and lowering its temperature 
by 8T at constant volume, the internal energy changes by 
~Ue— 8Ue—S\,i - 8T. On eciuating the sum of the internal 
energies to zero equation (28) is ol)tained. 

If the equation of state (Section 26) of the substance 


under consideration is known the value of 


8T 


can at 


once be calculated. According to thermodynamics 
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where U denotes the total internal energy of a substance of 
volume V, temperature T, and pressure p. On multiplying 
this equation by 8v and integrating it between the limits 
V and infinity we obtain 

-u.= D.-u^ =J"[r(i2)-p]to, 


The right hand side of this equation may be evaluated by 
writing the equation of state in the form p = (^(T, v) and sub- 
stituting for p. 

Similarly it can be shown that the specific heat S'pi 
per gram molecule at constant pressure is given by 

The internal specific heat S'ipi per gram molecule at constant 
pressure is therefore given by 



which is m times the specific heat Sg per gram. 

In the case that the molecules of a substance are partly 
dissociated the expressions for the two specific heats for the 
gaseous state will have to be modified. Consider a gram 
molecule of molecules containing N molecules of which Ns 
are dissociated, each into q molecules. The kinetic energy 


term 


2J 


has then to be replaced by the term 


5 

WhTV^ Nj 


T. 


The term 



has to be replaced by the term 

8 ( HNs\ 
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where H denotes the heat of formation of a gram anile 

of molecules. Equations (22) and (24) arc accorcliii^iy r«- 
placed by the equation 


o/ SR 
" 2JN 


N+,{N.+T[i^) j 

N\5TJ. 


cai) 


A', 

IT 


and the equation obtained by substituting 8'p, 

in the foregoing equation, and aticitrig tlm 


for S' 


8N, 

8T 


term 


p / 8v 


j\ 8T / p 

In the case of a mixture of sul^stances it is tii 

define the quantity partial specific heat. Thus if S^r dfriutcfi 
the internal heat capacity at constant pressuri* of ii riiijctiirc* 
of molecules e and r, it may be written 


(32) 

where Se denotes the internal specific hcnit aH.sociat«*«i wttb 
the molecules e, and Sr that as.sociate(l with tin* iiir*li'ruli*f< 
r. This equation may also be written 


Scr — N'T}ir-\-M't>%-, (331 

where N'r and N'c denote respectively tlie immhers tif iipilr- 
cules r and c in the mixture, and .sv and .s. the .siieeifir 
of a molecule r and of a molecule c respiKd ivcdy , 4'hi* t‘l iii iigi • 
m heat capacity that the mixture imdergoiss on ndiiing it nfindl 
nuinber of molecules— say of r, is (‘xpressed by di{lVr**rif mf - 
ing the foregoing equation with respect to N'r, giving 

/'SScr\ , -XT, ( 5.SV \ / 
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Now I1 h‘ vsilot' t‘f •' ? ol a tiHilianih* r on tlu* nature 

aiul relativ** {Ht-ittons (tf tho HummiaiiniiC moI(‘t*ul(‘H, and 
tlia Hiiinc latidn fur ooiiditions will i‘vidont,ly l)C‘ 

altartHl to a vnnnhing ojclriil by llio juhlitiou of a nmall 
numlan* of «iol<'i*ulf?i r to fho mixture, and iliorofort? .very 

appntximatfly (Jy) ^md to zero. 

The foregoing e«|ualion then given 





( 34 ) 


anti thus k, ran lie tlelennintal by mi‘asuring 

vnlui* (tf h'* nuty imw be defenniued from ('tiujiiion (33), 
or in tin* aUJin* way an s,. In the latter ease tlut vahutB of 
Hr and K, obtuinetl nhould make e<iuatit>n (33) vanish, and 
in this way therefmv the ueeiiruey of the dt'.ierminationH 
may Ik* tt'Htetb 

It may bt* mentitmed hiwe tlud the matter in Stteiions 
30 and 30, has .a biairing on speeifie lietUs. 

'Fhe (juantity in the ftiregeiing e<iuations has in prac- 
tiet* a hnile value depemling on the temperatuni, unlciss 
the sulislanes‘ btOinveo .as a perfect gas, in which taase the 
(juantity is zero. If appears, f luu’i'fonp that, on (Oianging the 
banperuture uf .a snlistanee not ola'ying the gas laws, a, part 
only of the h(*at energy absorluMl is converted into kin(d.i(! 
t'uergy of trsuiHlaf ion t>i the nioha'uU'S. I la* remaining part 
is expended in other ways, most proliably in oviwcoming 
the uttnictiun Itetween tin* molectdes, evahmce of the 
exi.stenc(* of which will now lie considtU'CHl. 

///. Kr/We/re'c thaf Mnlcmlm and AUmw are mr~ 
ranndnd hij FaidH af Farce, 


11i(‘rc is a good (le.al of e,vid(m(u^ that, molecules and 
atoms are surrounded by strong fields of force which deesrease 
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rapidly in intensity from the center outwards. The internal 
heat of evaporation L of a liquid, for example, represents 
almost entirely work done against these forces during the 
separation of the molecules. We may write accordingly 

L={Ui-U2) + {Ui-Ua), 


where Ui~U 2 denotes the change in potential energy of 
the liquid during evaporation due to the molecular attrac- 
tion, and ui—Ua the change in internal energy of the mole- 
cules. The free kinetic energy of the molecules i.s not altered 
during the process of separation according to Sciction 21 
and hence iti — Ua represents the change in molecular energy 
due to changes in atomic configuration and velocity of molec- 
ular rotation. It is likely to be small in compari.son with 
U 1 -U 2 , the work done against molecular attraction. 

When the volume of a dense gas not obeying; Boyle’s 
law is increased at constant temperature, a huger amount 
of heat is absorbed than corresponds to th(‘ (‘xtcuuial work 
done. The explanation is the same a.s in the case of the 
evaporation of a liquid. 


The forces in question are apprecial)l(^ ov('r much greater 
distances of separation of the attracting molecules than of 
the order of the distance of separation in IIk' licpiid „late 
he., 10-8 cm. This is shown by the Joulcd’hoinson (Effect’ 
On passmg a stream of gas at a volume c pm- gram -md 
pressure p through a porous plug on the o( h(-r .side of which 
the gas has a volume v' and pressure p' 111,, leinnerature 
of the stream emerging from the plug is not I lie siijiu. that 
en ermg it If the gas docs not obey lioyle's law ts 
not equal to p v, and a part of the temp,.,, dure vaJuko is 
accounted tor by the external work ,l,„i,. i„ n,,, 

.;i,ut 

oules against their molecular forces , luring tli,.ir passage 
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through the porous plug, which is done at the expense of 
their kinetic or heat energy. The temperature change is 
usually negative, but it may also be positive, depending on 
the values of p, p', v, and y'. In the first case energy is 
required to separate the molecules, and hence attraction is 
the paramount force, while in the second case work is done 
on the molecules, and the paramount force is therefore 
repulsion. The change in internal molecular energy during 
the process, represented by Ui-Ua, is probably negligible. 
Thus we see that forces of attraction and repulsion exist 
between molecules whose relative magnitudes depend upon 
the distances of separation; and the resultant force may 
therefore be represented by the sum of at least two terms, 
one representing attraction and the other repulsion, the 
value of the attraction term decreasing according to the 
nature of the internal heat of evaporation of a liquid and 
the foregoing experiments more rapidly with the distance of 
separation of the molecules than the repulsion term. 

At the absolute zero of temperature the molecules of a 
substance have no kinetic energy of translation. It is fairly 
certain that the volume of the substance under those condi- 
tions is not zero. There exists therefore very probably 
another repulsion term in the law of force counteracting 
the attraction term for very small distances of separation 
of the molecules, in which case the apparent volume of the 
substance would not vanish at the absolute zero. 

The considerations in the foregoing paragraph discard 
the notion of molecular volume. It is important in this 
connection to note that the volume associated with matter 
manifests itself to us only by resistance to force; and mole- 
cules may therefore be, and probably ought to be, simply 
regarded as centers of force. The fact that the apparent 
volume of a molecule depends on external conditions such 
as the temperature, etc., appears to show that this view 
ought to be taken. (See Sections 19, and 24.) 
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It follows from the foregoing considerations that as a 
first approximation the force of attraction between two 
molecules may be represented by an expression consisting 
of the sum of three terms, one of which has a positive and 
the remaining two negative signs. The numerical value 
of one of the negative terms decreases more rapidly with 
the distance of separation of the molecules than the value 
of the positive term, while the value of the other negative 
term decreases less rapidly. The value of the last-mentioned 
term will thus be predominant for large distances of separa- 
tion of the molecules, giving rise to a repulsion between 
them which shows itself as a heating effect in J oule-Thomson 
experiments. The value of the other negative term will 
be predominant for close distances of approach of the 
molecules, giving rise to a repulsion between them which 
shows itself as an apparent volume of the molecules. For 
intermediate distances of separation of the molecules the 
positive term will be predominant and the force one of 
attraction. 

It is obvious that the effect of the molecular forces on 
the properties of a substance as a whole arises through 
their effect on the relative. motion of the molecules. This 
leads us to consider the influence of one molecule upon the 
motion of another in a substance. 

15. Molecular Interaction. 

In treatises on the Kinetic Theory of Gases molecules 
are usually supposed to consist of perfectly elastic spheres 
having no fields of force surrounding them. The interaction 
of the molecules would then consist simply of collisions. 
This is no doubt far from being the case in practice, accord- 
ing to the previous Section. If molecules and atoms consist 
simply of centers of force it would be hard, if not impossible, 
to define what is meant by a collision. The mathematical 
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investigations based on molecular collision may therefore 
lead to results having little to do with the actual facts. 
It appears therefore that the proper development of the 
subject should be along lines which do not involve molec- 
ular collision. 

This will be emphasized by a consideration of the gen- 
eral nature of the interaction of two molecules when the law 
of force of interaction is of the nature described in the previous 
Section. This is graphically shown in Fig. 3, which in a gen- 
eral way shows the paths described by a molecule having a 
high velocity in approaching a molecule at rest, correspond- 



Fig. 3. 


' ing to different distances of the molecule at rest from the 
line of prolongation of the initial direction of the moving mole- 
cule. For small values of these distances the path of the 
molecule will be mainly affected by the repulsion existing 
on close approach; for greater distances the path is mainly 
affected by forces of attraction, which deflects the moving 
particle towards the one at rest; for stiU greater distances a 
slight repulsion between the molecules tends to deflect the 
moving molecule in the opposite direction. When both 
molecules are moving their paths are similar to the foregoing, 
the molecules then simultaneously approach or recede from 
each other, or move in the same direction. 

The nature of the path of a molecule, it will be seen, 
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depends considerably on the initial direction of motion of 
the molecule, and in each case is complex. In practice* 
each path would probably be much more complex than indi- 
cated by Fig. 3, which does not pretend to exhibit the* 
actual state of affairs that exists in practice, but has been 
drawn to give the reader merely some idea of the complexity 
of the motion of a molecule under the influence of another 
molecule. It is evident, therefore, that the effect of the 
molecular forces, in whatever connection, could scarcely 
be represented by the effect of the collision of elastic spheres. 

In the case of a liquid the paths of two molecules under 
each other’s influence would be affected by the vicinity of 
other molecules, and would therefore be very much more 
complicated than those indicated by Fig. 3. 


CHAPTER II 


THE EFFECT OF THE MOLECULAR FORCES ON THE 

dynamical properties of a molecule in a 

DENSE GAS OR LIQUID 


16. The Velocity of Translation of a Molecule 
in a Liquid or Dense Gas when passing through a 
Point at which the Forces of the Surrounding Mole-- 
cules neutralize each other. 

It is often assumed, without any apparent reason, that 
the average velocity of a molecule in a liquid or dense gas 
is the same as that it would have in the gaseous state at the 
same temperature. But this is not likely to hold on account 
of the interaction of the molecules due to the existence of 
molecular forces. Information in this matter is obtained 
from considering what is meant by a thermometer indicating 
the temperature of a gas in which it is placed.* From the 
Kinetic Theory it follows that a thermometer placed in 
a gas assumes its temperature through being bombarded 
by the gas molecules. The temperature indicated does not 
depend on the number of molecules falling per square cm. 
per second on the surface of the thermometer bulb, but 
only on the average kinetic energy of a molecule in the 
gas according to Section 8. The velocity with which a mole- 
cule actually strikes the bulk depends, however, on the 
attraction exerted by its material. Therefore, if the bulb 
is covered with a layer of material of much greater density 
* R. D. Kleeman, Phil. Mag., July 1912, pp. 100-102. 
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than the bulb itself the velocity of impact may be very much 
increased. But the temperature indicated by the ther- 
mometer is not altered thereby, as we know from experiment. 
Thus the temperature indicated corresponds to the kinetic 
energy of a molecule when not under the attraction of the 
thermometer bulb, or the additional velocity given to the 
molecule by the attraction of the bulb has no effect on the 
temperature indicated. 

Again, if a very dense solid were placed somewhere in 
the gas, the molecules in its zone of attraction would pos- 
sess a greater velocity of translation than outside the zone. 
The temperature indicated by the thermometer would, how- 
ever, not be altered thereby, but would correspond to the 
kinetic energy of the motion of translation of the gas 
molecules outside this zone, and the zone of attraction of 
the thermometer bulb, i.e., to the kinetic energy when the 
molecules are not imder the action of any forces. 

The same result will also hold in the case of a liquid, 
or dense gas, in which case the temperature indicated by 
the thermometer corresponds to the velocity each molecule 
has when not under the action of a force, which occurs when 
passing through a point where the forces of the surrounding 
molecules neutralize each other. There are evidently num- 
bers of such points in a liquid which change their positions 
with the motion of the molecules. The velocity which a 
molecule has when passing through such a point is not. 
necessarily always the same, but an average velocity may 
be associated with it. When the molecule is not passing 
through such a point in a dense gas or liquid it is under the 
action of forces, and its velocity on the average is then 
greater (Section 17) than the foregoing average velocity. 
Therefore the average velocity of a molecule when not 
under the action of forces may be called its average minimum 
velocity. 

It is evident then that if we consider two masses of the 
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ne Kubstancc', one in the ix-rleetl^^ gMseous state and the 
ler ill the liciuid state, and t.lu'y possess the same tem- 
•ature, the average kiiu'tie ema-gy of a gas molecule is 
1 same as the average minimum kiiu'tie energy of a mole- 
e in the licjuid state, in other words, the average kinetic 
rgy of a molecule when not under the action of a force in 
quid or dense gas is the swuie as the average kinetic energy 
vould have in the perfect gaseous state at the same tem- 
iturc. 

We may also reason in a rci verse maimer. A thermometer 
30(1 in a liquid indicaites its tcanperature through being 
ibarded by the liipiid mohaaik's. The vcdocity of impact 
the general naturi' of f lu' bombardment may be changed 
lout changing the temp('rat.ure indicated liy changing 
nature of the thermometer liulli, or compressing the 
id at constant tciuqx^ratairc!. Tlu' (luestion then arises ; 
■t is the comuK’tion betwi'en tlu; tianperature indicated 
the velocity of translalion of a mokuuile under stated 
litions in the licpiid? Now the velocity of a molecule 
' ni(3ans anything dcdiniti! in a li(iuid corrc^siionds to its 
pendent velocity, or lh(( v(‘locity wlum not, under the 
in of an (ixt.ernal toiatc', mid we must, then'fore endeavor 
ionnect this velocity witti the temperal.ur(> indicated. 

in the {;ase of a, ga.s a tJu'i'monK^tm' indicates the teni" 
ture corresiionding t,o tlu^ kinetic, (aiergy of a molecule 
1 not, undei (,he action ol a lorce. d'liere is no reason 
i,( V(.i why lihis siiould not, hold in t,li(‘ (%ase of a, li(|uid. 
(.OIK, hide, tiher(ior(‘, t ha t t he a verage kinch ic eiuvrgy of a 
cule in a, licjuid under tiiesi* conditions is t,h(! same as 
,e gas(3ous stab' at the same t('mpera,t ur('. 
his result may lie (‘stablished in a, somewhat dilTerent 
Consider Uvo chamlicrs having a, wall in common filled 
gases at the same temiieratuu', Suppos(' tiiat, one-half 
e (.onmion wall adjaci'ut. 1,0 one ol t,h(* gases is re[)la,(H'd 
much denser material so t.hat, \lw. molecules strik(' th(‘ 
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wall on that side with a greater velocity than on the other 
side. This change in the nature of one side of the wall will 
not give rise to a flow of heat from one side to the other, 
since this would be contrary to the laws of thermodynamics. 
The heat effect produced by the molecules on impinging 
on the wall therefore does not depend on the velocity of 
impact, but on the velocity when not under the action of the 
attraction of the wall. The foregoing result follows then in 
a similar way as before. 

We will now turn our attention to the velocity of a mole- 
cule at other points in a liquid than those considered. 


17 . The Total Average Velocity of Translation 
of a Molecule in a Substance. 

When a molecule is not passing through a point in a 
dense substance at which the forces of the surrounding 
molecules neutralize each other, its velocity is likely to 
differ, on account of the effect of molecular attraction and 
repulsion, from its velocity at such a point, which we have 
seen in the previous Section is the same as that it would 
have in the perfectly gaseous state at the same temperature. 
The total average velocity of the molecule, corresponding to 
the complete path described during an infinitely long time, 
is therefore likely to differ from the velocity defined as 
the average minimum velocity. When a substance is in the 
perfectly gaseous state these two velocities are evidently 
very approximately equal to one another, or denote approxi- 
mately the same thing. But evidently this cannot be the 
case when the density of the substance is such that the motion 
of the molecule is constantly influenced by the attraction 
and repulsion of the surrounding molecules. In fact, it 
can be shown* that in the case of a liquid the total average 

* R. D. Kleeman, Phil. Mag., July, 1912, pp. 101-103. 
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the average minimum 


vt‘k)eity is several times that of 
velocity. 

Kuppos., that the volume of a gram of liquid is changed 
by a small amount at a low hanperatm-e in contact with its 
aaluiat(«l vapor hy changing the temperature. The enerev 
spent per molocule in overcoming the molecular attraction 
.s equal to where L denotes the internal heat of 

evaporation m ergs per gram and the absolute molecular 
weight of a molecule. The average force acting on a mole- 
cule during the expansion is therefore where x denotes 


the distance of separation of the molecules. Now x=(^Y‘ 

where p denotes the density of the liquid, and the forw may 

therefore Iie written We may assume without 

any serious error that on the average the expenditure of 
{‘iicrgy on a niolcculo during its motion of translation is 
proporliotuil to the distance traversed, and the force acting 
e(inal to (he fon'going vahus Therefore, when a molecule 
trav(‘rs(‘.s a dist ance eepud to half the distance of separation 
of tla^ inolfHUiles it may on the average gain or lose the 

amount of eru‘rgy which corresponds to a change 

in v<‘loeif,y in cans, equal to For example, in the 

('.ant* of ellier at O'" C, p = .7.‘l(l2, and 

i5p .0014 ■ 

eom‘Hi)onding to a (diange of 10«C,, which gives a change in 
velocity (-(jual t.o l.tiOXlO-'^' ems./see.. of the molecnlc. The 
twmigv miniimmi vdocitu of a molcauile, which corresponds 
to that, of a inoleeuh' in l.lu'. gaseous state at the same tom- 
peratniv, is (•(pial to 3.03 X HH ems./wHi. Wo see therefore 
tlial. th(‘ lotal (itHTdgc velocity of a molecule in a liquid may 
be K(*veral tirm^s that corresponding to its temperature. 
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It will be convenient now to connect this velocity by a 
general equation with a quantity which has already been 
discussed in connection with gases. 


18 . The Number of Molecules crossing a Square 
Cm. in a Substance of any Density from one Side to 
the Other per Second. 


If the molecules consisted in three equal streams moving 
at right angles to each other, and a plane one square cm. 
in area were taken at right angles to one of the streams, 
NcVt (2X3) molecules would cross it in one direction per sec- 
ond, and the same number in the opposite direction, where 
Nc denotes the number of molecules per cubic cm., and Vt 
the total average velocity. This expression may be obtained 
and along the same lines as the similar expression in equa- 
tion (17). If, however, the molecules move in all directions, 
as is actually the case, the number of molecules n crossing 
a square cm. from one side to the other in all directions is 
double the above number, that is 


n = 


NJt 

3 * 


. . (36) 


This may be proved by means of the geometrical considera- 
tions used in Section 11. The result may, however, be at 
once deduced from the results obtained in that Section. 
Thus it was shown that the pressure of a gas may be written 

p=noA=?i-~, 

where Uo denotes, if the molecules consist of three equal 
streams at right angles, the number crossing a square cm. 
taken at right angles to one of the streams, and n denotes 
the number of molecules when they move in all directions, 
as is the case in practice. Hence it follows that n = 2no, 
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tiHfd, wliic.h obviouBly (hxi.s not hold only for 
gt'iuB'al. 

Ic prolmhly not, t-onsiwi of a point in apaco, 
^ a lyal or uj>])ar(‘nt inohaiular voluiiKi, wluoli 
inof itm and coiiHixnu'nlly Uh'. jn-oportioa of th(5 
whicli it forms part. This offoot will be first 
i coniaxaitm with a gas. 

of JSlolcxodav Vohmie Oii p and 
se (f an Iniprffcct Ga,s‘. 

in Section i] Unit the ofTont of the volume 
lies of a sub.'^faiKH' is to inerc>as(^ i1;s (‘xte.rnal 
that it would have if tlu‘ moleeiik's po,ssoH.se(I 
I In* elT(*ct of a molecular volume is (whhmtly 
h(‘ spa(*(* available for mok'cular motion of 
It is l.herejon^ e(juivalent to supposinp; that 
an* devoid of volimnn and that tin* vohmui 
nee (as a, wimle) is de(!r(!jis(ul by an amount 
Ijy iiu‘aii.s of a diap;iu,m in Fifj;. 4. This (unin- 
’itu'irtf volume ol Ununohnsih^H ('onneebnl witJi 
lioji. 'rin* (-xlerna,! i)reH.sin'e p in this ease 
wriUtm 


with the e(iua(ion p-^UT/u of a ptafeol; gas, 
to ji gi'aiu mt)lecul(^ of mohnniles. 
lie diditmll. to .se<; that, (his n?sult will also 
parent volume of tin* mohsailes is (aiused by 
'•s of repulsion, whmh do not iiennit an ap- 
molecules beyonti ti (mrtain distaina*. 

'(■ides ol a ^.nis eoiisisl, of a, numl)(‘r of hard 
not surrounded by (ields of foiate, l.heir vol- 
t iidm’lere with their velocity of translation, 
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which would simply correspond to the temperature of the 
gas. This will be made clear by an inspection of Fig. 4 
according to which a set of molecules possessing molecular 
volume of the foregoing kind move in the space v with the 
same velocity as if they were devoid of volume and moved 
in .the space v—h. Equality of velocities is necessary in 
the two cases since the external pressures are the same;. 
Since the molecular forces may give rise to an apparent 
volume of the molecules as well as affect their velocity of 



translation, the foregoing considerations suggest a defini- 
tion of molecular volume which is quite definite and applies 
to all states of matter. Thus the apparent molecular voluint* 
of a substance may be defined as the quantity associabid 
with the molecules whose magnitude affects the external 
pressure of the substance at constant temperature and voh 
ume, but does not affect the average velocity of translation 
of the molecules. The latter property is expressed by tlu 5 
equation 





= 0 , 
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willing Oui av(‘rajr(‘ vt^kxat.y of traiiKlation, and 

h tlu^ apparent, volume of (Le inolwtuhtH. Tho velocity 
Vt is a fimcliou of ilut teniiierature and theroforc 



by i\u) prc'CCHlinp; (‘(luatiou. It is also a function of the 
voluinc and f.htu’ofoi'u 

\ 8i} Jr \ 8b ) '/■ „ \8\))t\ 8v j T,b \ Iv ) t,6 ‘ 

Theses (‘quationH ((xiuh'sh tlu‘ rclatioiiH botween Vt and b 
according to lh<( {Lbov(‘ definition of b. 

It should !,)(' candully notiid that b is a ]){«rfectly definite 
matlKunaticrd ([uuulity, (hough tluu*(‘ might l)c some difFi- 
culties in dtdining tlu' (‘xact natuns and g(ioinotrical con- 
figuration of tier real, or apparent, volumes of a miyle molc- 
eul(5. 

Tlu‘ aiipansit volume of a molecuhi, whal;cver its cause, 
is likely to elmng(‘ litlh* if at all with th<5 (hnisity of the 
stdjstanee. Tlu* vahu* of h may llu'rc'fore without the risk 
of introducing any serious (>n‘(jr lx* ialavn constant over small 
<;hang(!s in density, fi'bis Is vccy useful in the determina- 
tion of the values of b from simidtaneous (‘(lualions, as is 
(airrie.d out in St'ction 2'.). 

Tlu< value of h would vary with tlu^ U'mixwature if (sauHtul 
by forces of repulsion betw(*eu the mohuadc's. Thus two 
moleeules moving towards (uuh otluw in a substaiuje along 
the same s(raip;b(, line eoiitiiuie apin-oachijig each other 
vitd-il their kint'lic energy of translation is completely traiis- 
foruKul iido potent ial energy of re]Julsiou, after which they 
n'.traee their path, llenei* a m-anu* approa(!h must take 
plac.ii with an ineiease of temjH'ratuni, which corniHiunuls 
to an increase in kinetic, (‘lU'rgy, and a coiTesponding decrease 
in l.b(.!i value «if h would result. 
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It will be evident on reflection that the forces of attrac- 
tion and repulsion between two molecules might be changed 
at constant temperature and volume so that Vt remains 
the same, in which case a change in b may result, or so changed 
that b remains the same, in which case a change in Vt may 
result. This shows that the definition of b given is admissible. 

A change in temperature or density of a substance may 
evidently result in a change of both b and Vt, The fore- 
going equations then express that whether or no b changes, 
the changes in Vt are the same as if b remained constant. 

It can be shown that n, the number of molecules passing 
through a square cm. in one direction per second, is inde- 
pendent of the apparent volume of the molecules, since the 
velocity of translation is also independent of this quantity. 
Let us suppose that we are initially dealing with molecules 
devoid of volume, and to which is then given an apparent 
volume b. We may then suppose that the resultant mole- 
cules possess no volume and occupy the volume v—h of 
the volume v for motion of translation. If Nc denote the 
number of molecules per cubic cm. when the gas occupies 
the volume v, the number when it occupies the volume v—b 
is Nev/iv—h), The number of molecules crossing a square 
cm. per second is accordingly changed from -n to nv/{v—b), 
since the velocity of translation remains unaltered, where 
n corresponds to the molecules having no volume and 
occupying as a whole the volume v. But in practice the 
molecules with their apparent volumes would Ikj distributed 
throughout the volume v, instead of being separated from 
their volumes as shown in Fig. 4, and the number of mole- 
Gules crossing a square cm. per second is therefore equal to 
the foregoing expression reduced in the ratio of v-b to v, 
which makes it equal to n, the value when the molecules 
have no volume. 

simply deduced from equation 
(35). If the apparent volume b of the molecules is changed 
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without changing Vt, by definition n remains constant 
according to this equation, and it is thus independent of 
the volume of the molecules. This method of obtaining 
the result is perhaps not so instructive as the preceding 
one. The result is mathematically expressed by the equation 



By means of this equation and the Differential Calculus 
it can be shown, similarly as in connection with the quan- 
tity Vi, that' 




A 


These equations express the relations between n and b 
according to its definition. 

If the molecules of a gas were devoid of volume and molec- 
ular forces the laws, of a perfect gas apply, and the external 
pressure p of the gas may then be written 


p=n- 


A 

2 ’ 


according to equation (20) in Section 11. 

The acquisition of an apparent volume b by the mole- 
cules does not change n, we have seen, but it changes the 
external pressure in the ratio of v to v~ b. lienee the external 
pressure of a gas under these conditions may be written 

V A , ^ 

( 37 ) 

Since n is defined and used in connection with the pres- 
sure produced by the molecules of a substance, the crossing 

of a plane by a molecule, if the molecules are devoid of 
volume, is obviously associated with the crossing of its 
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center of mafis. Tins also liolils svluai tiu* m<)lccul(‘.s jx 
volume, according to th(‘ method the subject has 
developed. 

The external pressure of a gas is ettual to llu* extamsion 
pressure due. to the motion of translation tjf the moleeules 
tending to expand tlie gas. But in the cjise of a litjuiti or 
dense gas this does not hold, dut‘ to tlu* etTeet of tin* forei^s 
of attraction and repulsion between the moleeuh's, suid the 
expansion pressure of a dense sulmtunee is therefore a (luan- 
tity requiring speeial coii.sideration. 

W. The Expansion Pressure rxerted by (he Aldlf- 
Gules of a Substance of any Density, 

The pressure exerted hy a gjis in a <‘losed vessel Ufnm ifs 
walls is, according to the Kinetic The<try of (hiseH, dm* to tlm* 
change in momentum the molec\ileK \mdcago through ei»b 
lision with the veased's walls, The velocity of iransinthm 
of the molecules, the dmisity and (*xfernal pressun* of tbe 
gas, are then connected liy (‘(juulion 17) in Se(*iit,n (», 
equation holds, howi‘V(‘r, strietly only if the walls of lbi“ 
vessel do not extuM, any atfructi<m upon (In* molc-culcs. l! 
holds very approximately in tin* casc.s usually occurring «n 
practice, in whicli the size of (he vessel is .k{» largi* (hut the 
greater mass of tin; gas is (tnly slightly umier (he intlumiee 
of the attraction of tin* waits. Hut mnliu* cti’lain coiiditiMijs 
this influence may he so large that tin* erpmiinn cited 
not hold. It will he of im[>oii;mce tti investigate this elTeeit 
of molecular forces more elosely, as it has a I tearing on the 
kinetic properth's of lh|uids. 'I'hus let AH and r*/;, in big. 
5, represent two opposite walls <»f a v**SKeh and let t he plam ?)! 
A B and 6 1) dcnot<* the lioun<lurit's o| the '/.ones in wliirdi 
the attraeliori of ilit* waits is ol apprcidabli* magnifude, 
A molecule, on ('utering om* of the ztnn's Inis its veloedy 
incieascd through the attraetion ot the multaial of iji»< 
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adjacent wall. Thus the molecule would exert a pull upon 
the wall during the whole time it is in the zone. Now it 
follows from the dynamical equation Tf = m.F that the aver- 
age pull per unit time exerted by the molecule during the 
time it^ is in the zone, is balanced by the average thrust 
acting in the opposite direction upon the wall during that 
period, due to the reversal of the direction of the additional 
momentum acquired by the molecule in the zone. The 
force exerted by the molecule upon the wall during one 
rebound is thus not affected by molecular attraction. The 



total pressure exerted by the molecules of the vessel on the 
wall would therefore depend only on the number impinging 
per square cm. per second on the wall. This number is 
equal to the number of molecules entering a zone per square 
cm. per second. It evidently depends upon the velocity 
of translation of the molecules outside the zones, and the 
number of molecules per cubic cm. in that region. If the 
thickness of each zone is small in comparison with the 
diameter of the vessel, the average velocity of translation 
of the molecules may be taken equal to their velocity out- 
side their zones. 

If, however, the thickness of the zone is comparable 
with the diameter of the vessel this no longer holds. Thus 
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ippose that the walls AB and CD arc so closes to oiJt‘^ lOiollKsr 
lat the zones of attraction of the walls ovesrlap shown 

1 Fig. 6. The attraction exerted by ones of tlici WiLlIw would 
e neutralized by that of the other wall in a piano whiesh 
es midway between the walls. The velocity of Huihunihs 
1 that plane would therefore be the Bairits iis that' it. would 
ave between the planes A'B' and C'D' in 5, For 

ccording to Section 16 the veloeity of translation u. moh*-. 
nle at a point where the various forces n<‘Ul ralisin* (uu*h 

other, is, at ctuisUint tooipcwa- 
ture, the saiiu* as velocity 

when iiiKler tin* jiefJttn of no 
force. The velocity foi* all points 
outside of tlu^ plane A*/*’, would, 
however, be considenil >ly fj;r<*atcr 
than that in tin* The 

latter veloeity wonbl tlu*refor(^ 
be con.shleraltly si mil lor than 
the total murnfir t'tifH'ifi/. As 
before tlH‘ at t ract ion of the 
walls would not alToot I. ho force 
xerted by a molecule eoiTcspondiiig to a redmunti. 

lut it would evidently affect thv naitdnr **f liiiu.s a 
lolecula crosses from one wail lo the ntiu r ftt r furnwL 
'herefore the pressure the molecule.s wtuihl cxt'Tl upon tlje 
:alls AB and CD under the conditions shown in log. fi 
^ould indirectly be increased by the imdecular altraelicui 
f the walls. The pressure per .s(|UEirc‘ ein. on oach wall 
/ould accordingly be eqinil to nAf2, w1i(m-<‘ n tloiiotes tlie 
lumber of molecules crossing a squiire cm. jut .».o(’oiitl of 
he plane EF from one side to the othor this (luaotify 
leing affected by the attraction of tlie walls i»n thi- i:iin!e>- 
ules, and A/2 denotes the force (exerted hy a rdngji- mole- 
ule on rebounding from ono of tln‘ walls, cpiaiility 

Laving the same value as when tlie wjdls possess no atl nio 
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KU) hnviiif? Ix'on dtitorinincid in Section 11. A 
5 of iiffiiim cixititH in a licmid, or in a substance 
not behavt! as a pcirRict gas, the attraction be- 
loIeciilcH takinjr the place of the attraction of 
? wmIIh, 

ductioiiH will now I)c unod to find an expression 
uision prc'sKure^ P, of a substance tending to 
Lie to the motion of translation of the mole- 
numl)t!r ()f molecules n crossing a phino one 
11 area in all directions from one side to the 
t(j tlu‘ number crossing in the opposite direc- 
ay tlu^refoiv siipijoso, if tlie molecules possess 
luit ('ueh HtiTMin of molecules is reflected from 
; plane and thus (exerts a lu’essuro upon it 
xruuiHion presHUiT P, would be equal to the 
10 ecules crossing the plar»e in one direction 
' tile huitor A/2, whicli expresses the force 
Singh, luolecuh,, which factor is the same as 
3 case of a ptu-fee.t gas according to the pre- 
gution, that is, iimh'r th(,HO corulitions, 


olecuh, has fin a|)i)[ir(,nt volume it may exert 
>ss tlu' plum, wiMiout crossing it, and the fore- 
has to be modified accordingly. We have 
i U) that the molecular volunu, does not affect 
, but mcreases tlu, (‘xpansion pressure in the 
- 0 . Ileiuu, in gc'iK'ral the (‘xpansion prc'ssuro 


' n 


V A 
2 


■ ^.5‘iaxi()' 


ni, 


•s (lu* volunu' of 


a gram molecule, and b 
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the molecular volume, the value of A being given by 
equation (19). This equation may be written 

3 2' v-h 


by meaas of equation (36), where Y. 

average velocity of a moMe. and JV. the mol^ular con 

I3RT 1 A \^I±L±~ fScc- 
centration. Since Y— 2 rrv 

tions 6 and 11), the foregoing equation may be written by 

the help of the equation vNoma = m, 


Pc = 


RT 


(40) 


where Y denotes the average kinetic energy velocity of a 
molecule, and b is taken to refer to a gram moleculo oi 

molecules. i r . 

The foregoing equations are not corrected lor tine dis- 
tribution of molecular velocities in the gaseous Btate, Hinci' 
the function A in equation (38), from which, the obhu t-quu 
tions are derived, has not been thus corrected. I t this ccir- 
rection is carried out according to Maxwell’s la,w the r^Ut. 

hand side of each equation has to be multiplied by 


or 1.085, according to Section 11. It may be noted that if 
the kinetic energy velocity F of a molecule in -tlic gasiioiis 
state is eliminated from equation (40) by means of tins 
equation y„=.922y given in Section 8, and ^ blue equatiejn 
is corrected for Maxwell’s law, an equation is olitaiiuMl in 
which y is replaced by Fa the total average velocity of a 
molecule in the gaseous state. The equation in this lc»rni 
is independent of the distribution of moleculm* veloci(i<‘S 
when applied to the gaseous state, since then. V t = Vu, 

If a substance behaved as a perfect gas at all (U’nsiiioH 
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we would have Vt==Va and & = 0. The expansion pressure 
IS then equal to the external pressure, according to equa- 
tion (40) in the corrected form where Va takes the place of 
F, and the gas equation. But since this is not the case 
in practice, for Vt>Va according to Section 17, and h is 
not zero according to Section 29, the expansion pressure 
is greater than the pressure p = RT/v. Hence there must 
exist a negative pressure acting in the opposite direction 
to the external pressure to ensure equilibrium of the sub- 
stance, since in practice the external pressure is usually 
less than RT/v. This negative pressure is called the intrin- 
sic pressure and is discussed in the next Section. 

The foregoing results may be extended to a mixture of 
molecules. Let us consider a mixture of two different mole- 
cules 6 and T. Since the expansion pressure of a substance 
is caused by the motion of translation of the molecules, 
and each molecule produces pressure independently, the 
total expansion pressure is equal to the sum of the expan- 
sion pressures exerted by the molecules e and r. The expan- 
sion pressure exerted by the molecules e is evidently equal to 

n,-i^2.543X10-=»\/5^, 

O e 

where n, denotes similarly as before the number of 
molecules e crossing a square cm. from one side to the 
other per second, vie denotes the relative molecular weight 
of a molecule, Vc may be taken to refer to the volume of the 
mixture containing a gram molecule of molecules e, and 
b'c denotes the apparent volume in the volume Vc which 
the molecules e and r appear to possess in obstructing the 
motion of a molecule e. Similarly the expansion pressure 
exerted by the molecules r is equal to 

Ur -^2.543 X 10-2oV^, 

Vf Of 
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where the symbols, t'r, nr, Wr, and h'r, have meanings similar 
to the symbols, Ve, Uc, nir, and b'e. The total expansion pres- 
sure is therefore given by 


P,=2.M3X10-»|-^^Vrm,+J£'i5-y7V^^^ (41) 

and its value in the case of a mixture' of any number of 
different kinds of molecules is thercifore given l)y 


P, = 2.r>43X10- 


.20V 

V — b 


m. 


. (42) 


Similarly corresponding to equations (30) and (40) we have 

F* 

■b 

(44) 


. . . (43) 


and 


>.^F, HT 
2^Vv-b^ 


for any number of constituents in the mixture. Tlie fore- 
going equations may !)(' corrected for Maxwc'll’s distri- 
bution law similarly as liefort?. 

Approximate*, values of b'e and h'r in (Hiuat ion (41) may 
be obtained from the values of be and fh ief(‘iring to the 
constituents in the pure state. The vtiliu* of b'e arist's from 
the interaction of molecules c with each otlu*r and with 
the molecules t, while the value of b r arises fiom the inter- 
action of the molecules r with each other and with tlie mole- 
cules e. It is evident, therefore, that if Nr denot(*s the 
concentration of the molecules r, and »v the voIuiih* of the 
mixture containing a gram molecule of molecuU's c, we have 
approximately 


b'e— be-^l' 


Ab| V' h , 


N 


where N denotes the number of moU'cules in a gram mole- 
cule of a pure substance. The fir.st term on the right-hand 
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side of the equation expresses the apparent molecular 
volume of the molecules e when a molecule e interacts with 
them, while the second term expresses the apparent volume 
of the molecules r when a molecule e interacts with them. 
Similarly for b'r we have approximately 


b'r~hr-{-v, 


‘ivl 2 


where Ne denotes the number of molecules e in a volume 
of the mixture containing a gram molecule of molecules r. 

The expansion pressure P« may now be connected with 
other quantities. 


21. The Intrinsic Pressure; and the Equation of 
Equilibrium of a Substance. 

On account of the attraction between the molecules of 
a liquid, or dense gas, a negative pressure is associated 
with it usually called the intrinsic pressure, which acts in 



Fio. 7. 


the opposite direction to tlui external pressure regarded 
from an external point. The existence of this pressure 
follows from the following consideration. Suppose a sub- 
stance is cut into two parts A and B by an imaginary 
plane ah as shown in Fig. 7. If attraction between the 
molecules exists the parts A and B exert an attraction 
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upon each other which {i:ives ris(‘ to a piT'^sure, l)('1,\ve('ri 
them. This pressure per scpiari* ciu. in the plaiu' nh i.s 
numericallv equal to the intrinsic prt‘ssure, or lu'^utive 
pressure which the parts A and B c>Kert iii)on ea<‘h otlun’. 

The expansion pressure Pe exerted by the inolecidt's in 
crossing a square cm. in the plane ah is evidently btdanced 
by the intrinsic pressure, which will la; dmioted by I 
and the external pressure />, that is, 

Pn+'P = ^ct ...♦•* (45) 
or 

^ I = 2.543 X It) " . (40) 

according to equation (38). Th(> fon'going miuation* 
is the equation of ecpiililirhim of a .snbstaneia 1 he ciuan- 
tity Pn may be express(*d very approximat«‘ly in tt*rnis of 
quantities which may be meusurt>d din'ctly, as will now 
be shown. 

The average position of a m<»leeule in a. sul)stanc(' cor- 
responds to a point about which tht‘ surrounding mole- 
cules arc symnudrictdly situattsl. 1 la* tnol<*cul.u 1 oh.(;s 
therefore neutralize; each otlKU' at such a petint. I he av(‘i- 
age kinetic energy of a molecule at its average position is 
therefore the same as that, it has in the perfectly gaseous 
state according to Section Id. Now w(* may sujjpose that 
each molecule occupies its average ])osition in a substance 
at the same time for purpose's of c:dculalion, lor the prop- 
erties of a molecule in connet;titin with its forming iiart of 
a substance; are averagi; properties. It ajipear.s then tliat 
if the volume of a .sulistaiua; is cluinged by ov at const anti 
temperature, the average minimum or tt-niperat ure kinc'tic 
energy is not chang(;d. Hence the heat al)Sorbe<i repre- 

* Reconatnuitc'-d form of un e(|ualioii given by llo* writer in the 
Pha. Mag., July, 1912, pp. 101-R)H. 
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sents, if no dissociation ocjcurs—as we will suppose, the 
work 5(/„ done against molecular attraction in separating 
the molecules, and in changing their internal molecular 
energy by 8um. The change in energy 5um may be caused 
by a change in the atomic configuration of the molecules, 
and a change in their velocities of rotation, etc. The latter 
energy is very likely small in comparison with the former, 
in which case we have 


Pn‘8v=^8Ua^8U, 


since work is done against the intrinsic pressure during 
expansion. Now according to thermodynamics we have 


8(P 

8v J T 


m( 5p 

It 


-p, 


. . (47) 


where p and T (kmote the prc'ssiire and absolute tempera- 
ture of the substance, and hencui 


P 


Ta 


■V, 


(48) 


since l)y tlu' ludi) of lh(‘ Difi’erential Calculus 








wliere a denotes th(‘ c,oeffi(;i(*nt of expansion at constant 
pressun*, and /i t,h(‘ (aieirHuent of c,ompreHsion at constant 
temperatun^ of th(‘ substamu;. Th(^se coefficients can be 
iiK'asured directly and lunice niuru'rical values of P„ be ob- 
taiiual. Thc! values obtained in this way are likely to be 
v('ry approximately correcd., sincc^ the dissociation of the 
mol{'cul(*s with the expansion of a Hul)stance is usually 
iH'gligibU', and the chung(‘ in inU'rnal molecular energy we 
woulil exfxic.t to be small in c.omi)ariHon with the work 
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done against molecular attraction, i.e., against the intrinsic 

pressure. , . 

Table III gives the values of the intrinsic pressure at 
different temperatures for a few liquids calculated* by 


TABLE in 


Ether, (C4H10O). 

t°c 

/310» 

a 

P 

r> 

^ Q 

atm 08. 

p'atmos. 

13.5 

169 

.001574 

.7214 

2069 

232.3 

25.4 

190 

.001632 

.7077 

2407 

237.3 

63 

300 

.001809 

.6620 

2026 

250.0 

78.5 

367 

.001892 

.6421 

1812 

253.6 

99 

539 

.001992 

.6105 

1375 

255.2 



Benzene, 

(Cfllla). 



15.4 

87 

.001215 

.88-10 

4083 

271.8 

50.1’ 

111 

.001305 

.8466 

3796 

291.6 

78.8 

126 

.001379 

.8145 

38.50 

305.5 



ClILf)IlOFOUM 

, (CIICl;,). 



0 

101 

.001107 

1.5264 

2991 

289.8 

20 

128 

.001294 

1.4885 

2970 

303.7 

40 

162 

.001484 

1.4,503 

2860 

315.8 

60 

204 

.001670 

1.4108 

2726 

326.9 



Pentane, 

(Cf.II, 2). 



0 

229 

.001465 

.6454 

1747 

203.5 

20 

318 

.001589 

.6262 

1337 

211.0 

40 

416 

.001721 

.6062 

1294 

219.2 

60 

486 

.001830 

.,5850 

1260 

225.0 


* R. D. Kleeman, Proc. Camh. Phil. Soc., Vol. XVI, Pt, 0 (1912), 


p. 545. 





THE INTOIKHIt; I’lU-KSURE EQUATION 


73 


means of the foregoing forimilu, and for comparison the 

values of the (‘xt(‘mal pn‘ssureH j/ given by = which 

m 

the substance's would have if th(*y behavcHl as perfect gases. 

The values of the co<‘f!i('i<‘nt ^ in the Table refer to the 
compression per atmosphert', and hence the values of P„ are 
expressed in tenns of the sanu; quantity. The values of p' 
have therefore' also luu'u (*xpr(‘ss(Kl in terms of this quantity 
by dividing tlu^ value of H in the gas equation (Section 5) 
by 10*^. The values of a, 0, and p, were taken from Landolt 
and Bornstcin’s Tal)l(‘s, the values of p being unnecessary, 



that they may lx* neglectt'd. Tlu' values of Pn arc striking 
on account of tlu*ir magnitude, Ix'ing much greater than 
7/, and illustrate tlu^ powerful attnict.ion that exists between 
molecules for close distaiu’es of ai)proaeh. Since the attrac- 
tion of a moUu’uh^ prol)ably inenniHes with its mass, the 
magnitudes of the intrinsic prc'ssuni for constant vohimc 
probably varies in a siinilar way. It would (widently de- 
crease with th{‘ (h'lisity p of the HubHt,a^C(^ since tlu^ attrac- 
tion b(‘tween two molecules dixu'easc's with their distance of 
separation. 

Tin* intrinsic*, pr(*sHur(‘ is (*vid(‘ntly greater than the 
cxhmial pressure, and this hold.s th(*r(Tor<'. also for the 
expansion pn'ssun* /b according to ecpiation (45), or Pn>p 
and P(<>p. Also ac(;or<ling to this (Hpiation Pe>Pn, and 
since. Pn^v' according to tlu; Table, we also have P,>p'. 
The result that tin* expansion pnwsure /A of a licpiid is 
great(>r than the external pres.sur(‘ ?/ it would have if it 
l)ehaved as a i){*rf(S’.t, gas i.s cau.se.d according to .Sec;tion 20 
by the molecules possessing an ap})arent volunui, and that 
the total av(‘rag(‘ vt*locity of a int)le<*.ul(^ is gnnit.cu’ tilnm the 
velocity it would have in tla^ perfcastly gaseous state, or 
that 6>() and F<> 
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If the equation of state (Bt>ction 2(V) of ;l su]).staiiee be 
known the values of a and ^ may bt^ (‘aleuluted for dilferent 
temperatures and densities of a substanee by iiu'uns of the 
equations defining these (quantities, or bett(‘r, thi' valuer of 

j maybe directly calcidatiHl and hence* Hie eoiTCspond- 
\5T/v 

ing intrinsic pressure b(* olitained. 

It is possible now to olitain sui)(*rior and infi*rior limits 
of the values of n and Vi of a suhstama*. 


Superior and Inferior Liniih of n of a 
Substance. 

It will appear from an insp(‘e1ion of efiuation (‘tC)) that 
a superior limit of n, tlu* number of molccuhas crossing a 
square cm. from one side to tin* oilier per si'coud, which 
will be written n", is olitained by supjiosiiig that tin* appar- 
ent volume of the molecules is ja‘ro, or /i= (), in wliicli case 
the equation becomes 


Pn \ l> 0 ,, 
2.5i:ixin 


The quantity Pn on tlu* right hand side of this et[uation, 
we have seen, can be calculated from (piaiitilif's d(‘tcrmined 
by experinu'nt. 

If Pn is zero, Vt has the same value as if the substance 
were in the [lerfetdly gaseous stale, sitici* it is iiidepeiident 
of the apiiarent molecular volume (Section I‘J). Hence 
ac(!ording 1,o e(iuations (Mr»} and CH), the value of n under 
these conditions, which will lie written n', is given by 


ti 



.V. furr 

2 V III 


This is an inf(*rior limit of ii since b.. cannet have a smaller 
value than corresponding to the peiiVctly gaseous slate. 
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TubU' IV (ioiiitiiiis :iH an illustration tlii! superior and 
ferior liinils of 11 for a, few subslaiuu's in the lifpud state*, 
he value's of Pn used in the ('aleulations are given in thc^ 
able III. 


TAHLIO IV 


It 

L'rimii li 

e" C. 

Sup. I. till, 
of n let 

i 

luf. I.im. 1 
of « lei '■». j 

nj> 

71 

(;.24 I 

7K.r) 

44 

1 

CiiLOlteecoitM j 

0 

(15 

i 

(i.:}0 

(>() 

54 

(5.50 1 


Pkntank 


r> 0 . 

Sup. I.iiti. 
of n lei 

Inf. Lilli, 
of n 10 ». 

0 

4U 

5.23 

(50 

32 

5.(58 

Benzenk 

b5.4 

108 

7.0 

7K.H 

1)4 

7.12 


It will b(^ seen that, in the ease' of eaeli sul)stn,n(u' one of 
e limits is many times that of the' other, tlie actual valu(^ 
n of course lying between thet-wo. Since', tlu^ value's of 
are' large* in eumiieariseeti with the* vedue'S e>f p' (the external 
■essure; a substane'e* would have' in thee pe'rfe'ctly gaseanis 
ate (Se'ction 21}), and the former aree theoute-.emie of nmle'C- 
ar attractiein which in jiroportion effec.ts the ve'locities 
translation of the* niolecede'S, jinel the'i’efore* the; value's e)f 
we wovdd e'Xpe'ct. the' actual value's e>f n tee lie neearer to 
(‘ supe'i'ieir than to tlie* interieir limits eiblaiiu'd. 


fill, Superior and lujcriar Llniiff} of Vt of a 
id)sl.(uic(\ 

hlu'se; limits are' eibtaine'el liy substituting in e'eiuud.ion 
the' superieu’ anel iidVivietr limits e)f n oljta.in<;el by the; 

* If llu' vdltics of It !i;ri‘ (uuTtclot! urconlitir: (e> Mfixwe'll’H lew tUe-y 
ve; to iHf divided by bOH.'i aeeonliliK to Section 20. 
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metliod given in the {jrevioviK Setrtion. Tubh* V gives the 
values obtained in this way for a few sul)Htanees. For 
reasons statetl in the previous Station w(‘ would expect 
that the actual total average velocity of a molecule in a 
substance, should lie n(‘arer V> the superior than to the inferior 
limit. The inferior limit is the velocity when the substance 
is in the perfectly gaseous state. 


TABLE V 


Etueu 


Pn.NT.\XK 


c. 

’ Sup, Lilli. 1 

U r<ia‘ jwf 

j 1 

Inf Lilli. 

j. j,iiim C'( 

* Bir, 

j Hup. Lilli, j 
of V , 1(H ( 

■ ‘ Kl'C. 1 

t ! 

Inf. Lim. 

f J. 

nit 

i 35.7 i 

i t 

3.10 0 

2(;..i i 

2.83 


CuLOUOFOUNf 

F. 

Bn.xzLNi: 


0 

I 2i.() i 

. 1 .5 

2.3H r 15. 

1 1 'lU.O i 

i ! ^ 

2.98 

The (juantiti(‘s Vt 

an<l n do not 

depimil on the 

(piantity 


h by defmition a(!cording to vSection H). 'rhendon; if P„ 
and p were also indeiMUident of ft, ctjuaticm {4b) would give 
the actual value of n instead of a Hup(*rior limit , wliile eciua- 
tion (35) would give th(‘ aebial value of F,. Hut /; obviously 
depends on h (Section lU); it is, however, small in (•omparison 
with Pn in the cius(‘h considered. 'Fherehjre if ft did not dei>end 
on the molecular forces Pn w’ould be imU'jK'ndiajt, of b, 
and the superior limits of n ami F, obtaint‘d would very 
approximately rc‘pre.si‘nt tht‘ actual values of thf*,s(‘ (juan- 
tities. There is .som<‘ indirect evidcitct', Imwever, with 
which we will g(‘t ac<iuainted as we proceed, that ft is the 
outcome of moUscular forces, as w(* would expect. 

The mathematical definition of ft was given in Feedion 
19, but so far no information about its valm* jind propertie.s 
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has been diBCUHneti. It will lie eorivenienfc now to discusB 
the quantity fuun a eertain aapt'ct. 

BJf* The Real and Apparent Volumes oj a 
Molecule, and their t^upermr LhnitH, 

The property of volume of a HtilrnUmce in known to us 
only through the rc^Hintanee to force: thim if two portions 
of matter are prenwal fogeth(*r tliere in a reBintance to the 
operation which n(*ed not Ik‘ necounted for by actual con- 
tact taking place* what evt‘r Unit may mean, hut liy an 
approach of tlic* moleculcH of the Hul)Htam'(*H to nueh dia- 
tancea that tlu^ reaullant of their forcen of refnilHion eqtmla 
the force with which th(‘ Bul)stam*eH arc* preawnl together. 
It seems un.Hafe ther(*fore, niul liitU* warranted hy tin* facts, 
to asHOciate with an nttim an impeM<‘traj)l{* p<‘rfectly 
elastic volume of couHtant magnitude, 'there Is luj ilouljt, 
though, that it may Ire nahl that a vrrlume is uHsociated 
with each mohnnile throtigh which tin* c(*nt(*r of jinoth(‘r 
molecule csinrHd pasH, hut whose magnitude depemlH u|)on 
external comlitions. If this volume is due to tin* exist enerr 
of forces of repulsion, ris is higldy irrohahle, ils magnitude 
will depend upon tlie fon*e «».xerlerl in approaching auotlMT 
molecule. Thim it is (‘vident that in the cuHe of a gas this 
volume will (htereaw* with inerease of tempendurt', for this 
is attended hy an increjise in the kinetic eiu*rgy of tin* mole- 
cule.s, and ther(‘fore try ii decrestHc in the minimum distance 
of approach, tin* molecules approaching each other to a 
distance at which tlair kinrUie anergy is eompletely or 
partly converted into potential energy of repniHiom' It. 
seems futile, therefore, to expect to obtain a coimtanl. valm* 
for the quatitity in tjuestimt sincr* it. varies with llie external 
conditions, which often an* not, alttrgother known, 'riu* 
best we can hope t(» obtain in the order of magnitinle of the 
quantity, which is likely to la* nlways the* same. 
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The apparent volume of a molecule, or of a gram mole- 
cule of molecules, which was inv<‘stigated in Section 19, 
is, however, a perfectly dethuH* matlamiatical quantity. 
But its connection witli th(‘ “real volume,” whatever that 
may mean, cannot he asc(‘rtaim‘d witli certainty, if at all, 
since the apparent volume would (h'pcmd on the geometrical 
configuration of the “real voluim'.” Thus for example, 
Van der Waals has sliown that if tlu* “real volume” of a 
molecule consists of tm imp<‘netral)le spluu’e, the apparent 
volume is four times that of tla* “real volume.” Now if 
the apparent volume is causial l»y forct'S of repulsion between 
the molecules, it is difficult , if not imposail)le, to define exactly 
what is meant by the “real vohmus” and thendorc to deter- 
mine its magnitud(‘. It will he twident on reflection that 
the “real volume” ttf a mol(‘Cul<‘ is not (‘xactly the volume 
through which anotlu'r imthaaile will nev(‘r pass. 

The volume occui)ied hy a molecule, or associated witli 
a molecule, at absolute zero, is of sjH'cial interest in this 
connection. Since at that t(‘m})(*ralun‘ the molecules 
have no motion of translalion each will take* up a position 
so that the forces of attraction and repulsion acting upon 
it balance each otlaa-, in ollna- words, since P, and p art^ 
zero Pn is zero according to ctjualion (4,5). Thc' appanuit 
and “real volume” an* (‘vidcntly etjual to (‘aeh otlier under 
these conditions. 'Fla* apptirenl volume of a moU'cnlt* at 
the absolute ztn’O is likely to he gre.'itc'i* than at a higher 
temperature, since* tla* velocity of the rnoleeuh's dm* to 
their temperature is lik(‘ly to make* the moleeules aiiproaeh 
closer to each other in opposition to their n'pmlsion (Hee- 
tion 15) than they would otherwise. 'Fliis volume is tlnis 
a mperior Irniit of Iho nppnrvnl uiolvnihir vohtinv for hiijJu r 
temperatures than tin- ntmtlute .yrn. An approximate! 
value of this volume at. the ahs<tlute zero may he obtained 
from considerations involving the co(*flicient, c'f (‘Xjiansion, 
or by means of Cailieted; and Mathias’ linear diametew 
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law. According t,o thiH law the denwiticH pi and pa of a liquid 
and its saturated vapor respectively arc given by the equa- 
tion 

pi+P2=«4-cT', 

where T denotes the absolute temperature, and a and c 
denote constants depending only on the nature of the 
liquid. These constants may be determined from values 
of PI and p 2 corrc'sponding to two dillintmt temperatures 
of the liciuid. At tlu; al)soluto zero, or 7’ = 0, we accordingly 
have pi = a, since p 2 = 0 and T=(). As an illustration the 
values of v„ of a gram molecules for a miml)er of sul)stance8 
at the al)Holute z(U’o, or the values of 711 ; pi, and the cor- 
responding value's of v\) and (?/«)'*' for a single molecule, 
are given in Table VI. It will be seen that the values of 


TABLE VI 


Sulmtanoo, 


'V- 

hr 

U.(*. 

Ci>„0b! 

!()«. 

uta. 

Oxygen 

20.8 

40.2 

2.117 

1111.5 

* *#,^5 

Nitroge'a 

25.0 

70 

2.80 

40.2 


Carbon dioxidi* 

25.5 

ilO 

11.77 

41.1 

3.44 

Ether 

71.7 

280 

11.01 

115 

4.87 

Benzeau! 

70.0 

250 

11.011 

114 

4.84 

Carl)on t(;tra(-}ilorid(;. . 

72.2 

270 

11.82 

110 

4.8K 

Proiiyl aeetatt; 

8(5.2 

;H5 

4.00 

1110 

5.18 


v'o increase' with incu'ease' of moUieular weigh!,, as W(‘ would 
expcict. d In; vidues ol (e'di) ’* i)robably give; tin; eireleu’ of mag- 
nitude; eif the; appare’iit dianu'l.e'r e)f a nH)le'e;ule; uude;r various 
ce)nelitie)ns. The; 'lable* ulse) giv(;s the' value's e)f the critieial 
volume; y,-, eind the* values of the* raiie) whie;h, it will 

be He;e;n, lie; in the* neighborhoetel of 4. 'I’ln; value;s e)f vq 
and Ve. W('re; take*n Irom a 'rjible; give'ii in Ne'rnst's Tln;e)- 
rc;tiKe;he; tjhe;mie;, 7th e;el., p. 2114. A supe'rior limit, eef h is 
thus Vci A, 
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An important application of the foregoing results may 
immediately be made- 

25. Inferior Limits of n and Vt. 

The results of the preceding Section enable us to obtain 
another inferior limit for n of a substance by means of 
equation (46), on writing h = Vc/% which is a superior limit 
of h. On substituting the inferior limit of n thus obtained 
in equation (35) it gives an inferior limit of Vt. Table VII 

TABLE VII 



COi AT 40“ C. V 

, cms. 
«^4.105XUb 


p in 
atmoB. 

Inf. Lim. 
of n lt)“. 

Inf. Lim. 

of V, 

‘ «t>c. 

V in 

; uiino^. 

Inf. Lim. 
of rt 10“. 

Inf. Idm. 

of Vt 10‘ 

‘ ««e. 

70 

3.88 

4.tK) 

94 

14.4 

6.94 

80 

5.70 

4.79 

1 1(K) 

16.4 

6.24 

85 

8.01 

5.06 

______ 

i 112 

18.7 

6.63 


contains the inferior limits for CO 2 at 40° C. calculated frain 
the values of Pn-\-? ol>taine<l in vSection 34 and given in 
Table XIV. It will be scn'ii tliat at constant temperature 
the inferior limit of Vt, the total avta-age molecular velocity, 
gradually increases with increaw^ of pressure or density of 
the substance, and that its value correHi)onding to an extcuiial 
pressure of 112 atmos. is about 50 iku* cent greater than the 
values of Va, the total average v(‘locity of a molecuhi of t he 
substance in the perfi!Ctly gaseous state at the same teini>(‘ni- 
ture*. This definitely shows that the total average molec- 

* The values obtained for V, and V« have not been corrected for an 
uneven distribution of molecular velocities. According to Maxwtdl « 
Law of Distribution each value has to be divided by 1.085 accortling to 
Sections 8, 11, and 20. 
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ent volumo of tlu' luolofuh's. .Acforcliii^ to equation (4()) 
and subsequent remarks th(‘ preceding (equation may 
be written 


Pn + P^ 


Vt RT^ 

VaV~IP 


(53) 


where Vt denotes the total iivarafre vcdocity of a molecule 
of a substance for any «tati*,, Va the average velocity in tlio 
gaseous state, v the volume of a gram moh'cule, h the appiir- 
ent molecular volume, un<l R ilw gas constant. The fore- 
going equations are fimdauuuital in character, since they 

not depend upon any hypothesis. 

If equation (52), (lik(? (r)a)),i.s correuded according to 
Maxwell’s law of distrilmtiou of molecular vt^locities in t Ue 
gaseous state, tlie ^ 

be multiplied by or hOB5, according to Section 20. 

The problem that nanains to 1){‘ solved in connection 
with the foregoing (‘(puitions is to had an ('xpnission for tlu; 
quantities, Pe, a, 1 , and h, in i(‘rms of other (piantit ic ss, 
particularly in terms of tlu* <in!mlities p, v, and T, wUicdi 
can be measured <lirectly. 'rids cannot l)e done witlrrmt 
the introduction of assumptions, ami 1.1u*r('fon; yields rcBtilts 
which are likely to hold (mly sipinoxiimdoly. 

Van der Waals has propostal tlu* equation of state 




RT 


. C54) 


where a and h are constants. On conq)aring this (uiiuii i<»n 
with equation (53) w(‘ .sec* tluil Pn-u/v^, and Vi-" t a- 
According to the latt(*r e(iuati<ui the velocity of tninslaf ion 
of the molecules is not inllueneed l)y mok'cular attract i* ui. 
But this is inadmissible according to Hections 17, 20, :ni(l 
25, nor does it hold ai)i)roximab*ly, for we will sec in See iit ja 
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29 that when a subst ancu' is in t.Iu; liqni<l state the value of 
Vi nray be nion* tlian four times the value of F«. Thus 
the values of b (ijilculatcHl from Van der Waals’ equation 
would be too lar^^c^ 

Van der Waals deduced his equation from the supposi- 
tions that th(*, total average velocity of a molecule is not 
affected by molecular attraction, or is the same as the 
velocity in the gaseous stat(^, aiul b rt'pnisents the apparent 
volume of a gram molecule of molecules as a whole due to 
a true impenetrabh^ splu'rical volume being associated 
with each mol(‘cnl(*. Tlu‘ vahui of h is then four times the 
true volume occupi(ul by the moh'cules. 

The equation from Van der Waals ns a whole, however, 
fairly well reinxjscmt.s tlu^ facts, that is, the values of each of 
the quantities p, v, and T, may l)e ol)tained by means of 
it given the corresponding valiu's of ilie remaining two 
quantities. Tlu^ {filiation is i)articulaiiy useful for such 
determinations on account, of its simplicity. 

It can easily be shown tliat th(‘ intrinsic pressure term 
a/v^ in Van der Waals’ eciuation corresponds to at, traction 
betwecm two moUuuih's vjirying invers(‘ly ns the fourth power 
of thc'ir distances of sc'paralioTi. 'Fhus tlu', molecules of a 
siil)st,anc(( may be divid'd int,o a number of parallel rows 
s(q)arated from (*a(di ot.lu'r by a dist,a,n<!e .ti, the distance 
of Hepara,t,ion of tlu' molecules. Tlam'fon^ if ili/;/ repre- 
sents tlu^ la,w of moli'tuilar attraction, the attraction of one- 
half of a row on t,h(^ ot.her luilf may evid'iitly be written 
A 2 lx\ wliere A 2 r'prest'uts an approiniah' constant. KSinc(i 
l/x'^ rows i)a.ss through a s(iuar<' (an. situated jit right angles 
to the rows, tlu( at.tractfon of t.h(‘ mole('ul(‘H in oiui-half of a 
cylinder of unit, cro.s.s-.section a,nd iulinit,e length on the 
molccule.s in tlie oiht!r lialf is given by 
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and this is the intrinsic {:)r{‘SHnrt\ Now j'i 


V p / \ rn. ) * 

where p denotes the density, und v the volunu* ol m irraiu 
molecule of the substance, and thus the intriiiHic imessurc 
may be written 


lit? 
d.3P ) 


or 


A., 

» 1 2 > 


-I- o 

whereas and ^4 are constants. Therefore when ‘ ,,'" = 2, 

♦ > 

5 = 4. 

The effect of molecular attraction is, however, not so 
simple that it may be expn'.s.^ed by a siiijjle term. According 
to Section 14 it should contain at least two u<ldition;d ternrs 
having negative signs which exfjress repulsion belAveen tlu‘ 
molecules. The attraction t<‘nns are prolialily approxi- 
mately represented by tla^ fort'going single term involving 
the inverse fourth power. The .subject of ntohaudar attrac- 
tion and its bearing on t.he form of t.h«* intrinsic jtrc.'^sure 
term is not of primary importance in connection with the 
object of this book, (ind will therefore not be discus, sed 
here any further })ut re.^erved for another place, I-'or pur- 
poses of calculating the values of one of llm variables r, 
and T, from given value.s of the «uher two variables mo.st 
of the empirical equations <»f .‘-late answer efjnally w(‘ll. 
An account of a number of them will In- fotmd in WinckcT 
mann’s Handbuch dcr Phy.sik, II. hMition, iqi. U.qr, 1 Mip 

Equation (.53) may be giv<*n a btrm by niean.‘^ of whicli 
the values.of Vi and /t, of a .substanee may approximately 
be calculated. Ihe (juaiitity I 1 may be tiikeii ecpial to 
the sum of two terms, otic ctjual to 1 '.,. and the other <‘tjual 
to Vi, which rej)res(‘nts tla* {•licet ol iH<»iecular attraction 
on the value of Vt. Now a molecule will pre . over a {listancci 
proportional to op in pas.singoui (»f the inlluema- of one mole- 
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(•nl(' and undnr tlu; irdhiciict* of anoMun*. TlK'nvfore if Ai/x^ 
r('l)ms(!nts tho law of moloculur attnic.tion the eluinge of 
kinetic energy of tlu‘ itiohaaile ov(>r that distance may be 

wiittwi -- - , and the vcdocitiy X j i.s therclore approximately 
givt'ii by 


Ih 


or 




Xi 


V *5 


where Ih is a constant, hlqnation (53) may accordingly 
1)0 written 




Aii 
'■'s ^ .2 ' 


F«-j- 


rh \ RT 


ir:.y Va{v-b)' 
V '• 


.(55) 


wlun’e F,j== 



uecording 


to 


S(K!tionR 0 and 8. 


On applying this (H|uat'ion to staters of a suljstanco not 
differing imich from one ariotlu'r at constant temperature 
the (lusintities A 4 , />;{, !ind /g may la* takem as constant and 
diih'rinined from thtsse. (‘([uaiioiis. Tlui vahu's of Vt and 
Pn coiT(!sponding to thesi* (hre{‘ sta,te.s may l.iien at once bo 
calculahul Similarly the. e(iuation may la; applied to another 
S(!t ol three stat(>H and t,he corresia)nding values of Vt, Pn 
and h, obtained, and so on. Th(‘ vaduc's of F< and b obtained 
in this way by nuains oi (ajuation (.55) will obviously not 
l)e so a(!cura;(e as thosci ol it ained ly nuams of (Htuation (67) 
in S(iction 20. 1 Ik; former equai ion can, however, be more 

leadily applied to tlu; laet.s. d’he, vaJiU's of h obtained by 
tins (;quation should mon; aceura.t(;ly r«;pr{;sent the facts 
a(!cording to tlu; dethiili.jn of h in Section 19 than those 
obt.ained by Van d(;r Waals’ (ujuation, siiua; F< is not taken 
ecpjal 1,0 11 ,s' is not known it may la; determined by 

applying lajuation (55) to four dilh-nait .stat(!s of the sub- 
Hian(;e. 
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The tiuantities Pe. and P« in the equation of statci must 
very approximately satisfy the relation ohiaint'd on eliminat- 
ing p from equations (51) and (48), ^\llich gives 



It follows from this equation that if Pn is a function of v 
only Pe is of the form where </>(e) is a function of v. 

Van der Waals’ equation of state satisfies the above condi- 
tion, but of course it does not follow that thc‘refore its form 
is correct. It is fairly certain that P« is a function of T 
as well as of v. For the intrinsic pressure of a substance, 
since it depends upon molecular attraction, will depend upon 
the change in atomic configuration of a molecule with change 
in temperature. Since such a change undoubtcHlly occurs, 
as is shown by the deviation of the ratio of this specific heats 
considered in Section 13 from the valium 1.66, tlie form of 
the function for Pc is not as simple as a linear function of T. 

27. The Conditions that the Equation of State 
has to satisfy. 

If the pressure of a substance is plott(‘d again.st its volume 
at different temperatures, curves of f lu? form .‘<hown in Fig. 
8 are obtained. For certain temp(;raturc‘s (‘ueii cuirve con- 
sists of two parts, each of which has one of tiu* terminal 
points lying on a line (dotted in tlui ligur(>) i>arall('l to tlie 
volume axis. Thus corresponding to tlu* i)r{*.sHure indicated 
by the dotted line the substance can (tnly have* eith(‘r of 
the two volumes corresponding to tlu? abscissa; of the 
points at the extremities of the line. As the temperature 
of the substance is increased flu; length of flu* dotted line 
is decreased, and for a certain temperature, calhai the critical 
temperature, it entirely disappears. 
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\ an (Iw ’l^naLs has proposcul a theory to explain this 
l)t‘havior (>f substances. Aeeordinfj; to it tlio two curves 
cormsponcling to a given temperature are theoretically 
parts of a smgh^ curve as shown in Fig. 9 , the form of the 

absent, part heiuK ^uel. aa tn ren.ler the curye continuoua 
the fact tlmt th(! nhermediate part „[ the curve is not 

realised in practitu,* is (‘xplainod by supposing that a sub- 



stance in (‘aeh of 1h(» sta{(*s r<*presenl,ed by it is in unstable 
etiuihbriuni. ac(-ordiugly a dlsturbaixa' from the outside 
would make Ihe suhsfamM* change lo one or both the stable 
forms rcprcsenicd by ihv points a and h at the extremities 
oi this pari of the curve. 

Thus accor.liag to tlii.s ihcuy then* is no diHcontimiity 
of stall*: and Ihi'relore the e(|uution connecting p and v 
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Th(‘ (Kiuations, it nuiy bo mentioned, can also be 

(leduftHl from tlu' Laws of 'riua'inodynamics. 

Tint (Kination of .state must also possess the property 
that it vtinMi if the .substitutions p = 0, ^=0, and v = w, 
are nutde, which (a)rn‘s|)ond to the absolute zero of tem- 
peratun*. This may indicates that a relation exists between 
the (HJoiiieients of tlie e(iuation, or that it has a certain form. 

If tlii‘ temp(‘nitur(* and volunui at constant pressure of 
a .‘^ubstama^ art' plottiHl against each other instead of the 
[)re.ssm't‘ and volumt^ at constant temperature, a set of 
curves similar to those shown in Fig. 8 is obtained. A 
portion of t‘ach curvi* taiiuiot l)e realized in practice. The 
theonditail (airvt‘ repre.stmting this portion must for reasons 
of etuitinuity cut a voluna' ordinate in three points, similarly 
as shown in I’ig. 9. Ihit. this cannot hold at the absolute 
zia'o, .^in(!(‘ the ubsohitt' t(*mpc*rat\ire cannot have negative 
vahies, luul then-htre iw part of tlic curve can lie on t-he 
negative side of tlu* vadume axis. The part of the curve 
lying lH‘twc*(*u the volumes co and infinity inclusive in that 
ease coincides with the volume axis. This condition is 
expre.ssed i)y the laiuaiion 



whicli holds for a^dufinity, a = and inclusive values, 
corresponding to (), and T = 0. This probably indicates 
Ihsit the (Miuatiou of sta.te must have, a certain general form 
which satisfies this conditiou. 

Experinu'ut shows that the variables pressure, volume, 
and t (‘inperaiun*, of a liijuid in contact with its saturated 
vapor, may each lx; ('xpre.^^sed by an ecpiation in teims of 
inir of the variables, and this holds alsi) for the saturated 
vapor. It can be shown that, this is a consequence of Van 
del' Waals’ theory af t he continuity ol state, and the Laws of 
'rhermodynamics. 'I’lius it follows from thermodynamics 
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that the work done during an isothennal process between 
given limits is independent of the path of the process. Henctt 
the work done in passing from the point a to the point If 
in Fig. 9 is the same for the two paths indicated, one of which 
corresponds to that o])tained in practice with a substance.^ 
while the other to that givcm by the equation of state. This 
condition is expressed by the equation 

7 ;(?' 2 — p-5v, .... (60) 

where the suffixes 1 and 2 refer to the liquid and vaporous 
states respectively. 

On eliminating two of the variables pu V 2 , and 7* 
from the foregoing eciuation and tlie two equations obtained 
by applying the equation of state to the liciuid and the 
vaporous state of the sub.stance, a ninnl)cr of equations are 
obtained each of which contains two variables only. 

Another set of e(iuation.s (aich of which etjotains two varia- 
bles only may be olAuined as follows. * According to Clapey - 
ron’s equation the intcn’ual luait of evaporation L of a gram 
molecule of a substanc(^ i.s given by 


L = 



-Vi). 


(on 


Now according to e(iuation (d?) 



and therefore Clapc'yron’s (siuation by the Indi) of iKiiui* 
tion (GO) may be wnttcni 



*11. D. Kkcnuui, Phil. dh/r/.. .Sept,., 1012, itp. 301 -'02. 
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From this i*quatif>n iiiul the (‘tmation of stato, a nmnl)oi 
of {'(luations may In* oltlaimMl similarly, tis bcvruro, each of 
which coiilains two variahli's only. 

Now if on(‘ of th(‘ variahle.s is (‘liminated from two 
equations takiai from tht* fort‘fi;oing two sets of equations 
which coutuin the same tavo variuhles, an eciuation is ob- 
tained containing miv variable only. This equation must 
evidently i<h‘ntieully vanish with resix'ct to this varkible. 
This rcKiuires that soim* of the constants in the equation 
be (Kiuated to W'ro. Since these' constants are functions 
of the constants t»f the etjuation of state., the equations thus 
obtained I'xpn'ss ri'lations betw(*(*n tla^ latter constants. 
The numb(‘r of tliese etjualions evitlently deixmdB on the 
form assumetl for the equation of state. 

It ai)i>ears, tlawefore. that the eciuation of state has to 
satisfy a mimber of conditions which govt'rn its form and 
the relation between its constants. Otlier ('(luations of 
comlition besiih's those j)oinl('<l out may of course exist, 
winch have not yet been diseoven'd. 

Tlu' ('(luation of state possc'.ssc's Ix'sides an important 
property which indicates et'rtain prop(a'ties of its constants. 
This pro])erty, which is tU.stmssed in t'h(^ next Section, is 
basi'd upon the facts, but a theortdi(;al reason may also bo 
found fur it. 

The Relaihm of (hyrrespanding H tales. 

T1k> cumnl it ies y, r, ami T, of a substance! may l)e expresaed 
as fractions or us multiples ri, i\>, iuid rn, of thc!ir critical 
valu(!s thus; p ri/J.. c /y/v, and T^VuTc. A(!Cording to 
ilu! Hihition of corresponding slalt's il (iu! value ol (!ach ol 
two of th(! tjuuntitie.s rj, i\u ami n\, for each of a number 
of Hubstances be taken tin* same, tlu! remaining (piantity 
has tlu! same vahn* for {*ach substaiuie. In the (iase that 
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each substance consists of two phases in equilibrium, ami 
one of the foregoing quantities is taken the same for eaeU 
substance, each of the remaining two (luantities is tlie 
same for each substance. Substances under these condi- 
tions are said to be at corrc^sponding states, or obey the* 
relation of corresponding states. This relation was firnt 
deduced by Van der Waals from his equation of state hy 
applying to it the conditions of the critical point cxpress(*<l 
by equations (57) and (58). The resultant equationn 
(one of which is the equation of state), on eliminating tlie 
constants they contain, give an eciualiun of the form 



which expresses the first part of the rihition in question. 
The second part follows from tin; fact that the eiiuatioim 
of state of each of the phasi's of tin* two phases in eiiuilib- 
rium can be obtained from tin* for<‘going eiiuation and tlu* 
thermodynamical equation (dO), giving tliriHi eciuation.H 
each of which involves only two of the ubov(‘ ratios. 

Meslin’^ has invi'.stigated tiu* gmieral conditions undt^r 
which the relation may b(‘ dedu<‘ed. 'Flie etiuation oi stati* 
in its most geiu'ral form is 

MV> L 'A I/O il'2, ■ ■ . )="d), 

where < 71 , (72 • . • , con.<ants <lepc‘nding only on tin- 
nature of the substance. Huiipo.se that tla* various (‘(iuati<n> ■ 
of condition applying to tlie equation ot state are etiu;il 
in number to the fongoing <*on.stants. On eliminntiiip', 
these constants an (‘(piation is obtained which is of tlie lonii 

hiv> >'> Vc^ >'c, Tf) ==t). 

* Cotiip, Hmtl., 1H>, UF», tSU3. 
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This equation must be independent of the nature of the 
units chosen and therefore be of the form 


^2 


p V 
Pc Vc 


= 0 . 


Therefore if 4^2, (or has the smne fundamental fonn for 
each substance the relation of corresponding states at once 
follows. 

The number of equations of condition applying t:» a 
substance is not exactly known according to the previous 
Section, but it is evidently greater than two, and the iimii- 
ber of constants that must be associated with an equaticwi 
of state to obtain the relation of corresponding states is 
therefore at present undetermined. If we are given the 
relation of corresponding states, it obviously follows that 
the number of the foregoing equations of condition is tH|ual 
to the number of constants in the equation of state. 

The relation has been tested by a number of ol.)sc*rvers 
of whom Young may be especially mentioned, and fmind 
to Igr fairly well with the facts. (.4n account of the., 
investigations will be found in Winckelmann's Hamilnu-h 
der Physik, 2d Edition, pp. 936-946). The deviation? that 
occur are probably entirely due to pohanenzatirm. ^which 
renders a substance a mixture, and to which the reiatti n- 

ship is not likely to apply . . , 

The relation may be extended to a numl»r i-i ota.T 
quantities besides those mentioned which occur ireqanti} 
in this book. According to Section 21 


Ta 5v / 5v 

p — / w. 

|3 8T/ 8p 

On substituting for p, v, and T rV,:;;;:,' 

these quantities in terms of their cntica \a iic.. 


P„=ir3 




— riiPc = np:. 
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where n is a corresponding state quantity- 
point the equation becomes 

Pnc=rUVc, 

where r'l is a constant, and thus tluv pveee.IiuK oqnali.m 
may be written 


where rs is a factor obeying the relation of aou-re.|K«HliiiK 
states, and Pne denotes the intrinsic pivssuro at tin* critical 
point. Equation (63) can immediately be* tocfcd by I n* 
facts. The intrinsic pressures of (‘Him* and in the 

liquid states at temperatures octrrespondinj^ to J7r 3 can 
be calculated by' the method of Sc<‘tion 21 lunl arc found 
to be 2756, and 3893 atmos. respectively, d la* raliti of 
these pressures is .708, while tlu^ corrcsiamdiim: mtm of 
the critical pressures is .733, wdiich is i)raclicnll\ i qiial to 
the preceding ratio, as should be llu' case. 

It can be shown in a similar way tliat the i|nautiticrt 
n" and V"t, which are superior limils of the *|n:snti(ic> v 
and Vt, Sections (22) and (23), .^^lamld also td«‘y the icho 
tion of corresponding states. 

If the quantity b in the (Kiuation (.62) nm\‘ b»* t'\{>rc:.>!'d 
as a fraction obeying the relation ol corrcsiHocluti.': ; talcs 
of the critical volume ?v, or of tla^ volume at tic* ah »4ufc 
zero, which is highly probable, it can bt* dc<luci*fl in :i " iuiilar 
way from this equation and (‘(jualions (bdi lucl tUo tlcif 
n and Vt obey the relation of corn‘s^K»ndiric tn*!- , lint 
even if h did not possess this properly, I'.- wniild o!«cy liii* 
foregoing relation approximately .since b in ii ually Miad! 
in comparison with v. 

It will bo of importance now to discUHS a iiiollcdl t.f ob- 
taining the actual values of the foregoing (|u:tiiiMi«s ui any 
given case. 
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The l)eierminafmn of the Quantities n 
iind 6, of a h)ubslauee, ’ 

Thc.st* quHiitiiicH luuy nutst, c.onvoniontly bo determined 
by meuns ef Iht* (niujitum 


"'=•2 . . (65) 


from iM}iinliooH (Ui) jin<l (-IS) iti Section 21. We 
have siaoi ihnt (he (luantily h is lilndy to vary little with 
(he denshy of u subsiuiiee. Thendore over small regions 
of densities it. may be taken as constant. The quantity 
n of a substance \v(‘ would <*xp(‘ct to iiajroase more rapidly 
than pro|Kirtionnl to tin* density. If the substance behaved 


as a iierfect. gas n wtmld In^ proportional to the density, or 
inversely proiiortiomd to the volume, according to Section 
11. F'or densities at which tli(‘. substance does not obey 
the law tif a ptaiVct gas the molecular attraction according 
te Section 25, has the elTeet of increasing n above the value 
corresponding to tin* density. W(^ may therefore suppose 
II to consist of tin* sum of a numla*!’ of terms, the first expres- 
sing the elTeth. of the av<‘nig<^ minimum velocity (Section 16) 
on the value of a, ttnd the other terms the effect of the 
increase* in velocity profluctal by molecular attraction. 
The !ii>1 term corresponds to supposing that the substance 
bcliavc.s ns a, perfect gas, and it. IlnaH'fore varies inversely 
as V and may thus be written Ub/a, wlu'.rt* Cff is a constant 
which may be (tet.ermined from tin* .substa,nce in the gaseous 
.state, t >f the renaiining terms the first depends on the 
clamce of each molecule coming uinh'r the influence of 
another molecuh*, whii'h varies inversely as v‘^, and the 
.second 1(*rm depends upon (h<! chanct^ of each molecule 
coming under lla* intlueiice of two moleculc.s, which varies 
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inversely as v’\ 
may laj writ tiai 


and hence 

n = 


and sit {»u. 'I'hns thi* .-iiiu uf thfsi* 1i*rms 
('2 ‘;5 H-F , . . i , 

Ci/e+^'c. + r'^T- . - -Cj.'!'*. , . (iU»| 


The quantiti(>s (\u • • • evidi-ully functimis of 

V for the (diaiiee of two mtdoeules cumins cluso tag«*ih(‘r 
will be infliieneed by th(‘ forees of altraetion ;in.l rt'jmlsion 
of the surrounding nioliH'ules, and hiaieo ( will dojw'nd on 
the inole( 5 ulur coiuaaUrution, or on r, siniiluily in i^entaal 
the chance of any number of molecules eominy elnse toyetluT 
will be influenct‘d Ity tht* molecular force- of tlie Mirrounding 
molecules, anti hence C.. (\u • • • will be fmiclittiiH ttf 
V. But it will be evident on rellectinn that the variation of 
n with V in tint fore}j;oin)i ei|uation will in the main be ex- 
pressed Ity tlu' invt‘rse powers of r. iti other words, the 
(|uaritities Ca, f'a, • • • t * sin* luuetion^ of ? wltieh ;tn* not 
sensitive tt> variutittns of c. they art* t»!e, iMU-l\ lunetioiiH 
of 2’ since the. chaiiee itf a uimtlii'r of ntoli'eiilt*' eoming 
close together will deitend ttn their vtTieit v ot tiatcdalion. 

It follows from iirobability eonvidorsition tbaf the terms 
C»/ir, Cn/VS . . . C« r®, deeiva?-e rapitlly in maynitutle in 
the order they stand. For the ebanee td eueb moli'cule eniie 
ing close to another nioleenle ami inllm-neuig it- veloeily 
of translation is et[Ual to a traetion /o. aict tbi* chanct* 
of each pair of mol(*eules etuniug elo t* to a, third imtleeiile 
and iiitinencing its Vi*locity ot Iran.diifion i evidently 
then'fore, (siiad to /n/>c. wltere /y* i-* a traction wiiicit i - jirob- 
al)ly small(*r than pu f*te., and aeeordimd.v 


/n . • . 


If the {|UiuUi1ies Cj, . . . t", be i-vpajidetl in inverse 
powers of r, sin expression for // i t»bs,'tnji »i whieh m;iy lie 
written 

W-Ci/cl-fV, r*’ . , , f'b. ry 
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where C 2 a, ^■re functions of T only. It will 

be evident on reflection that since the first tenn of each 
expansion will be large in comparison with the remaining 
terms, the terms C 2 a/v'^, Cza/v^, . . . Cza/v^ decrease in 
magnitude in the order they stand, and probably rapidly. 

In using equation (66) we may as a first approximation, 
from what has gone before, omit all the terms on the right- 
hand side except the first two. Equation (65) then assumes 
the form* 

^=|J_ ^ 2 ] Av 

13 ImaV 3 '^v^\2(v~by ' ‘ \ 

1 la T'iTi 

since Cl = — — w— according to equation (21), where 

Ma \ <5 

A = 5.087 X 10 Tm according to equation (19), a denotes 
the coefficient of expansion and |8 the coefi&cient of com- 
pression per dyne at the absolute temperature T, v denotes 
the volume of a gram molecule of the substance and b the 
apparent volume occupied by the molecules, ma denotes 
the absolute and m the relative molecular weight of a mole- 
cule, and R the gas constant whose value is given in Section 
5. If the distribution of molecular velocities is taken into 
account the right-hand side of the foregoing equation accord- 
ing to Maxwell’s law has to be multiplied by 1.085 (Section 
20 ). 

The quantity C 2 we have seen is a function which varies 
little with V and therefore over a small region of densities 
it may be taken as constant. Therefore on applying equa- 
tion (67) at constant temperature to a substance at two 
densities not differing much from each other, two equa- 
tions are obtained from which C 2 and b may be detennined. 
The values of n corresponding to these two densities may 
then be obtained by equation (66) retaining two terms 
only of the right-hand side. Similarly the equation may be 
* Not previously published and used. 
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applied to another pair of deiiHities not differinp; much from 
each other and from th(‘ othei pair of rUmsitic's, and tin* 
cOTrcspondiiiff valiiea of n calculated. The values of ('2 
and b obtained in the two case.-; an* not^ nc'cessarily the saim*. 
though they will obviously dilTer vtny little from each other. 
Thus by a repeated application of (aiuations (G?) and (Udl 
the values of n and h may lx* obhum-d for different densit ie-s 
of a substance. The accuracy of tla* rt‘sults will evidently 
increase with the number of dtmsity values into which a 
given region of densities is dividixh On the whole tlie 
method should give very good ri'sults. 

On having obtained values of u of a sulistance, the cor- 
responding values of Id, the total avt^rage velocity of a 
moleculOj may be obtained liy mt*ans of the ecjuabion 


given in Section 18. 

As an example of the foregoing investigation the vahios 
ofnandVdiavebeen c:dculate<l for ('()•. at O^’C. eorre.spond- 
ing to the pressures UK) and 200 atmospheres, which redtiee 
the substance to the liiiuid state;, lla* results being given in 
Table VIII. 

TABLE VIII 


t)2 AT 0" (;. 


oa 7.l7.Kin'« I l.ailXIO- 
42.'Kf ^ 7.S0XI0** I 1.02 X lie 

i 1 


The values of it, wliich were useti to obtain the vahio! 
of Ta/^ l)y equadon (-hS), were dediic*-d by the imdlKni *4 
Section 21 from AmaguUs experinamtal results on the 


c 

p in 


atm os. 

iii utinoH. 

1 

1 

100 

27.')0 

200 

4580 
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relation between v imd p. The Table contains the values 
of n and Vt corresponding to a pressure of one atmosphere 
in which case th(‘ stil)stance is in the gaseous state’ 
the valuers of the foregoing quantities in that case being 
given by eciuations (21) and (35). It will be seen that 
the value of Vt is increasetl to about four times its original 
value as the i)r(issure of tlic substance is increased from 1 
to 100 or 200 atmospluiroB. This falls into line with the 
results of Sections 17, 21, and 25, according to which the 
effect of molcanilar ati-racdioii on the molecular velocity 
in a siibstan(!(i in th(‘ li(iuid state should be quite large. 
If the molecular forcufs had no effect on the magnitude of 
the motion of translation of the molecules, as is usually 
supposed, tlui value ol)tained for Co should have been zero, 
or at linist v(‘ry small. Tlie result conclusively shows that 
the factor Ft/ IT in e(iuat.ion (53) cannot be put equal to 
unity, ujid that tlu^ right hand side of Van der Waals’ equa- 
tion of stat(‘ must b(‘ modil'anl accordingly. The values of 
71, and Ft obtaiiu'd may bt; correcitod according to Max- 
well's law l)y dividing them by 1.085. 

Tlie valu(‘ of b, appanmt molecular volume of a 
gram moletmh? of moh'cut's at the in’cssurc 100 and 200 
atmosi)h(*res is ('(lual to 12.2 in (•(•.., and thus is about J of 
th(* total volunuf of a gram mohamle of the substance. It 
is smaller l han t he volume at ab.solute zero, which according 
to Seclimi 21 is ajiproxiiuately | the volume Vc at the' 
critical point, or equal to 25.5 re. Tills difference is due, 
a.s wa.s (‘xplained in Sections 11) and 24, to the molecules 
gitting iieanu' to cadi other at higher temperatures than the 
alisolulv zi'ro tlirough possessing kinetic energy of motion 
of translation. 

If the value of the rigid, hiind side of the equation (67) 
is {•.alculaled for (3).. at a, t (*mpera,ture O^C. and pressure 
of 5t) at.mo.s., using the foregoing values of the constant 6 
and (t;, t he value of 2562 atinos. is obtained. This agrees 
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well with the value of 2512 atmos. (ibtaiiicd directly for tlu- 

left-hand side of the efiuali.m ,.r 

This invcstijiation may he exteiiihal to a niixtuie 
substances. In the case of a mixture of-say molooules 

e and r, we would have 

|=2.543X10-»j-'5;ryrm;+-'::^;>-V-f^^ (liS) 

acoordinsto equations (41), (4.5), tm.l (48), where, n, denotes 
the number of molecuU.s e eros.sinK a square c.n. from one 
side to the other in the mixture, aiul », has a similar ineanintJ; 
with respect to the moleiaile.s r. Kow we may write 


and 


Hr-- 


Uf- 


/hr ,/ ' iir 

■ JV vr' ' 

r., rv 


(7t» 


similarly as before, whoro Cu and Tj, may b(‘ obtairiCHl (ruin 
the substances r and e isolated and in tbe ^aseoUH stutt*. 
The resultant eciuation will llien contain the lour varialih*H 
Chr, C'‘\; b'e anil fn, which may be dclcrmineil by aivplyiitit 
the ’equation to the mixture at <H,nslunt. tempm-ature 
respondinfi; to four (Uaisilies not dilTerinK mnch Iroin (‘urli 
other. Bimilarly a mixture of any number of eonstitmciils 
may be treated. 

Another metlaxi may lie usi-il depending on vunatit .its 
of the relative concentration t*t the constituents of tin* 
mixture instead of variations of its density at. const :uit 
relative eoneeiitration, 'I’hu.s for n, ami th we may in t his 
case write 


and 


Hr- Ht Nr‘\'lh" ^ “r S f;f'"A ri\ , 


1 ) 
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ii’C dr' , dr', dr'\ a,', Hr", Mild If/", aro conslaniH of whioh 
and a/ miiy be* dt'lcnniiuid according to Section 11 
n the constitiK'nlK iKolatcd and in the gaseous state, 
Nr and Nr d(*not<‘ tin* concc'ntrations of the molecules 
id r respectively. Similarly for 6/ and h/ we may write 


()/ ~~ /i,<~\~NrVrker 

hr' ” h'r~\- N edrktr 


( 72 ) 


sre ke, kr, and k,r are const, ants. It will be recognized 
t h denotes the* a])par(*n(, volume due to the interaction 
L molecule c with the remaining molecules c, and kr has 
imilar meaning, whih* Nrr,k,r denotes the apparent 
line due to t he inb'raciion of a molecule a with the mole- 
!S r, or vice versa, t‘tc. On subst ituting from these eipia- 
s in {‘quatiou (ilS) an t'liuation is obtaiiu'd containing 
in varial)h‘s, whieli may be determined liy applying at 
d,ant t{‘mia*ra,ture the (*(iUMdion to seven different rela- 
concentrat ions of the mixture ditfering little from ('acli 
ir. 

[n the case of a tiilule solution we may evidently write 


re (ir am* a, are const ants. 'I’lie fon'going process is 
i much simidilied in this case. 

rin' foregoing method may be sinpililied by using t,lio 
K'S of h/ anti hr' ealeulateil from the values of hr and hr 
he const ituenfs in the jime state; or we might, make 
assum|)tion that h/ h/, which would iirohahly inlro- 
1 no serious errtir. 

Ml Si*etion 2(1 a method was given for tinding approxi- 
e values of h/ and h/ i’nim t he values of h, mid hr of tlie 
itituenls in the pure slate. Approximate values of 
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C'2r aiid similarly be obtained, and Inmce approxi- 

mate values of and n, be obtained from (Hiuations (bO) 
and ( 70 ). Let a2r stand for Ch in tHjuation (b 7 ) when tho 
substance consists of molecules r, and similarly let C2e stand 
for C2 when the substance consists of inok'culc's e. Tht* 
quantity C2r/vr^ then depends on the chance of each mok*- 
cule in a pure substance of volume th per gram molecuk* 
coming close to another molecule and changing its velocity 
of translation. This dependence may be exhibited in 11 
certain way which is useful in dealing with mixtures. Tht^ 
chance of each molecule to get close to another molecuk* 
is proportional to the product of the concentrations of the 
molecules, or proportional to AbA^r. Since NrniarVr—'ntrt 
where mar denotes the absolute and nir th(‘ relative molec- 
ular weight of a molecule, we have Ab = ™, wlua’c k denottife 

“ Vf 


a constant. Thus the foregoing chance is proportional U 
l/vr^, and the resultant change*, in /o i*xi)re.sKed by (^r/'Cr*b 
But if the gram molecule of inolecnies r contains mole- 
cules e besides, a molecule r may hav(^ its V(‘lot‘ity (duingcii 
through coming close to a mokHude c. d'he ehaniH* of th;it 


happening to each molecule ?’ is proporlional to tlu* prodmtt 
of the concentrations of the molecules r and c, or proixjrtiomd 
to NeNv’ This chance according to tlx* foregoing rc'sults i‘» 
proportional to l/vrVc, where Vr. denotes tlie volume of the 
mixture containing a gram molecuk* of mokanik's c. d'ho 
resultant change in the value of ih througli the addition of 

molecules e is therefore approxinudrhj given l)y ^ , 


where C2c and C2r refer to the molecuk's c and r in the pure- 
state. The term C'2tIv? in (‘(|uat.ion ftkl) consists of thi* 
sum of the foregoing two changes in Ur brought about hy 
molecular interaction, or 


Vt^ 


I cd 

vr rwv 


( 74 ) 
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Similarly it can Ijc^ sliown that 


VrVc '•••*. (75) 

The values of Ur and a,, ohtaiiu'd from ^ 

(70) l,y the help of cfiiiiiti,,,® (74) and (75) are Ifefv to^'^ 
fairly accurate. The acciiracv iiiav he leh ■ , * 

the third and higher jimvcr term.s'in the so^s'^for^ 
fi, in the e(iuatimi.s. ““ 

The deduction of equalion (( 15 ) used m +v,,-a cs x- 

quan ity a, therefore ene „r importance, and it will there 

fore be of iiitere.'af, lo obtain further relations between it 
and other quantil it's, »JtbWGen it 

no. AnE,,,,aiiw, (Ummdini, the TntHnsic Pres- 
S'ure^ Spearfic Ilcaf, atul other Quantities. 

It U denote tiie iiilernal eneiKy of a Kreni niolooule of 
aMiliaUiiicc, we have ,„.e„rdiiiK lo the Dilfereiitial Calculus 

(«7').'^( j!. ),. («.)„+ 

'Ihe term on the lefl-hiiiid side of Ihe eiiiialion is the specific 
111 . It |«M Ki-am moleeiile el I'oM.siaiil pressure ami was written 
iS,., in .Section 13. I.'„r f • we iiiiiy write 


I ' 0 «“f 


. . . ( 76 ) 


ns in Keelion 13, where f„ denotes the potential energv of 
nioleciilnr al.tmcln.ii l|er (;ram niolee.itle, the internal 

nioleeulnr eneray, and ||„. Uinelie ..neray of the molo- 

™les when siltmte.l at poiids at ivliiidi the forces of the 
KUrrouiuling molccuh's luniiralizo oim another, tliis energy 
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being equal to the kinelif* (‘iu‘rgy in the gaseuus state ueeoni” 
ing to Section 16. AecunUng to Seetnai 1>1, thn 

intrinsic pressure, where r (l«‘n(iJ(s tlu* vuluna* of a gram 
molecule, and sinci; H ==« liu* cotdlicdeiif of expaiisioit, 

\ () i ,? ;» 

the equation may be writ ten 



The quantity pi’‘*hubly negligildt* in 

comparison with Pn, tind may therefore l»e uiiiilleti from l.ln* 

equation. The quantity- exjjn'.'-^sc^s tlie eluing(‘ in 

potential energy of molecular attraetitin of a su1tstane«* 
with change in t.emp{‘rat ure at e«mstant volume. It is very 
likely not zero in tlu; ease of a .‘-^ubstam'e eon -isfing of eoiii- 
plex moleculo.s, .sinei^ ae<-t)nliiig tt> S(‘<‘lio!j IM the n'lativo 
distribution of the atoms in a moleeide is eh.'ingt‘d witli 
change in teinperal un‘, which would give ri e to a, change 
in the forces of attraction of the inoleeuh*s up«m e.aeh other. 

For the same reason th(‘ (plant it y ^oyT^ i'* not. likely t«» 

be zero in the case of a eomjjlex stib.'-tanem 

But if the molecuU‘S consist of atoms it, is highly itrohal ih* 

that these (piantities and the (piantity are zero. 

\ er / :r 

The equation then lieeomes^^ 


,s' 


it<’ ' 


Prr 


'AH 

*> 


V(t 


(781 


and may thus bci used to calculate in sueh a ease. 
* Not, previously puldiHhetl. 


THE POLYMERIZATION OF SUBSTANCES 105 

If the value of P„ for a substance in the liquid state, 
which is mon-atomic in the gaseous state, is calculated 
by the foregoing equation, and it does not agree with that 
given by equation (48), it shows that the substance is 
polymerized in the liquid state. Thus, for example, equa- 
tion (78) gives the value of 8.8 XIO^ atmos. for P„ for Hg 
at 0° C., while equation (48) gives 1.25X10^ atmos. It 
appears therefore that Hg m polymerized when in the liquid 
state. There is a good deal of other evidence pointing to 
the same conclusion. 

Equation (78) may also give approximate values of P„ 
in the case of substances consisting of complex molecules 
since in most cases the differential quantities in equation 
(77) are relatively so small that they may be neglected. 
The difficulty of applying the equation to a substance arises 
principally through being dependent on* a knowledge of 

the nature of the molecules, since the quantities — and 

2 

V depend upon it. In the case of a partly polymerized sub- 
stance a considerable error may therefore be introduced. 

In the previous Sections we have considered various 
properties of substances which do not depend directly on 
the nature of the motion of a molecule and on its rapidity. 
There are, however, some properties that do, and which 
will be considered, in the next Chapter. These properties 
are directly connected with the recurring nature of the 
path of a molecule, which exists according to the laws of 
probability. This introduces the idea of a recurring path 
of average length associated with a molecule, which will 
be discussed in the next Section, the results being introductory 
to the matter contained in the next Chapter. 
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31 . The Mean Free Path of a Molecule under 
Given Conditions. 

A molecule in a substance has its velocity continually 
changed in direction and inagnitiulc through the influence 
of the surrounding molecules. At cert,ain points along its 
path it may therefore satisfy certain conditions in respect 
to the surrounding medium. The straight lines joining 
these points will be called the molecular free paths correspond- 
ing to the given conditions. Tlu'se paths will obviously 
not have the same length, from probability considerations, 
but evidently the mean free path, the mean length of a large 
number of paths, should have a definite magnitude. 

It is of importance and interest in this connection to 
calculate the probability that a molecule will pass over a 
distance x without satisfying the conditions of th(‘ free path. 
This was first done by Clausius in connc'ction with tlie 
mean free path of molecular collision. 'Tht' inv(‘stigation 
will be given a form here which applies to any kind of a free 
path. 

The probability Px that a molecule will pass over the 
distance x without satisfying the jiath conditions may be 
written 

p^=m, 


and the probability that it will pass oven the path 
is therefore 


Px+dx = (f) (x-t-da:) = </) (x) + * dx = Px-l~ 


dPx 

dx 


•dx. 


But this is also according to llu; ruk-s of prolialiility equal 
to the product of the probability /h ami th(> prolniliility 
Pix that the molecule will pa.ss ovvr t he distanc(> dx without 
satisfying the path conditions, that is 

pa,=p,+''A-*. 
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Now it i ,l,o,otcs tho moan f,.„, path of the molecule the 
P-ba InUty ol ,t satintyluK the path conditions in nakw 
over the dislama. is dx/l, and the probability oUt not 
satisfying tlio path conditions is therefore ^ ^ 

f-Ux.. 

Hence the preci'ding equation may be written 
which on integrating givers 

where C denotes an arliil,rary constant. Since the probabilitv 
that tlio molecule will not satisfy the patli conditions in 
pitssniK over the dislancc ^c = () is unity, it follows that C=1 
and hence ’ 


wliich (‘xpirsses th.‘ pn.l.ahilily />, that the molecule will 
{inss ovi'i- tlie distance x wilhout satisfying tlu‘ fr{H^ pa,th 

(n)udi ion, m terms of ilie (luantitic's .r and the nu'an fn'o 
patlu. 

I he nnmher u, ol 100 molecules jiassing ovin* the <IiHtance 
.r wilhout satisfying th(> mean five path conditions is given 
as an ilhisiration for a number of <lifT<.,vnt values of a: in 
lahl(‘ IX wliere .r is expivs.scfl in terms of the mean free 
l>a h /. It will he seen that a luohsnile rarely passes oviw 
tb dislanei' givaler limn its mean free patli. 

I he lU'ohahility (hat a, molemile lias a free path lyino; 
fietweiiii the lenglhs x ami .r j f/.r is evidently 


P, ■ P. 




according to etiuation ( 70 ). 
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TABLE IX 


'Zl 

Zl 

u 

4.5Z 


In Section 21 t'he number of inoleouleK n (‘.rossinp; a plane 
one square cm. in area in a substance was investigated. 
In connection with the investigation of t his Stiction it is 
of interest to determine the pro])ability that tluy path of 
a molecule crossing the plane has a length lying betwcaui x 
and x^-dx. It is evident that on moving tlie plane from one 
position to another parallel to itself its ehmuu* of e.utting a 
free path of length x will be proportional t.o tin* value; of x. 
Therefore, since a molecule in its migra.ti<)ns has diflen'nt 
consecutive paths the probability of th(‘ plant' tmiting oru* 
of length X is equal to the ratio of x to Ibt* ssum of till of tlu* 
different paths of the molecule divided by Iht'ir numbt'r. 
The latter quantity is equal to the rnt'an fret* pal h /, and ht;ne,t‘ 
the ratio is equal to x/l. This probabilit y must, bt' multi- 
plied by the probability that the moltH'ult' has a {tnib lying 
between x and x+dx which is giv('n by etpialhm (HO). 
Therefore the probability Pc that tin; fr(;(' path of a moh'culc* 
which lies between the lengths x and rr-b cut-s t lu' piano 
is 

p,=prT-dx (HI) 

It should be noted that the foregoing invo.^tigation i.s ind(‘- 
pendent of the nature of the conditions (h'fining t he fret; pai.h 
of a molecule and that therefore tlu's;; eeuidit ions may lx* 
given any form we please. 

It will be of interest to compare tlic; .s(piure of t-lu; a,V{;r- 
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90 

82 


O.OlZ 

0.02Z 

O.IZ 

0.2Z 


78 

72 

61 

37 


0.25Z 

0.333Z 

().5Z 

l.OZ 
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age path I, or P, with the mean of the squares of the differ- 
ent paths. The latter quantity is given by 

_£ 

^•dx = 2P, 

Jo i 

by the help of equation (80). Thus the latter quantity is 
double the former. 

We are in a position now to develop formulae for the 
quantities viscosity, conduction of heat, and diffusion, 
which depend directly on the nature of the motion of a 
molecule, in terms of quantities referring to the nature of 
this motion, and other quantities. In order that the formulae 
may be given forms applying to different states of matter 
I have introduced new definitions in connection with the 
path of a molecule under different conditions, which make 
no reference to molecular collision, and apply to all states 
of matter. They lead to formulae involving quantities 
usually not considered in treatises on the Kinetic Theory 
of Gases. These give interesting information as to how the 
various molecular properties give rise to, or modify, the 
viscosity, conduction of heat, and diffusion, of a substance. 

I have previously made an attempt to obtain formulae for 
the foregoing properties of matter independent of the idea 
of molecular collision*, and finally developed the results 
given in this book, which, however, differ considerably 
from the previous results, and are therefore more or less new. 

* Phil Mag., July, 1912, pp. 101-118. 
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QUANTITIES WHICH DKPICXD DIHEC’TIA' ON THE NATURE 
OF MOLECULAR MOTION 

32. The Coefficient of Vmmify of a Sub.s'iance. 

A solid in contact with a liquid or gas at r<‘st (‘xi)(*rienceK 
a resistance when displactcul (leixaiding on the natiirr* of the 
gas or liquid, the resistance rtanaining constant wluai tlui 
motion is uniform. This arises through matter Ixdng carried 
along by the surface of th(‘ solid. T'his property of li<piids 
and gases is known as viscosity. It can he sliown that 
it primarily arises from the? fact that the molecules of ti 
substance undergo a rapid motion of translation. Tlm.H 
suppose that n molecules j)<*r .sfiuan* <mi. per second striko 
the lower surface of tlu* solid A shown in Eig. 10, whicii i.s 
moving with a velocity Fi parallel to its surfa<u‘. If tho 
average momentum pandlel to the surfatx* of the solid 
of the molecules whhsh j)er second are ahoul to (‘ollidt^ with 
the solid, is nV^rHu, tlu* monienfum after (aillisittn is that 
corresponding to the wdocity of motion of the solid, or 
equal to nV iMa, if the (jollidiiig molecules assume t.lu' vi'huuty 
of the solid, and thus the solid imparls a, momentum (*(|ual 
to niUaiV I 1 ^ 2 ) to tli(5 suhstaiure per second. Acciording 
to the equation Ft^iihA', this momentum is (hiuuI U> tine 
foice F that has to he; a|)])li(‘d t,o the solid per scpiai'e tan. 
of the surface in order to mainttun uniform motion, or 
F=nma{Vi-V 2 ). The layer of litpiiil in th(‘ immediati* 
vicinity of the surface is uccortliugly set in motion, and this 

lit) 


VISCOUS HESISTANCB AND VELOCITY GIUDIENT Hi 
motion is commimicjitc'd to tho 

whole liquid is thus s(d iu motion nloL oK ‘ “ °\ 
the surhiee of the solid, the velocity of T ''' 

with the distance from the surface decreasing 

Ji'”—':; «>• >•» ~ 

-» r.-r,. 


-fC - 

^ ' '"i ^ 




' Fid. 10. 


gradient of tho licinid io iho inmiodiato viciriitv nF 
Hurfuco, and thus tiu‘ foroKoiiig ('(imK iou uiay be* written 


when! till! distance x is measured ni ..i.ri.f 1 
■surface of the solid, and A' denot ■ 1 f '' '"’f ‘j’ 
gradient is unity the corresponding t:: >/L'’ j! 

ceefunent „l viscosity, „„d yin , ' " , | ; 

if a plaiK! movm^^ with a velocity Ih is a( ,i: .i ' 

plane, the foree A that Im,; i: iii; i'::':!::'' 
cm. of the moving plane may be writi.en ' ^ 


which ac(!ordingly l)£-(!om,.s (.muhI to « w\um ih i -r 

«ui!nde:,ffin.'t,;o:;;:;::!:t 
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smaller than indieatoil by ll>'' fiTeK'iiiiK iuvrsiiKali.in 
through the molecules <«. sIrikiiiB the iimviiiK soli.l ni.t, 

• • ^ ifM t'fltH't I!*' known us 

acquiring exactly its ♦ a* ,■ t 

slipping of the fluid ov(‘r th(‘ surface ol coiituct <d the solid. 
Experiment has shown that there is no }ii»i)reeiuhl(‘ sliiipnig 
in the case of liquids, and this also holds in the ease of gasc‘s, 
excent at very low piTssnivs. 'I’his inunt will lie further 
discussed in Section fl4. It will not he ditlieult to see that 
if the moving solid extatmi a repulsion upon the mohuaileH 
of the surrounding fluid this would havt‘ tla* efTtad of tend- 
ing to turn back tlu^ nioleetiles approaching it. without 
giving to them a motion parallel to that of the surtaei* of 
the solid. In that cast* slipping would oeeur. It is not 
improbable that the donhlt* layer of eleetrieity which exists 
at the interface of a fluid and solid may givi* rise to some 
slipping in this way. 

The coefliciiiiit of viscosity of a sulistaiaa* is usually 
obtained in practice by measuring the volume cj of the sub- 
stance which passc's per second througli a, narrow tula* of 
radius r and length in under the uefion i.f a jiressure /n 
If the substance escaja's irt>m tlu* tube \s itli a vidoeily which 
is negligible in comjiurison with tia* vtdoeily that would be 
obtained with a tula* of large radius, tht* \ulu(‘ ot t} ma'otding 
to Poiseuillc is givc*n l iy 


If, however, the* escaping liquid po- sf.'.ses an amount of 

kinetic energy which cannot 1 <e n* g!i'etef| the li*rm ban 

to be subtracted from the right-hand sidr tlie foregoing 
equation wheni V' dcaotes the vt'loeify <4 tla* escaping 
fluid and p its di'iisit y. 

The viscosity of a substance di-jM-nds imt oidy on fla* 
velocity of translation of a molci’iile, Im! on t he naiurr* of 
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the motion, and it will therefore be necessary to define a 
quantity connected with the path described by a molecule. 


3S. The Viscosity Mean Momentum Transfer 
Distance of a Molecule in a Substance. 

A ^ viscous medium in motion parallel to the plane 

AB which is kept at rest, as shown in Fig. 11. Let ahc 



denote the Path of a molecule moving towards the plane 
and which therefore passes progressively into slower 
Roving portions of the substance. The moLule chiZ 
Its course loses momentum, continually but in varvinn 
amounts to the medium parallel to the direction it is moring^ 
through the interaction of the molecules due to their molec- 

. Similarly a molecule passing in the oDDosifp 

ThrmedirrCTid“^rT“® 

xpe medium evidently does not acquire or lose momentum 
Ortly at isolated points. We may suppose, howZ th^t 
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the effect is c(juivali‘nt io a rtnv tff l»«‘iafr ussciciated 

with the molecular patii, not necessarily lying on it, at 
which only the medinm ac«|inre.s fjr loses imiinenHiin. Fur- 
ther let us suppose' tliat the im»nu*!ituni lost by the meditim 
at a point is equal to \vht‘n‘ F-j rltuiotes the velocity 

of the medium at tin' point, ami //fa tlie nmlt'cular weight 
of a molecule, this momentum being almorbed by the migra- 
ting molecule, while tlie momentum gained by the medium 
at the same point is eipial to FiWa, wlu'rr* Fj denotes the 
velocity of the medium at the preceding imint, this momen- 
tum being abstraetvHl from tin* migrating molec'ule. The 
distance l/etwetm two eonseentive |H»ints will be called the 
momentum tnuisfer distance e!»rres|Hmding to the path of 
the migrating molecule. 

The molecule thus apiH'urs to abstnicf tlu* momentum 
7i?na from a point in the medium and tr) transfer it to a 
consecutive iMfiiit, while at the latter peunt it nlfstracts 
the momentum ITo/f,, from tla* medium and transfers it to 
a point cons(H’ut:ve tti tlie lafier. and so on. dda* posit itais 
of these points, and tlieir numlHU |M*r unit leiigtli of path, 
are to a certain extent arbilrarv. as will ensily 1 h* reeognixed, 
and it is thcrefon* necessary to intnwinee coialitions which 
will render the lines joining them quite thdinifo. One condi- 
tion that th(‘ jn)iuts obviou-iy have to Kufisfy is that the 
flow of momentnm in the substance should be tmiform 
everywhere. But this condition alone is not sullicient. 
Let us therefore iiiq/ose the iwn additional eondifitins that 
the number n of nmleeular paths eitissing a squan* eta. 
from one side to the other simll 1 h‘ equal ft* flu* number of 
transfer distances passing thnntgli the stpian* cm,, .and 
that all directions of a traiefer tiisfanet* in sj-tuee are etpially 
probable. We will sta* in tin* next Seefittn that these con- 
ditions compleb'ly determine the di*»tribufit»ii t»f tie* fHiints 
in question. Acettnling to Feeliou .'11 llm various transfer 
distances corresponding t<» thevo isttnis wtoihl rmt be of 


RESULTANT FORCE ON A MOVING MOLECULE 

ime maKniUi.le, hut grouped about a mean transfer 
jce I, acoordmn to a general law whose form was ob 

should iK. noted that according to the definition 
3r distance the length of path of a molecule between 
oints IS equal to tlui sum of the corresponding momen- 
ransfer distamies. The transfer distances will there- 
,e associated with the molecular path in the way 
in Fig. 11. 

nigrating molecule i„ evidently continually undei the 
of the resultant force arising from the forces of the 



“>■ Aliilccitliir jiiUh 


Fici. 12. 


cling nmlcculfs. Tim rc.sulfnnf, force* m coiitiiHuilIy 
fjr m (hrcH'tion mul umgnitiKlo, U will (.lu'rc'forc paHH 
a Hon(.H of inuxima aiul mininui of (lilT,.r(«ni, mag- 
whidi may gmiiluctally h<. illuHtrafcd by (,li,* curve' 
12. rii(^ largest maxima conv.spoiid to' tlu* clo.scat, 
approach of Iwo molecides, whil(> Mu* other ma.xiina 
nd to various disInnceH of approach, wlioHe ((ITecd, 
i<!( IV Mituatiun of the Hurrouuding molccule.s. 

of t-lie maxima and minima will have very .smaJl 
imt(‘ y.alueM. 'I’his Iiolda for a ga.s as wc'll as for a 
llie theorefieid puints at whieh a moh.cule is sup- 
ahsurl) momentum from the medium or tnmsfcT 
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momentum to it eviiiontly t!u*r(‘ft)rc‘ do nut ncH't‘SKunIy 
correspond to maximu or minima values of the reHuliant 
force acting on the molt‘t*ule, and In-sities on ueeount of tlie 
small valuta cd some of tiu* maxima and minima Hev(*ral 
of these are likely to 1 h* sitiialeii ladwecai two Hiudi eonsecu- 
tive points. Thase considtnufionH show that, if imdiHaiktr 
forces exist between moltamles tht* moment uni free path 
cannot be defined with resjHH’t to moleetdar eolHsion, Imt 
must be defined along such lines us devidttjwd in this Section. 

It will not be diflicult to He<* that even if thi‘ molecules 
consisted of hard elastic .*^|)heres not sorroumletl liy fudds 
of force the average distance ladween twu eons*‘entive (HjI- 
lisions in a gas need not In* e(jual to tlu* U*ngth itf the aver- 
age momentum transfer dislunct* us just defintsb In fact 
it can be shown that thm* disfniiccs un» n(»t equal to one 
another. But the opiKisiU* is usiiully tacitly implied when 
the mean frec^ path of a moh'cule in a gas is d«*lined according 
to molecular collision and tlum u.s<‘d to <»biain a fonuula 
for the viscosity of a gas in the usual way. < )f course, sonu! 
mathematicians have begun to realize this and endeavored 
to detennine the appropriate f.aeitu’ that has t«i !«* ns,so- 
ciated with the mean free path in the formula. Bui this 
cannot lead to anything «leliiiiie In'cause the internet ion 
between moleeuli'.s is largtdy, if not all uget tier, rhie to the 
existence of th(‘ molecular furc<*.H. 

A gemnal formula for the vk’odty of a siibstamn* iu the 
gaseous, li(|ui<i, un<l intermediary .Htatt's <4* matter, in terms 
of the momentum tran.sfer distamu* will now !«• di*v«‘lo{HH] 
and applied to tint facts, 

3Jh Formulm for the VlMmiiy io 'Pertm of 
Other QuemtiHes. 

Let us consider u.s iM'hm* a substunci* moving in planes 
parallel to a plane AB which Is at re.*»f, .as is shown in I'lg. 
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13. Suppose that n molecules per square cm. cross the 
plane EF from one side to the other. The migration of 
these molecules gives rise to a transference of momentum 
across the plane from top to bottom which per square cm. 
is numerically equal to the coefficient of viscosity if the 
velocity gradient is equal to unity. The expression for this 
momentum we will now proceed to find. Consider the 
momentum transfer distances which cut the plane EF and 
are inclined at the angle 6 with a perpendicular to the plane 
If we suppose for purposes of calculation that these distances 
start from the same point which we will suppose lies in the 
plane EF, it follows from the figure, which shows the sec- 

V, 

\ ^ F 


. V 2 

k 


z j 


— -y/- 1 


Fig. 13. 

tion of a hemisphere of radius ^ made by a plane at right 

angles to the plane EF, that the number of these distances 
IS equal to 

2Trrz • do 

where z denotes the length of one of these distances, )• = a sin d 
and this number is therefore equal to ' 

n sin 0 • do. 

If n. denote the number of the foregoing distances whose 
lengths he between 2 : and z-\-dz, we have 

n. = nsin e-d0-^e~i,-dz, 

I'ti 
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by the help of equation (81), where denotes the mean 
momentum transfer distance. The molecules corresponding 
to these distances abstract the momentum rizmaVi frono- 
the plane EF, which moves with the velocity Fi, and trans- 
fers it to the plane CB which moves with the velocity F's- 
From considerations of equilibrium it follows that an equal 
number of molecules migrate in the opposite direction - 
These abstract the momentum 7izmaV2 from the plane CZ> 
and transfer it to the plane EF. Thus a transference of 
momentum across the plane takes place which is equal to 

nzma{Vi — V2). 


On taking the velocity gradient equal to unity we have 

ZrzZ?==i 

z cos 6 ’ 

and the foregoing expression accordingly becomes 
UzniaZ cos 6. 

To obtain the total momentum transferred per square cm. 
across the plane EF , or the coefficient of viscosity rj, the 
foregoing expression on substituting for Uz, must be integrated 
from 0 to 00 with respect to the transfer distance g, and 
from 0 to 7r/2 with respect to the angle 6, giving 


Since 


and 


V = nmaJ^ cos0-sm0.pe ^v’dd-dz. 


TT 

r 

r 


cos e- sin e-de=^, 




j2^ ^v’dz = 2lj, 



the foregoing equation becomes 


r]=nmal^, ( 83 ) 

where n denotes the number of molecules of absolute molec- 
ular weight ma crossing a plane of one square cm. from one 
side to the other per second, and Z, denotes the mean momen- 
tum transfer distance. 

The foregoing equation in the form it stands is mainly 
of use in determining the value of Z„ since t? maybe measured 
directly, and n determined by the method described in 
Section 29. 

The^ quantity Z„ may be expressed in terms of other 
quantities. Let us suppose that the substance is represented 
by another substance possessing the same viscosity and 
expansion pressure, but whose molecules possess no volume 
of the kind represented by the symbol h (Section 19). This 
is possible since the law of molecular attraction of the 
representative substance is initially left arbitrary, and may 
therefore be given a form that the foregoing conditions are 
satisfied. The law may evidently involve as many arbitrary 
constants as we please. The viscosity of the representative 
substance is given by 

v = n'ma l\, 

where n and l\ have meanings corresponding to n and 
^ in equation (83). Since the representative substance 
has the same expansion pressure as the original substance 
and the molecules of the former substance have no volume’ 
we have from equations (38) and (45) that ’ 


n' = n- 

V 


V 


Ph+V 

Z/2 ’ 


where the quantities n, v, b, Pn, p, and A, refer to the original 
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substance, and the preec'din^ epuutiun inuy Ihercdore hi* 
written 

— J* l' 1' CM \ 

^ ~ // ^^^**^ ** 1 ** i)‘ • , , (<H4 ) 

Each quantity in this equation, exeepf nuty lie <h‘t('riuined 
directly or indinadly by expeririuuit, aiul the latter (luantify 
is therefore determined l)y tin* e(iuation. 'Uhe fact that 
the equation contains a varialih* which <loes imt refer dir<a*tly 
to the original sul)stanee shows tiiat it may be repn‘H(‘iJtetl 
by another substance under the conditions staled. 

On comparing tlu* foregoing etiiiatitm with equation 
( 83 ) we see that 

* • • • • • 

and thus I',,, the mean transfer disfjua'e in the represtmtative 
substance, is evithnitly an inferior limit of We will se(* 
later that /,, does not dilTer upprt'ciably from l\ (‘xcept 
when the density of llu* substance corn'sponds to tiiat of 
the liquid state*. 

It is often of int('resl to <*ornpurt' tlie ♦iisi.Hnc«* of .seintra- 
tion d of the molecules in a .-^ubstunee with tlie quantity 

l\. We have inuuedmb'ly d where a-j is u <’<m.stant. 

I" % 

For we may write ayr. where ay is a function (»f r 
which becomes a c*onstant when the substance is in the 
gaseous state. The ratio of tet d is then given by 

CHh) 

wheie is a tuiuhion ol v whi{*h iH't'tanes a constanti when 
the substance is in the g.'iscous sf.'tte. 

The quantity l\ in etjuatitui CHll may be ex|)r(‘ssed in 
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terms of quantities which may be taken to refer to the 
original substance. If the molecules in the representative 
substance were devoid of forces of attraction and repulsion 
which extend beyond a smaU distance from each molecule, 

I r, would be inversely proportional to the chance of one 
molecule encountering another, and thus inversely propor- 
tional to the concentration of the molecules, or proportional 
to the volume v, and thus we may write 


under these conditions, where is a constant at constant 
temperature. The existing forces of attraction and repulsion 
have the effect of modifying the interaction of two mole- 
cules, in which case 1', would not vary according to tho fore- 
gomg equation. The effect of the molecular forces may be 
expr^ed by mtroduoing a factor into the right-hand side 
of the foregoing equation, which is determined from the 
oowmg considerations. The chance of a migrating mole- 
cule coming under the influence of another molecule, and 

of a third <=<>»ing under tho influence 

f a third molecule, is proportional to the square of the 

proportional to i)2- 

the chance of a migrating molecule coming under the inllu- 
ence of another molecule, and the pair of interacting mole 

proporfenaf molecules, is hwci-sely 

= . . . (87) 

where expresses tho average effect of a .single 
cule on a pair of interacting moleculds, d.'' /ifi the^effeot of 
a pair of molecules, and so on, while # denotes „ r 

the series involving n. The quantiui . .'"am 
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fimctioiis of p and f, whifli, howc^ver, prc)l)ably vary little 
with IK For anti \vv liuvo tlu^refore the expressions 


and 


... ii „ 1 i 1 1 > • 

r,=vii+d%} 


• . ( 88 ) 

(89) 

The interpretation of oquution (88) is interesting. 
When two inoleenles iiiferaet the jiroeess is modified by the 
surrounding inoli'euli's, wliieh (dTect may be called molec- 
ular interfenuK'e. The value of h depends on molec- 
ular interfi‘rene(‘, hut pndnibly only to a small extent. 
But tlu^ ({uantity d', d(‘jH*nds imtirtdy on it, and this quan- 
tity may tht*n‘for{* 1 m‘ calle«I tht* interference function in 
viseosity. 'File (‘ITect of nK»leenlar intcadertmee on the 
valu(‘ of 1^, according to equation (88), is expressed by 
thti (luantities h aial but maiidy by in other words, 
th(i effect of inf»lect»lar iiiterfeiamce on the value of I 
which is not inclmled in tin* value of b is represented by 
the interference function whicJi may now bo used 
without referring 1<» lla* n*pn*Hentativ(; .substanct'. 

Ktluation iSHi referring to the original substance may 
now be written in the htriUH 


(90) 

1+d.J (91) 


and 


4 


ll+TJ. 


(92) 


by means of (qualions Eirq, (38j, (df)), and b88), remember- 
ing that Njh.,i' - hi, the iijoleeulur weight in trirnis of that 
of the hydrogen atom. 


THE QUANTITIES IN THE VISOOSifY EQUATION l2S 

The values of n, b, and Vi, the number of molecules 
ciossing a square cm., the apparent molecular volume, 
and the total average velocity, respectively, may be deter- 
mined by the method described in Section 29, and the value 
of the intrinsic pressure Pn by the method described in 
Section 21. The calculated values of n, b, and Vi depend 
on the assumed distribution of molecular velocities, * and may 
be corrected according to MaxwelTs law, if desired, in the 
way described. The value of A in equation (92) not cor- 
rected for the distribution of molecular velocities is given by 


A[ = 5.087 X10 -20VP 


m 


according to Section 11. If corrected according to Maxwell’s 

law the value has to be multiplied by -x or 1.085. It 

V 8 

will appear, however, from Sub-section a that the calcu- 
lated 'value of K, similarly corrected involves the factor 1.085, 
and that therefore the uncorrected values of and A may 
be used in equation (92). It follows then that in equations 
(90) and (91) the uncorrected values of n, b, and Vi 
may be used, since p is independent of molecular motion 
(Section 8), P„ is obviously so by nature, and therefore 
the^ factor /<,/ A in equation (92) is represented in the pre- 
ceding equations by factors involving n, b, and Vi. 

The value of for a given substance is immediately 
determined by applying equation (92) to the substance in 
the perfectly gaseous state, which corresponds to oo 
and therefore to Pn = 0 and T, = 0. It may be noted that 
according to equations (85), (88), and (89) wo have l,= 
h when the original and representative sul)stanc(!s 
aie in the perfectly gaseous state, and the value of is 
therefore the same for both substances. It evidently de- 


state. 


This distribution refers to molecules in the perfectly gase^ 


!OUS 
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pends on the molecnilar lorees und the* inohnnilar voliiine 
of the molecules of the original suhslaiice. 

It will bo evident on rellection (hat the (iiiaiititi«‘s 
n, Vt, b, Pn, and -p are am‘(!te<l to a certain extemt l>y the 
influence of the molecules of the substancu^ on two m(>U*cuh‘H 
while -they interact, or an* affected by molecular iiittn-fer- 
ence. The quantity % or the interhn'ence function, there- 
fore, represents the effect of molecular interference on the 
viscosity of the sul)stance which is not rt'prestmtc'd by tin* 
foregoing quantities in equations (90), (yi)^ and 
Thus we may now use thes(‘ (Hiuations without referring to 
the representative sul)stanc(‘. 

The series for the int(‘rf<*n‘n(U‘ function which occurs 
in the foregoing eciuations may lx* given a Hinq)l{ir form 
which holds approximatf'ly. T’lu* probability of a migrat- 
ing molecule coming under tlu* influence of another im»le- 
cule, and the pair of interacting mohsmles coming under 
the influence of y moh'cuh's, is much givater than tlu^ i)rob- 
ability of their coming under tin* influence of y-f- 1 moleeuU‘S, 
and thus the terms in this seri(‘s stand in the order of mtig- 

Jf tH 

nitude • • • > and an> likely to (U^cnuisc' in nmg- 

nitude very rapidly. As a first approximation we may 
therefore retain only tluf term A, , or re})laet' the stuies by 

, • 

the term , where x would <liffer lit(li‘ from 2. 

It is instructive to apply cxiuation f‘)l) to a hypotluU icul 
substance whose molecules consist c>f perfectly'' (dasiic spliert's 
not surrounded by fiedds of forei*. 'Fhe valiK' of F, then 
coiresponds to that wluai the substunee is in tla; gaseous 
state at the same ttanperalure ueetirding to Section 19, 
and represents tlu^ iut(*rfereuc(' by tuiiud conidci of (Uie 
or moie molecules with two molecules about to collide* or 
undergoing collision. Since in all easels d*,, in the* rcprc.vcnfrt- 
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tive substance represents an effect due to molecular aiirac-^ 
tion, the quantity will have the same sign in this particular 
case as found in practice, namely positive according to Siil>- 
section (d). The effect of the true molecular volume accord- 
ing to equation (91) would thus be to increase the viscosity 
by means of the positive apparent volume h, and the 
molecular interference represented by <L\, to both of which 
it would give rise. 

The number Nt of times the mean transfer distance 
associated with the path of a molecule is passed over per 
second is a quantity of interest. Since the length of molec- 
ular path between two points is equal to the sum of the 
momentum transfer distances, we have immediately 




k 3 ^ ’ 


. . . (93) 


by the help of equations (83) and (35), where V, dcmotc^s 
the total average velocity of a molecule, and Ncma = p tlu^ 
density of the substance. The value of F, may ho. d(v|,<.r- 
mined by the method of Section 29 in the cii»o k a. liquid 
or gas not obeying Boyle’s law. ’ 

Applications of the foregoinR equations will now |jo giv™ 
(a) On applying equation (90) to tho perfectly guseons 
State, which corresponds to y= oo , it liecomes 


V = nmaK„V = K, 


RTm 

3-, 


• . (94) 


by the help of equation (21). It f„Ilow.s from I, his eqinilion 
that, since „ IS constant at constant toiiiperatiirl., ,, is 
independent of the density of the gas. 'I'liis reimir’lfil.li. 
result was first deduced by Maxwell,* and has hoeii , 'n, pt 
confirmed by experiment. Tho doyiations that liave b.s'ii 

™ ‘0 till! conditions of the e.vperi- 

t This deduction depends os the motliod of moleeul,,,- „„lli.,i,,„ 
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ment not confonning to th(; conditionn imtlc'rlying tiu; 
deduction of the above e(iuation. 'rhuB for exauipbs iiu! 
result is found to l)rt*ak down coiiiplettdy at extreiiudy low 
pressures. Now it will 1 h‘ evidtnit from an examination 
of the deduction of tin* foregoing equation that it will hold 
only so long as is small in comparison with the thickness 
of the moving layer of ga.s. 'riu‘ cuiuation would therefore 
begin to break down when tlu* vahu‘ of hecom(‘K com- 
parable with the linear dinumsiuns of the apparatus used 
for measuring the viscosity. 

There is, howtwer, another eau.se optwating giving rise 
to a deviation of ecpiation f‘.)4) from tht‘ facts at low pres- 
sures. The effect of th(‘ .*^lipping of tlu‘ gas along the mov- 
ing plane on the value of tlu' viscosity inmuustsH as the 
pressure decreases. 'I'hus let U,, denote tla^ \'eloeity t>f the 
moving plane, U* tlu* e<»mponent v<‘loeity of a iholecule 
parallel to the plants lief ore striking it, and \ \ tlu* eom|)onent 
velocity of rebound paralhd to tlu* plane. 'Phen if t lu* mole- 
cule undergoes slipi)ing along the plain* iluring rebound 
Va>Vc>Vb. The viseo.*<ifies rj and tq when tlu‘re is no 
slipping and .slipping n'.speetively an* jiroportional to the 
velocity gradients in the gas, and heiu’t* proi>ortionul to 
Va and Vc the eorn'spmuling velo<uti<*s of tlu* imdeeuleH 
on rebound, whicli gives '»;j - P,, Kim tlu* ililTerenee 
between V,, and IT iuen*ases with iner{*as(* of the mean 
momentum transfer dislaitee, or distanet* of tlu* layer of 
gas from which Iht^ molecule comes, and thus increases with 
decrease of pressun*. d'lie dillVn-net* hetweim 1%, ami IT 
therefore also in,cn*ases with decrease of pre.ssure, whicli 
increases the vidue of the ratio r/ T/i ueeorchng to the fore- 
going equation. This eurr<*.s{)<uuls to a deen*use of ?q, and 
thus the effect of slipping hecont(*.s the greater tlu* lower the 
pres.surc. 

The dynamical ineelianism mideriying tlu* re.^ult that 
the viscosity of a gas is indept'iident. of it.s density may be 
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illustrated l.y Hi,, follmvius <i>»isi,l,.|-ati„„.s. A UKiIeoiiIe 
transfers a certain mianmt „r iimmentum to the cs nt 
the eu,l ,,f each ,,ransf..r .lista,,,.,, 

angk s to the motion of the giis in the diri-etion of the decrease 
of motion. If the coiiceiif ration of the gas is halved the 
length of each 1 niiisler dislance is iloiililed whil,. the luomeii 
turn transferred at the ,.i„l of each traiisLr dfata,^: “ 
douliled since the wlocit.v griulient of the gas reiieiins 
the. .same. Since a change in molecular concentration cif a 
gas does not alter the molecular velocities, the moiiK-iitiiin 
tiaiis erred per second liy a inoleeiile moving between two 
parallel , dates ol material one of wliich is at rest while the 

tint 111 the foiiiiei. Hut since the minihcr of molecules 
per cubic cm. available for in traiisfcronco in tlm 

tmr'irrr " i total ■iioine.i- 

t il turns orreil i.s each eitse the same, or, the vi.seo,sity 

of tile ga.s has not lieeii iiilered by altering its density » 

^ Ihe <,,iaiility s, is a fimetio,, „f the t,.„,peratnre.' This 

« shown by the ..laculated values of «„ contained in 

X foi a iiuiiibi.r ol gases at dilTerent leiniieratnrss. These 

r veh..'bi M'^-'^'v-cli's law of diHtrihiiti,m 

of vilouties since « given by e,, nation (21) and aiibsti- 

(!«l) was not Huis corrected. If this 
Old, the values in the Talile have to be 


11* bin; AifOlO iiaVO to ()C 

multipluHl by y or I .OiSf). 1 1, will bo .soon t,bat tlio values 


tutod in ('({uatioii 
conxKJtion is oarrici 
I'iTT 
H 

of K, luc.roasci with iiuuvast* of teinp(‘ratur<‘ in tlui case of 
each gas mtuitioned in th(‘ 'rai)Ie, and this was found to hold 
fur (‘Very oilutr gas l.luit was (‘xamined. This indicates, 
.mm!e tlu' iiieaii moiuentum l.ransfer distance is equal to 
T'liid, the distance over whi(ii a migrating molec.ule trans- 
mi'H momentiiiii in a gaseous m(‘dium is increascid by an 
increase of temperature, d'he r(‘aHou prohalily is tliat the 
greater the vcdocity of two molecules approacliing and 
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ment not conforming to the* conditions undcrh'ini': flu- 
deduction of the above equation, 'riius for exaiojilo, th,. 
result is found to break down coenphdt'ly at exireioolv Imv 
pressures. Now it will be eviih'iit from an exaniinaliiiii 
of the deduction of the foregoing eejuation t hat it will hold 
only so long as Z, is small in eoinpari.son witli the tlaekness 
of the moving layer of ga.s. Tlie e(iuation would tliorefure 
begin to break down when the* value of /.^ beconio-: rom- 
parable with the liiu*ar <limen.sions of tin* apparatus ijM‘d 
for measuring the vi.seo.sity. 

There is, however, another cause oix'rating givioa rise 
to a deviation of equation (IM) from tlu* facts at low pres- 
sures. The effect of tlie slipiung of tin* gas along tie- mov- 
ing plane on the vahu? of the viscosity increases as th,. 
pressure decreases. Tliu.s let denote the velocit\ <if the 
moving plane, Vt, the component, velocity of a tuolrciile 
parallel to the plam; Ix'fore striking it, and U, the eonqMinefii 
velocity of rebound parallel to the plane, 'rheii if the mole- 
cule undergoes Hlii)ping along the plane during rebound 
V ay-V h- The visco.silies j; ami ?/i when there i no 
slipping and slipping re.spectively an* j)roj)or( i<mal to the 
velocity gradients in tlu* gas, tind hence proporl it. u:d to 
Va and Vc the corn'.sponding velocities <4' the luideeulrs 
on rebound, which gives t; d/i ■ U,, U,. N,,\v the difi.-r. tu'e 

between U« and to, iiien*ase,s with imu'ea e of the mi-an 
momentum tran.sfer di.sfanee, or di.Xaiice of (hr hi.\fr <4 
gas from which tht* molecule eotues. :uid thus iueiva .r- uilh 
decrease of pressuiv. 'Hie differeuee between I',, .-uel b 
therefore also increases willi deere.-ise of pressure, which 
increases the value of the: ratio ?; accfirdiug to the fore- 
going equation. Tlii.s corresponds to ;i decrease of r^i, and 
thus the effect of slijtjting bectnnes (he gre.aier (hr lov. or the 
pressure. 

The dynamietil mcclmni.sm uudcrlving the result that, 
the viscosity of a gas is indepemlcnl <4 its (h'Usitv timv bt* 
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Tho qimiitiiy h„ may Im ini(nTrt;i(*(l in other wavs 
V represtaits tlio rate at which a i,laiu‘ al rislit angles to a 
unit velocity gradii^ni 1 o.s<*h momentum per scjuare cm 
per Htaamd. Hirna* n molinmles cross the plane iier aqimre 
cm. p(;r second in (uudi direclion, rj/n represents the momen 
turn conveyed liy a molecul.* acroas the plane on crossing 
It and rcau’OHsing it, (sonudimc) in the opposite direction 
According to vqmiiUm (UO) thi.s momentum is equal to 
K,mav in the case of a gas, 'Phus iTpresents the momen- 
tum conveyed pis' unit muss of tli(> moleenle at unit volume 
of a gram molecuh^ of the* gas. Hence for sniistances of 
equal k, and the same mol(*culur eamcemt ration the momen- 
tum conveyc'el hy a molecule* is liroiiortioiuil to its mass 

A mol.HUilei crossing the plnnei gets a distance 'away 
Ireim it winch on t im ave-rnge* is i)roi>ertit)nal to the volume 
c, anel thenuole-cule* tiH*re*fe)i>e takes t- time proportional to 
IV loin creissinguud rc-crossing (he plane, where F« denotes 
its avc'rage ve'lex^ity, ^Phei ameuut iif momentum eemveyod 
across I la* iilune* per by the^ sume* nmlecvilc is there- 
fore* projiortioiial (=o iinel thus inele'pieuideut of the 

vedunie* e>f tiie* gas. 

Thi! (piantily k,„ al■(,(lrlliIlK tn aipiatiiin (!ll) appliad 
la t il! Kasa,,usM.al,., iaa, nicaaiir,! at l.lia l,a|,al nimnoiitum 
paralie‘1 to (he* nmtion of the- gas eumveyeul per square 
cm. pesr .seesond acre the* plane* {lew unit momentum of the 
niouieiiitum eif translaliem nudion eef a inole*cuIe. 

A nuiubeu’ ed feirmula? of an emi)irie*a,l nature expressing 
!■ u* vuriaiiem eif or ^vith 7’ at eanistaiit v, have been 
given, Imt which ne‘e*d not, cone-eern us here.f It is useful 

^TIu'h (listaiir.^ m cvi<l.*ii(ly t.rf>|turti.nu.I U, Mu* (ilmmuiof tho path 
(he* inoic.nil.. tu.l, uiid.-tgoiiig a .irll.a'ti.m p,.r emit le«iiKl,h, which is 
proporttonul lo /,,, uiid lusicc pntp.iHa.tuil to fi, sitict* c. 

t In (hcM.. mvesstiKabtiUM tin, epitmlity /, is HcppoHe*.! to iviacscnt 
innifcii ar path accorthng |„ (h,, ninMioel of clliHions, which is 
comicc cd wdh tin* vkamity hy thn t*i|imtion giveai at tho end of thi.s 
bill)-, section, 
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to note, however, ihni I,, and aiv roughly |}n»|><n'{ioiinl 
to the square root of fhi‘ absolute teiiiperature. 

The viscosity coetHeieiil of a i^as appears to ob«‘y approxi- 
mately the relation of (‘ori-esjaaidini'- states, ami this holds 
therefore also for the <iuanlity k,, aecordin^ !(» (‘(pint ion 
(94). This is shown by 'laltle XI. which gives t-lu* ratio 


TAiiLK XI 


Subatanoe. 

7V. 

27’ . 

»Jc iO . 

m\ 



CO 2 


tUHl.s 

ir.2,5 

2M 1 

1.7a 

2.U(! 

CaH. 

2S2 

.5!Vt 

It 122 

1M)2 

1 .7<i 

2.1(1 

A 

152 

.3tlt 

1211; 

22! IS 


2,(17 

Nod 

31.S.4 

(t'iT.S 

1.5.3!) 

2SS.5 

l.SS 

2.41 

H. 

32 

tu 

272 

lU.-, 1 

2.a«i 

ti.lt* 


of the visoositi(‘s eorre.'^pondiuK to the temp«Tatun‘,s 7V 
and 2Tc for a hnv sulistances. wliere 7V denotes the erili(>al 
temperatun;, which were interpolated from the viscosity 
data given in Land(»lt afid Horn-teins dalths, |th <*diti«ti'i. 
dhe ratios, it wall be seen, are ajiproxiiuatt'Iy eipial to (‘aeh 
other. Tlu* somewhat large deviation in the case of H;. is 
probably due to tlu' greater uncertainty atf.'icinnl p, the d.aia 
in that case, and to a Lack ol Millieiently exteiisi\'e data, 
foi ielial)le inl'<a'poIati(tn. 1 he d(*viafion is, Iiowawau’, small 
in comj)iirison wdtli the dilleretiet* betwtaai the viscosity 
of H 2 and that of each of the ttiher substances, 'rin* varia- 
tion of with th(! tem|H‘ral lire is therefore approximately 

expressed l)y a function of the form where 

denotes the valu(‘ of :it tlie <*rif ical tenqteraf ur<*, and wdiieh 
is thus a lundamentai attd charaetenslic tpnmtitv of a gas. 
Its values for a few .substances .are givc-n in 'Falde XI, ob- 
tained in th(^ same way as the v.almo given in 'Ihlih- .X. 
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lli(‘ Viihii; (R /,, for ii .siih.sluiK’c in the f^ustiou.s aluitc. jvt; 
atandartl U'lniHa-ntuiv and {av.ssun! k olRaitaHl by multi- 
plyina coiTuspundiuu: valut* of k, by tlu; volmuo of a 
KUiin iiiolt'cuh^ of the siilistanco under slaiidard conditions 
which a(!cordin.i? b. Avon;adro's hm has tlu; same value for 
all substances and is ecinul (o 2R,7()H {•(•, 

It is often of inteivst to comjjan* the value of / with the 
averaKe distanct' of separation tl of the inohaailes” which is 

Kivcn by . '‘.ul tho ratio of these 


\ t/i. / MkRXK 
quantities is thereftav aiveii by 


•R.r)X HFA,„y'f. 


. (95) 


It will l)e foutal that on substilutin#i? for k,, and v at standard 
kunperabtre and pressure that. I, is consi.huubly larfrer than 
d, showiiiji; that, except, for distances of appromdi of two 

iuole(!ules much less than d (he elTect of tladr interaction is 
srualh 

II (‘(Illation ('ll) is applied to th(‘ f^aseous state, and / 
i« writ ten for accordjmi: to (‘(luation (HS) applied to the 
gaseous state, the e(jiia(iun assumes the form 




3 


*1 


win 


!’(> 


VI 


'■ f> t.Ii(‘ density of ( h(‘ gas. 'riiis (‘(juation is usually 

obt.nmed m treatises on Hit' KiiadJc, Tlu'ory of (Jases on 
tlRi supposition tied, each mol(‘cul(( has the same velocity 
I o wh(!r(‘ /„ is snppijsed to denote the vimn frvr, palh behinmi 
vnnmlbc wllishv. of a, nioleculc‘. Sima; /„ (;annot repre- 
s(‘tit (‘xai'.tly this (luantity th(‘ (‘(lua/tion has sometimes 
lei'ii niodifled I)y (he ini rodiietion of an appropriate mimer- 
I'-al factor as pointed (mt in Section 33. Anotluw factor is 
introduced on taking into account the distribution of molec- 
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ular velocities since this affects the chance of collision. 
This represents the most that has been achieved in the way 
of a Kinetic Theory of substances in connection with vis- 
cosity according to the idea of molecular collision. 

(6) It will be of interest to consider the values of Z', 
of some substances in the liquid state, since they are inferior 
limits of Z„ from which they differ but little, and they can 
usually be more easily obtained than the values of l^. Table 
XII gives the values of l\ calculated by means of eqna- 


TABLE XII 


Ether 

c. 

’7- 

Z'^108 cm. 

d 108 cm. 

d ■ 

13.5 

.001779 

2.06 

5.49 

.376 

25.4 

.001649 

2.08 

5.52 

.377 

63 

.001338 

2.21 

5.65 

.392 

78,5 

.001241 

2.35 

5.70 

.412 

99 

.001133 

2.91 

5.80 

.502 

Benzene 

15.4 

.004387 

3.25 

5.22 

.623 

50.1 

.003641 

3.07 

5.29 

.581 

78.8 

.003000 

3.60 

5.36 

.486 

Chloroform 

0 

.003827 

3.05 

5.01 

.607 

20 

.003419 

2.84 

5.06 

.562 

40 

.003073 

2.73 

5.10 

.535 

60 

.002791 

2.68 

5.15 

.520 


tion (84) for a number of substances in the liquid state at 
different temperatures, and for comparison the correspoiidiiiig 
values of d the average distance of separation of the mole- 
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(‘ul(‘s. 'I’ht* valiu* <tl A in (lit* I'tjuulinn was nol, cni*- 

rt'clial fur the ilisf rilnilitm ttf mtilt*t*ulnr vahicilifs. If lair- 
recital at-minlinjr In AlaxwfU’s law tin* valutas of (' jn the 

'3 ^ 

Table him* to lie inulliplieti by . or 1.083. iiotli the 

qiiautitiea l\ uiui li huvt* valutas of tlu* orth-r of ituij;rnitude 

lb ^ ciu. Tilt* latter vuiues uiv greiiler than tiu* fonuor, 

UH is intlieated by t ht* values <tf Ihe ratio 1\/<L 'rh(i values 
of Pn (which nmsl bt* roluecti to dynes) usetl in the eal- 
culalions art* cttnfained in 'Fabh* III, whilt* the values of 
)? went ealculated by naaiiiH of the einpirieal fonnula of 
Thoriie and Htaigi'rs.* 

'Tablt* XIII giv(*H the valui‘s of for (dOa at 40” C. 
undt*r high iircssurt's in the gaseous state, and tht* eorrespontl- 
ing values of d. According tt> ct {nation (85), taking the 


TABLH XlIl 




t 'i p 

VT 10 (‘ 



p 111 

t\ ia« on 

d U»* r|((. 

;i iti nlniiiM 

^ Itl« on. 

tl 10* 0111, 

70 

tl.r »2 

7-31 

Ut 

2.8t 

5.1(5 

HU 

tiftO 

U.fi2 

KK} 

2.83 

5.03 

Hfi 

3.H2 

n.UiTi 

1(2 

2,81 

<1,1)0 


value ol h for (’();. obtained in St'ciion 20, the value of l\ 
is smidler tlian (la* value nl for tla* grt*a(e.st densit.y liy 
ahout 10 jM'i* cent. T'hiis /„ and I',, tlo ntit diHer niiieh from 
each oth(‘r. '1 he values of Pn \ p and >/ u.st'd in th(*st^ cidcu- 
laiioiiH art* given Ity d'altle XIV. 

(c) 'Fhe number ol times /V< that llu* nu*an momentum 
Irniish*!’ distanet* ol a molecule in a Hubslanta* is jiasstul over 
IK‘r second, given by etjuation (03), is a tjUantily of iutt*,!*" 
est. This number for ( 'Om in the litjuid state at 0“ 0 . under 
* Phil. TruttH., A,, 1801, p. 1. 
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a pressure of 100 atmos. is 6X10’^, where the value of V( 
was obtained from Table VIII, 17 ==.000925, and p==.S7. 
The number obtained is mainly of interest on account of 
its great magnitude. It is interesting to note that "this 
number is smaller than the number of times per second, t-he 
resultant force acting on a molecule due to the surrounding 
molecules passes through a maximum or minimum. 

(d) Let us next apply equation (92) to some of the 
facts to obtain values of <4,. Table XIV contains values of 

TABLE XIV 



CO 2 AT 40° C. 

tc,-2.578Xl0-l‘^ 


P in 

Pn+P 

V per 

rj 108 


4.03 X 103 

atmos. 

in atmos. 

grm. mol. 


V 

0 2-12 

70 

128.7 

245.7 

200 



80 

200.9 

172.2 

218 

.027 

.073 

85 

295.9 

130.7 

269 

.132 

.132 

94 

611.2 

85.35 

414 

.292 

.325 

100 

719.3 

78.96 

483 

.385 

.385 

112 

854.3 

73.24 

571 

.486 

.448 


for CO 2 at different pressures at a temperature of 40° C., 
at which the gas does not assume- the liquid state however 
great the pressure. The values of P„+p used where cal- 
culated by means of Van der Waals’ equation of state (Sec- 
tion 26) writing for b the value 42.8 cc. per gram molecule, 
w ic rom the conditions expressed by equations 

70 value corresponding to a pressure of 

/U atmos. thus obtained is very nearly equal to that given 
m iable XVI, which was obtained by a different method. 

le values obtained for are therefore likely to be at 

least approximately correct. The values of , used are those 
me y iilhps*. Equation (94) gives the value of 
*Proc. Roy. Soc., A., Vol. LXXXVII, pp. 56-57. 



Tjn: FrxiuMKxrAf, rui*«»hh in viscosity m 


Kq, for whioh tin* tUitn will 1 h* fitiiiiii in 'rahk* XVI, It, will 
hi HCCII tljMt fli,» vultn*?* of an* posit iva. ajifl inmnm. 
mpidly with tin* jn-osoiro from m-n valua, which !i|>pIii>H 
whoj tlic suhstaiicc is in the {iiTlVctlv fjcascnus .state'. 

This result and previous le-nlts furnish inforiuathm 
alxiut, the tTfVct aial iniiHaiauei* of the various factor.s on 
which viscosity (l(*jM'iids. Tlu* petsiiiva* natures of T ineli- 
calcs uccordiufi; to etiuaiions tut)), (Ul), anel (t)2X that 
molt'cular interhu'ence tiunh to iiuTease I la* viscosity of a 
Huhstani'e from that it would have* otlaTwise, and accord- 
ing (n the* 'ruble the* t*lfei*! increase's with the density of the* 
Huhstanccs, as preelicfeel by et{Uation (.S7), d'hc uiolccular 
forces which elei iml alTe*et the* inolee-iilar volume? tend to 
incivase* tin* tehal ave'raye velocity T, of a molc(!uIc from 
that it wemlil have* in the* i«*rh*c(ly guHe*ous state* tit the? 
Htunc tciniH-mture*. the* e*lf.*e*l ine‘re*iising with the* ele‘iisity 
eef tlic .snhstaiu'e* (Se-ctious p.i anti 2tP. 'ITcre-fore? aeeeatreliiig 
to (‘nuatiieu filli the* viMneity eef a .suhstane*e* is inenvase'el 
(through the e-xistemea* of nieelecular fore-e's which elei imt 
tilh'ct the* inoh*e*ular vetluuie*l cearcspemeling t.o the* ine*re*a.se* 
in I/. I he e*xis1e*Ui’i* e<t the* appar(*nt uiolceeular volume? h 
since it is peesitive*. abet has tlie* effe‘<*t, of incre*iising the? 
vise’eisily, the* inaguilu»le* ol uhie*h ine*re'ase‘s with eleeeircase? 
eil vohnne* ej{ the suhsleiiie’e* a<’e*oreling tee e‘eiuaf.ion (!)1), 

I he (juantify /», it may he* ne>lie*e*ei, eleee'S lael, aflceetr the? tie)t,al 
ave*ragc meelecular ve'hecity b, ae*e*oreling t-o its eleetinitieen 
(Se'e’fietii Hti, but .’in ine*i’easi‘ in niole‘(*ular volume? obviously 
gives rise* to an iui*rea'.e in molecular inte'rfe’re'iuie?. Tlu? 
e h.uae'ti'i i?‘ t ii* {juantily in the* vise*osily e*e|uationH is 
(lire(*tly e*onne*e*le*el with the* miele*e*ular volume?, and tlu? 
niole'e'uhir lf»re*es which eh) not ,’ilte*e*l, tlu? mole*e?ular veilume?, 
it, incica'i's with :in incie'asi* in e*ithe‘r of tlu'.se? iiropeirth's. 
Hut, its v.'ilue* is not !ilfcei(<d <hy mole?cuL*ir inteerfe'i’e'uee? as 
W’’!l appear on applying (*< plat ion (HS) te> the* gase?ous stiite? 
which ivdiie'e's it to the limiting form (/fi/c|„,,,^,==eou- 
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The value, ()i .K (looK not differ much from 2 as was pre- 
dictaL 1 Ik, Iasi of tho Tabic contains the vaLs 

of ^,,/a for ,1, Her, ml Dressuiw, calculated by means of the 
KHCRomK values ol </i, and a,-. ^ They agree fairly well with 
Hie values of , 11 , m the preceding column. A better agree- 
ment would evulejitly have been obtained if had been 
taken a fune.tiou of v which decreases with increase of v 
Table XV giv,.,s the values of .h, at different temperatui-es 
for a few liquids (whoso density depends of course on the 

TABLE XV 




Etiikii 



1 OuM 

»J H)f, 

a, lOHi. 

»;• 

0, 10<. 

13.5 

j 723 

.9012 

1.09 

1.148 

99 

[ ‘.M2 

1.074 

1.235 

1.8,57 



CuiiOllOFORM j 

1 

1 


L02H 

2.783 

1.707 

1 (K) 

1 103 

1.129 

1.802 

2.011 



Hknzknm 



15.4 

1 

755 

.974 

2.772 

2.158 

7K.M j 

1 

1079 

1.203 

1.1.54 

1.0.58 




1 




tt‘mj)cr!i(.un‘), cnlculutcd hy mcaiiH of (unuitioii (89), ushif-' 
(lu! ViiluoH ol / (!oji1 !iin('(l in ^ruhhi XII. Tho vjiIugs of 
w(!r(! (:ul(nilut(>d hy iuouuh of (^qualioll (94) uaing the 
vuluos of r; (’ori'osponditig t.o tho g!i.s(‘ous Htul.c given in tho 
mumd oolumn of lli(‘ 'IhLlf'. It will Iki .seen tlmt the values 
nl <I>,j in some (*ases inereusi* wiHi iuerease of tem])eratui’e, 
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stant. The foregoinjr iinliratt* flit* Eni»iaiH<‘nlal 

reasons for the inugniintle ol tin* vnhiv ef the of a 

substance, and th(‘ reasun why if** vahn* t!it*r{*UHeH raiiidljr 
with the density when thi‘ Milotum'i' d<H‘M nut heltuvc* us a 
perfect gas. 

Interesting infurm:itiun inuy nuw nlui be t»btained on 
the effect of molecular interference un the inutiun of a 
molecule. 

The positive nature of indit‘afes. u<*e«»nling to equa- 
tion (89), that th(‘ efTect of nn»lecnlar infeiferenee is to 
increase I',, from tin* value it would have if if varital pro- 
portionally to V, which corresponds to the absenet* iif inokav 
ular interference. Tin* .same remark apphen to wliich is 
given by equation (H8), .sitice ati in<*!ease of h would iKi 
attended by an iinTcnse of molecular inteilVnuicm d’his 
signifies that the chaiuH* of moment mn i»eing transferred 
by a migrating molectile to another molecu}** whim moving 
along the velocity gradient of the •»uie.fnnc»* is reduced by 
the vicinity of other nioleeu)<*s through the infernction lif 
their forces of attraction and repu!'>ion. liiii since tin* excc.ss 
of momentum of tlie inigrating molecule must eventually 
be transferred to the medium the act of tinnsIVrence whim 
molecular forces (?xist; i.s less Irequent, but when it occurs 
more momentum is transhn'ied. flian would he the eas(‘ in 
the absence of luoleiadar lorecs. lu ihe iMiuier case wlicn 
a molecule transfers momentum to the medium the differ- 
ence between its V(‘lo(*ity and tbaf o! the medium in the 
direction the medium i.s moving is grrafor than in lht‘ latter 
case, and hence rve wonlil ex]K*ct that the aniounl of momen- 
tum transferred would he grixif er. 

Assuming that th(‘ sia’icH dy may approximately hit rep- 
resented by the term th,. v.alucs of ami .r cor- 

lesponding f'ke data in Talde XIV were calculated from 
the values of corresponding to the {m-oires Ho and 
100 atmos., giving the vuku'.s 4.()3 a ltd and 2. 12 rt'speel ivdy. 
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which, it should be noted, is atR'iidt'd by nn iiierease of 
the volume, while in the other ease's the value's deertuist'. 
Thus the effect of an ineu'ase of tii(‘ tonipen-aturc on thee 
value of <1% appears to be; in the' oppeesift' dire;e;tie)u to tlie; 
effect of an increase e)f the' vedunu'. If the; epuintit v 
behaves similarly for all sul)stane*e's, us we* niig;ht (W'pHU'f, 
the foregoing results woulel indie'ate* tlnit at (ionstant t<*m- 
perature it would decrease; with ine're'use* e)f ve)lunie' ;is the; 
preceding results have already shown, and incre'ast* ^vith 
increase of temperature at constant vedunie', d'his ineiie*att*s 
that the chance of transfer e)f memientuni by a migrating 
molecule to a molecule; e)f tilie; suri*e)iinding niedium tlire>iigh 
the existence of molecular femeH's is tle'cre'use'el by an iiicreuist; 
of temperature. 


Table XV also contains the; value's of (j)^ iu tin; apprerxi- 
mate expression of for ‘I»„, pulling The* vahms 

of 7] for different volume's at e*on.slunt 1 emp('ra.ture; eif the* 
substances mentioned in the; d’ahle* might now be; apprei.xi- 
mately calculated by me;ans ejf ('((nation (<)2) on- (;alenila- 
ting the values of,P„-fp by me'ans of an empirical (;(|uatit!n 
of state according to R(;ction 2 1 . 

Further investigation in coniK'clion with the (;xpon- 
mental values of tj of li(|uids must proee'cd mainly along 1 lie* 
line of comparing the value's of tiu' eharacte'rist'ie; (luanfity 
'h of different substances at various (e'tniH'rature's and ved- 
umes.^ This might lurnisli some* informal ion as to how this 
quantity depends on the mole'cular weight beside's on t he* 
volume and temperature, and ineideutally furnish further 
information in connection with hie* mot'cniar forces. 

(e) It IS interesting to apply e'e|ua1 ion (<)1) to a substanec* 
not in the perfectly gaseous slate* at vedume's for which I, 
IS small m comparison with r, and h,, small in (;ompariseui 
with unity, m which case the* ce, nat ion b(*(;ome's 


(9(i.) 


V=]y[tnK^. 


EFFECT OF DENSITY ON MOLF.CULAH. VELO(NTY 


Gormspoiidinfi; to t.lio sinalh'st value; of v foi- which tli 


:;onditions hold t; usunlly diCh'i'H cou.sideM'ahly from tlial 
ipplyiriR- to the; .mil)Htaiicc in the peu-lcctly Kas(U)iis st.at.o, 
xnd this thcred’ore; also holds for E, and n. d'ho value of 


hi! may tluvrerfore; be calculated with fair ac(!uraey by iruuins 
:)f the fon'going tajuation ovtir a rcfiiion at tlu; Ix'ftinning of 
vliich a substance; Ix'^ins to deviate; from the; laws, 
riie corre'spondinjr value's of /"«+/;, {uid' hence; of may 
)C e)l)taine;d Irom expiation ( 1 ) 2 ). Table XVI contains a 


T.VHLE XVI 


CO;. AT 10" C. A-,-2.r)7SXl.()S.1X10 


p in 

HtlllDH. 

>j X lei'i, 

|| pci- 

1 Kl'Kl. tUdl. 

in nllnoH. 

in 

iiliniiH. 

1 

I")7 

20,000 

1 


40 

170 

! oso.s 

l.s..0i) 

H.O 

00 

1S7 

1 :i2,S.7 

02.70 

02.7 

70 

200 

210.7 

102.0 

02.0 


L't of eadculations (-arricel oii(, for ( 'Oo at dO'*' O. ove'r a 
f volume's lor which iJie; fore'poinp; eionditions hold, 


rauKe; 

sine;(; 


pproximately 12 , Se'ction 21 ), and 


‘i.ohx 10'* 


ae!C( 


ip to Ta,bl(‘ XIV. The; value; eif i<^ in e'eiuatiem ( 1 ) 11 ) was 
e'termine'el by applying e'eiuatiem ( 1 ) 1 ) te) (:()2 in the' paaeiems 


,,atc 

nel 

LW. 


at a pre'ssure of one; atmeis. anel te;mpe;ra.ture; 


• 10 " ( 


ceirre'edinp the; value; e)btaine;el ae;e;e)relini>; te; Maxw(;ll’s 
It will be; se'e'ii (,hat /X anel the; ratiei IV/lVt, wlu'i'e; 1 '' 


[;ne)te;s the; aa'e'rape; ve;le)e;ity eif translaliem eif a me)le'e;ule; 
I COo in the; f>;ase;e)us state-, whie;h is give;n hy e;eiuat,ie)n 
O anel the; e;e|uatie)n 1 V=--. 1 ) 22 E, g-melually incre;jise; with 
ie;re;;ise; e)l pre-ssure*. ’’rims the; nieii’e; the; nutle;e;ules e;e)nu; 
ador each either’s iniluence the greater the teital average 
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velocity :ibov(‘ that in tlie f>;iiseons stat(‘, which falls into 
line with what has heen ohtnincd lH*fore. It is of iinpor- 
taneeto notice*, however, that the fort'iioinp; (liHluction of the 
result does not dei>en<l on tin* results of Sections 10 and 17, 
(/) On usinft the* t(‘nu 4>„ /•“ for tlu* .st'rit's in equation 
(90), which holds api)roxiniat(‘ly accordln^i; to Sub-section 
d, and sul)stituting for n the exiiression given by eciuation 
(06) retaining only tlu* first two terms, we ol)tain the equa- 
tion 




m„Kr, 

v~-h‘ 


(97) 


This equation contains the thn*e unknowns 6, and 0,,. 
They may lui dtdermined by applying the ecjuation at con- 
stant temperature to a substance* at three <lensities not 
(lillering much from (‘uch other. 'I'he values of n and Vt 
may then at once* in* obtaiiu'tl similarly as in S<*e1ion 29. 

It may be noted, how(*ver, that it is prc'ferable to deter- 
rninci the (plant it ies />, fb, and </*„, if ])ossil)l(*, wit hout using 
simultaneous (‘(juations, or using as ft*\v as possible, as this 
giv(‘.s more n*liabl(* results. For tlu* variiddes of a .set of 
simultaneous equations may usually In* Viiried over a 
con.siderable range and yet ajiproximatcly satisfy the ecpia- 
tions, and henei* .slight errors in the constants of tlu^ (Kiua- 
tions (furnislusl by {‘xperimeni l may considerably affect 
the values obt.'iined for the variables. 

((/) In SulKsection {a) of this S(*(’titm it was shown that 
the values of -q for substances in tlu* gas4*ous .state obey 
the ridation of corresiHtnding stales, 'rids is :dso found to 
hold when the .suli.stances an* not in the gaseous state,* 
as is .showm by tlu* approximate constancy of tlu* ratio of 
rji to r }2 corresponding to the temperatures 77/2 and 47V7, 
.shown liy Talde XVII htr a numher of liquids. SiruK; the 
quautiikss /^ bp, c, T, and h,, in i-tjuaiion (92) oh(*y this 
*R. D. Kicenmn, Pwc. C,imb. Phil .Sbr., Vol. X VI, Pt. 7, p. 033. 
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TABLE XVII 


Ethelene-bkomide (C4H4Br2) 

EtHELENE chloride (C4H4CI2) 

t° c. 

7/1 and )j2. 

Vl/Vi- 

t° c. 

»?i and 172. 

vi/ 

18.4 

60 

.01767 

.009985 

1.770 

7.7 

47.8 

.01000 

.005903 

1.693 

Ethyl proi>ionate (C5HJ0O2) 

Butyric acid (C4HSO2) 

-3 

38.6 

.007040 

.003864 

1.822 

32.5 

76.1 

.01255 

.007016 

1.777 

ThIOPHEN (C4H4S) 

Benzene (CbHo) 

22.1 

64.3 

.00644 

.00408 

1..579 

3.8 

43.3 

.008680 

.004740 

1.831 

Ethyl benzene (ChHi,,) 

Propionic acid (C3H(i02) 

36.7 

80.9 

.005.50 

.00357 

1.540 

33.4 

77.2 

.009169 

.005()05 

1.635 

Octane (ChIIih) 

Carbon tetrachloride (CCI4) 

11.6 

52.2 

.OOCjOOO 

.003783 

1.(503 

5 

44.7 

.0124 

.0()69() 

1.781 


relation (Section 28 and Sub-section (a) of this Section), 
it follows from tliis eciuation that the factor also 

approximately obeys t)hc relation of corresponding states. 

We may there! ore write where Tc denotes 

the crit.ic.al temperature, and po the critical density of the 
substance. 
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35. Formiilw for the Vueo.^tifj/ of Alixture^. 

It will be evident from un exumimilioii of the investiga- 
tion in the previous Section that llu^ (‘lTc'(d. of (‘sudi molecule 
of a substance on its viscosity is additives in ediaraesier. 
Therefore in the case of a mixture this (‘tTcast of the* diflensiit 
sets of molecules is additives It will (‘asil.y bes scsesn there- 
fore that in the casts of a mixturts of moltstsukss e and r the 
viscosity is given by 

rj -nTHInrlr,r~^rHe»lnJ,,,; ..... ( 98 ) 


where denotes Hus mean monusntum Iran.'^ftw distancts 
of a molecule r of absolute mass 70 tins numbtsr of mole- 
cules r crossing a stiuans cm. from on(‘ sidts to (lus other ptsr 
second, and the rtsmaining .symbols havts similar iiu'anings 
with respect to this moletsules c. For l^r and wis may write 




and 


f<7(' ^ ^ t I ”f * 4* ij, I j . 


. ( 100 ) 


similarly as in the prtsvious Seel ion, wherts ?v dcmoti's Hus 
volume of the mixture containing a gram mohundts of mole- 
cules r, h'r the apparent vttlumt* of the inoltusules r and c 
in the volume ih with resju'ct to the motion of a. moletsults r 
(Section 20), a cbaruelerisHc constant of tlu* moletsules 
r when the mixturts is in Hit* gaseous state, iV,,. Hits total 
concentration of tins molecules e and r, A' th(‘ numbtsr tif 
molecules in a gram molecule of a pure .sub.stanee, thts 
effect of the nmltusules of the mixt ure on a, moleeide r inter- 
acting witli a mtileculis r t»r c, ttr thi‘ iiilorferenet* function 
of the mixture with rt'spoct to tlie nitdoeulcs r, and tins 
remaining quantities have similar meanings with respect it) 
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the molecules c. It will be recognized that in deducing the 
foregoing two equations along similar lines as equation 
(88), we have written 


vr (1 +4^r, Jind I K 1 


'Ne 


or replaced volume by concentration, . which in the case 
of mixtures is more convenient. It should be noted that in 


the case of a pure substance — say c, we have v = 


K. 

Ne' 


n 


is also more convenient to regard and as a series 
of powers of the concentration instead of the volume. As 
a first approximation we may write 


¥ 


nr ^ nr ‘^*^**^ 'N —■ (f)' 



similarly as in th(‘ previous Section. It will l)e easy to 
see that the' various (]uanti(i(‘s involved arc functions of the 
ratio ^ of the numlxir of molecules r to a, as W(dl as of their 
natinxu 

On api)lying (uiuat.ion (98) to the gaseous si,at(‘. after 
substituting from (xpiatioiis (99) and (100), it ))ecomes 



by the help of (‘(luation (21), and since 




?V 

Vr 


and 


Ve I), 


where N (huiol.es the ninnlxM- of mohuudes in a grain 
molecule, and nir and uu the moleiuilar weiglits of a 
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molecule r and c respectively in tvnns of that of tlu; liydro- 
een atom. This (‘(}uation (‘xpr(‘sse.s a rcdation Ixd.ween the 
quantities k',, and which is of us(‘ in detc'rinining them. 

Approximate values of K^r loay l)e obtained 

from the values of and k,, cm-responding to the (;on- 
stituents separated from each otlun- and in the gaseous state. 
In the case of a pur(‘ sul)stane(‘ r in the gaseous state 

7 - K y,= /c r Thus l^r varies inv(‘rsely as the probability 

*’iir ■“ '^vr V 

of a molecule r coming und(>r tlu' inihumee of another mole- 
cule r under given conditions, which is proportional to Nr, 
and hence 1 /k,, is the probability factor of Nr. In the case 
of a mixture of mol<‘Cules r and /• in the gascams state 
the transfer distance* varies inverstdy as tlu* prolja- 
bility of a molecubi r coining under tin* influence of a mole- 
cule r or e. This probability consists of the sum of the 
probabilities of a molemile r coming under the influence 
of another molccide r, and of coming under the? influence 
of a molecule e, since thes(* proet^sscs are. in(h‘pcndcnt. 

A’ 1 

Now the first probability is etjuul fo ^ wlmn^ refers 

to the molccuhss r in flu* lam* state, sinet* the two proba- 
bilities arc iiuh^Hmdtait and we may fluu’efoni sui)pos(^ the 
molecules c alisent. Tlu* second i)ri>l)ability is equal to 

Efk. where -“is the probability fuetor in tills case. Hence 
N kJ kx 
we have 


1 


Nrr 1 

' A' 


Nr I 

A Km. 


A'. 1 

N 


or 


1 1 
'vV 1 .. 1 


( 102 ) 
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The factor I/k* may be expressed as a mean of the factors 
1/ /c,, and I/k,, referring to the substances r and e in the 
pure state. Thus we may write 

Kx 4 

or we may write 


which would hold approximately. Thus an approximate 
value of could be obtained from equation (102) in terms 
of^ quantities referring to the constituents of the gaseous 
mixture in the pure state. Similarly an approximate expres- 
sion for K may be obtained. The accuracy of the values 
obtained may be checked by means of equation (101), 

Approximate values of (t>\^ and may be calculated 
from ^ the values of 0,, and 0,^ referring to the isolated 
constituents of the mixture. In the case of a pure sub- 
stance r the term (j)^^N%/N^ is a measure of the probability 
of a molecule r coming under the influence of another mole- 
cule r and the pair coming under the influence of a third 
molecule r. In the case of a mixture of molecules r and e 
the term cl}\rN^er/N^ is correspondingly a measure of the 
probability of a molecule r coming under the influence of 
another molecule r and the pair coming under the influence 
of a molecule r or e, or a molecule r coming under the influ- 
ence of a molecule e and the pair coming under the influence 
of a molecule r or e. These four probabilities may be taken 
as approximately independent of each other, and the total 
probability therefore equal to their sum. We may there- 
fore write 


-i-+JL 


tie 




NrNe 
^ ]Sf2 


f + 02^2' » (103) 
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whort* </* r rcfi'i'H to luolccuk'S r iu the pure; state, and 
6y B,ml '<}>., arc; approi)riat(‘ i)rul)ahility factors. These 
factors may approximaU;ly he; (;xpH*ss(;tl in teams of quan- 
tities refc;rriiif 2 i to the; me)le‘e;ule;H r aiiel it in the pure state. 
Thus we may write' 

(fix- 

(f>V~ i 

4>i" *> 

approximately; or we* may write* 

4>Z t 4>t]T i" » 

approximatc'ly. Wmilarly an ai)proximate; (‘xpiTSsion for 

c;' ,, may he* ohtaineel • i i- 

4'he* (quantities just, eonsiilt'red may he* (l('te'rinin(',(l di- 
rectly by the foilowin,a method. In conformity with 
eequation (102) we* may write 

^ “ . . i Ahe?r d ■ .a n } , 

e*i}r •' 

and 

r. 1 IXead .V.eo.l. 

K q, .Vrr 

On sulistitutinK for k',, and k',,, from these* eequations in 
e'eiuation (lOl) and applying it te. a g!ise‘ous mixture at 
thre'e; diffen'id. relative emieeiit rat ions at constant te;m- 
pc'rature* three* simultaneous eeiuations euu ohtained from 
whiedi the; eionstants ei„ er,,. and n, imiy he determined. 
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Similarly in conformity with equation (103) we may 
write 

^'vr=j^r{^rNWrrcNeNr+^^^^ 

and 

(|>\e=J~{beN^+breeNeNr+brrcN^} . 

On substituting for 0',, and <i>\^ in equation (98) transformed 
by means of subsequent equations as indicated, and apply- 
ing it to four different relative concentrations of the mixture 
at constant temperature four simultaneous equations will 
be obtained from which the constants hr, brre, hree, and be, 
may be determined. The values of b'r and h'e involved, 
it may be pointed out, may be ol)taincd by the help of 
Section 29. 

Knowing the values of the foregoing seven constants 
and the values of b'e and b'r, the viscosity may be calcu- 
lated for any density and rcdativii concentration of the 
constituents. 

Similarly a mixture of more constituents than two may 
be treated. 

36. The Coefficient of Condud/ion of Heat, 

When h(!at flows from on(^ i)ai’t of a substance to another 
at a different tcaiqx^raf.uni without a bodily transference 
of matter taking i)lace f.lie lu^al, is .said to l)e propagated 
by conduction. The heat eiu'rgy is tlien transfevrred from one 
molecule to anotluu’ in the dirc'ction of the flow of heiit 
through their inlc'rae.iioii by means of tluui' forc(is of attrac- 
tion and repulsion. The coidlicient of conduction of heat is 
usually defiiKMl in <!oime<dion witli tlui flow of heat across 
a slab of midurial of thickne.ss <l and iufiniU' ('xt.ent whose 
surfaces are keih, at the different temi:)craturc.s h and h, 
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where say. The quautity of heat, Q transferred per 

second per square cm. of each surface is ddiiind by 


Q = 


ti-k 


)'■' 


(104) 


con- 


where C is a constant, which is calloil (l.c^ coefficient of 

auction of heat, and is called the teinperatnrc gradient 

of the flow of heat. Wlaai tl... gradient is e.iual to unity 
it follows from the eqtudion that Ih,. coefhcient C is equal 
to the quantity of heat transferred from cme side of the 
slab to the other per second per scinare cin. of surface. 
The lines of how of heat, in the forc'goinp: arrangement 
would obviously be evc‘rywh.‘re i)<‘rp.‘ndieidar to eacjh sur- 
face of the slab. In practice^ with a slab <)f finite diinmisions 
this is realized only nc'ar tlu* central portion, nnd the amount 
of heat transferred is tht*refor(‘ nu'usure.l for this portion 
onlv the rest of tlu‘ slab aetinj^ tis a gnar.l ring arrangement. 

As in the ease of vi.seosity, tlu' How of heat, in a siiVistance 
is directly connected with tlu‘ natuiv of the motion of a 
molecule, ^ and it will tluu-.H'ore be necessary to dehne a 
quantity connected with th(‘ ptith deserih.ul l.y a imd'cule 
in misratiiifi; from one portion of the .snbstanee to another. 

37. The Mce^i llcdf Treuesjer JJh^lctuco of ci 
Molexmle in a Hiib.Htanre. 

(Consider a substaiuM* whieli is at, a higher IcnqK'rature 
in the plane AB, Idg. M, than in the parallel plane Cl), 
and which 1ms a uniform teinpeniHire gradumt hetween 
the planes. Let (ibc d(*not(^ the path ot a inoleculi^ migiat- 
ing progressively into layers at low.-r temperatures. Thu 
molecule los(>s heat <'neTgy in eont inually varying aiuounlH 
to the medhim at, the expense of its kinelie, (Uieigy (Seuilon 
10), and the chiange in its potential (*ni‘rgy of attraction 
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brought about by passing progressively into denser layers 
of the substance. We may suppose that the medium acquires 
and loses energy at certain points only near the path of the 
migrating molecule, which energy is abstracted from, or 
transferred to, the migrating molecule as the case may be. 
The amount of energy lost at a point will be taken equal 
to T 2 Sm, where T 2 denotes the absolute temperature at the 
point, and Sm the internal specific heat at constant pressure 
of the molecule, while the energy acquired at the point will 
be taken equal to TiSm, where Ti denotes the absolute 
temperature at the preceding point. The internal specific 
heat Srn of a molecule is equal to the internal specific heat 



at constant pressure of a gram of molecules (Section 13) 
divided by the number of molecule's i1i contains. The line 
joining two c;ons(',cutive i)oinl,.s will Ixi called a heat transfer 
distance in tlu; substance, since the molecule al)stracts the 
quantity of lujat TiSm at one extremity of the distance and 
transfers it to tlui oilu'r <!xt]’<!mity, while at the latter point 
it abstracjts the ciuant-ity of luiat and transfers it to 
the otlier exti-emity of thcj adjac,(‘nt distance, etc. Let us 
suppose, similarly as in the casci of viscosity, that the posi- 
tions of the i)oints associated with 1,he path of a migrating 
molecule are so selected that the number of heat transfer 
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distances, and the nmnber of moleculm* patlis, cutting a 
plane of one square eni., lue «iual to .nie another, and that 
all directions of a transfer distaure in space are c<iually 
probable. These two conditions (Udtmnine the positions 
and lengt,bs of the transfer distances. These distances are 
not equal to each other, Imt are Kroupcd about a mean 
distance Ic according to the distrihutiou law of (dausius 

given in Section 31. , . . . 

The mean heat transfer distancHi of a molecule is evi- 
dently not equal to tlu' mean inoinentum transfer distance 
in viscosity, for one refers to the transler of moinentum 
and the other to energy uialer ililTcreut conditions Itxpen- 
mental evidoiice will l>e considered later showing that that 
is so In Ireutises on die Kinetic Tlieory of tliises both dis- 
tances arc usually assumed to 1 k' equal t o the average dis- 
tance between two consecutive collisions of a molecule. 

We will now dediiee foniiillie involving the mean Heat 
transfer distance as ilelined in this Section. 

38. Formula' for the Vocfficirnt of Conduction 
of Heat in Ternu of Other Qnuiilitic.i. 

I.ct us suppose that the tem|H.ralure of a substiuK'c is 
higher in the i.lane AH. Fig. l-h Ham in the ,iarallel Italic 
CD Suppose tluil- tt mdliHMiles ero.ss thl^ iiliuu* Ac tioni 
one side to the other, 'hliis migration of molecules gives 
Z to a transference of he, it across the. plane fro.n top to 
bottom which per sipiarc cm. is numerieally eipial to tlie 
coefficient of coinliiclion of heal if llie teiui«-rat.ure gnuliciit 
is unity. This amount of heal may he expres.sed in lemis 
of other (]uautiti(‘S us follows, {‘tuisidtu’ the, heut truiisler 
distances which ctit tlu‘ plane KF ami an‘ ^inclined at an 
angle 0 to a {lerpendiculnr to the piano, hor puri)oHCS ()i 
calculation W (5 mav suppose that the upper extnauitics of 
these distances arc located at the same point which may be 
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taken to lie in the plane EF. It follows then from the figure, 
which shows a section of a hemisphere of radius s having the 
point mentioned as center, that the number of these dis- 
tances is equal to 

2Trrz • dd ; 

where z denotes the length of one of these distances, r~ 
z sin (9, and the number is thus equal to n sin d • dd. 



If fh denote i.lu', numb(a’ of the foregoing distances whose 
lengths lie between z and z-\-dz, we have 

z —A 

7h = n sin O'dO' j-r^e • dz, 

la 

by the help of equation (81). Each of the molecules cor- 
responding to th(i forc'going distances aljstract the energy 
TiSm from the idaiie EF which is at the temperature 7h, 
and transfers it to the plarui 67/ whic:h is at the temperature 
T 2 - An ecpial number of moleciiUiH inclined at the angle 
6 to a line at right angles t,o the plane? EF move in the oppo- 
site direction, hlach of th(‘S(? inok'cukis al)stra(!ts the energy 
from Hu? i)laiu' 67/ an<l t.ransfeirs it to the jdane EF. 
Thus on the whole these two sets of molecules transfer the- 
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energy 7 h(TiSm-T 2 Sm) across tlie i)laiic‘ KF. On taking 
the temperature gradient equal to unity wt* have 

2 COS 0 

and the preceding expression for the tuua’gy tnuisftn' Ix'comes 
II g F,n Z COS 0. 

The total energy transferred per scpuire cm. ucrttss the 
plane EF is obtained on snhstit siting for in llu* foregoing 
expression and integrating it from 0 to ^ with n*speet to 
the transfer distancH' 2 , and from 0 to v/ 2 with reHi>eet to 
the angle 6, which gives 

C = nSm f I >a 0 Bin 0 F,r -iKhdz, 

Jo Jo 0 “ 

where C denotes the coeffieiinit of Cfuiduetion of heat. T'he 
integral in this (‘(piation can Im^ .showii tr» he ecpial to h 
(Section 34), which naluces the; e(iuutiou to 

(105) 

where n denotes the imnib(‘r of moleeules ertissing a sr|uarc 
cm. from one side to tln^ other, U the ineun ht*at transfijr 
distance, and N,,, tin; internal si)(‘cirH‘ iieat at e(ms1ant {jres- 
sure per molecule. If Nb d<‘note the intornal sjan'ilie heat 
per gram at constant pressure of tin* suhsfunee we* liave 

F,n-F^ma, (lOtj) 

where iiia denotes the ab.solutc' nudeeular weight of a mole- 
cule, and the preceding e<iuation may ho written 

a^^inUaSJr.. ...... (lt)7) 

'By means of this equation the valm> of for any stati* of 
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matter may be calculated, since C and Sg may be measured 
directly and n determined indirectly according to Section 29. 

The quantity Ic may be expressed in terms of other 
quantities similarly as the quantity in Section 34, by 
representing the substance by another substance possessing 
the same coefficient of conduction of heat, internal specific 
heat at constant pressure, and expansion pressure, but 
whose molecules possess no apparent volume b. The coeffi- 
cient of conduction of the representative substance is evi- 
dently given by 

C = n'maSg Vc, 

where w'and I'c referring to the representative substance 
have meanings similar to n and U in equation (107). Since 
the representative substance has the same expansion pres- 
sure as the original substance, and the molecules of the 
former substance have no volume, we have according to 
equations (38) and (45) that 


n' — n 


V ^ Pn+p 
v—b AI2 ' 


where the quantities n, b, Pn, p, v, and A refer to the. original 
substance. The preceding equation may therefore be writ- 
ten 


v — b 


nm. 


Q 7' _2(-Pn-t-p) Cl 7 / 
aOgt c 'niaSgl c 


. (108) 


This equation determines Vc since each of the other quan- 
tities it contains may be determined from the original 
substance. 

The relation between U and Vc according to equations 
(107) and (108) is given by 


Ic 


V 


V 


and thus I'c is an inferior limit of 


( 109 ) 
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Equation (lOH) may lt(‘ M:ivt*n :in<»thi‘r form along the 
same lines as (‘(iviat ion (HI ) in Heel inn H I . If Urn mole- 
cnles in the n'presentative i^uh.-tanee \V(-re dnvnid of molec- 
ular forces which extend lieyond a small distance from each 
molecule, the quantity /. wouM vary inversely as the chance 
of one niolecuh* nuH'ting am.thta-, or be itroportional to the 
volume V, and wi‘ m:iy write 

K.C, 

where Kc is a constant at (‘onstanl temjiej.ituK*. Ih(* ('Xist- 
ence of molecular forces exteialing some tlislanec* from each 
molecule gives rise to tla* interaction of two molecules not 
lieing independent of tlu* stirroundina mt.leeuh's, and hence 
i'c not lieing proiiortional to r. 'Fid- effect may 1 h‘ t‘xiiressed 
by a factor introduced into tlie riahidiand shh* of tin* fore- 
going eciuation. whicli is olUaineil in the .‘>;amo way tis a 
similar factor in Hection HI. Since the chance of a mole- 
euU‘ interacting with another melts-ule and tlu* pair coming 
under tlu* intlucnce of r m<.lc<*u}es. i> prop.u ti uial to l/F ^ \ 
the factor in cnu'stitm may be written 

c , 1 i T (110) 

The cjiiantities , which are tunc! inns of T 

and c, insensitive to c, art* lutt ideiitu’al, it 'dutuhl be noted, 
with tlu* (luanlitics . . . . m St*ctmn Hd. bt'cause 

the (|U!intili(*s ami I. have ..onu'wliat <h!iereitt meanings, 
but tliey will {irobably imi tliffcr much fittm each otlu-r. 
The (jutuitities /, tuul are thereittre ei\'en by tlu* equations 


and 


VAIIIOUH rORMlM FOR HEAT CONDUCTION 155 

*• SIS equa- 

tion (. . ). Ihi iiiUi.iotion of two molecules is modified 

l,y the smToiuidinK molecuH an effect which was called 
molecular interference. The, value of the apparent molec- 
ular volume h m the e(|.u.tiou depends to some extent 
(which IS prolialily small) on molecular interference while 
4V depends wholly on it. 'riic latter quantity may therefore 
be called the interference function in heat oond“ 
In value il prolialily dillera not much from that of the 
iniwferenee rmiclion T, in viscosity. Therefore according to 
eiiiiiit ion (HI) t he elli.ct, of molecular interference on I which 
is not represenhsi I.y I, (a <iuant,ity which also occurs in 
equation (KS)), is represented hy the function which 
may now lie used without referring to the representative 

Equation (1()7) may (luavfom hu written in the forms 


^ ' ~ a { V - h) + ‘E) , . 

and 

( ' ■ I • p) ( 1 -h 'I>p) , 


(113) 

(114) 

(115) 


liy 1h(‘ help of efuiatinns ChT) und Oin), and remembering 
thill A (■///, 1 ?' //o I he values ol //., />, juid Kj, the number of 
itmlecules crossing !i sciuan' cm., the aiiparent molecular 
volume in eubii- enis. per gram moleeule, iind the total 
average volneily in ems, resjiectively, may be determined 
hy the mihliod described in Si'ction 29. The value of the 
inirinsie pressure /A, which must be (‘xiiressed in dynes 
similarly .ns the pressure /j, niiiy Ix' determined by the 
meihod deserilied in Seetioii 21. The internal specific 
limit Sy jier gram iit conslanf pressure, iind the conduction 
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of heat C pen* s(M:ond ac.ross a wpuin' <‘.m. at ri^ht Jingles 
unit heat gradient, must be exiiressed in terms of the sjiiiM‘ 
heat units, which for convenience may be laken the oaloiM<r» 
or the mechanical heat unit the erg. The cjileulatcd vahu^n 
of n 6, and 7^ depend on the distriliution oi velocities as- 
sumed ’for the molecules; they may be corrected accordhm 
to Maxwell’s law, if desired, in the way described. lUt' 
value of A in equation (115) not corr(‘Cted for the distri- 
bution of molecular velocities is given iiy 

A = 6.087X10-^‘VT/n, 


according to Section 11. If corrected acconling to Maxweirn 
law the value has to he multiplied l)y or 1-085. It 


will appear, however, from Sub-section a that the calculu1«*i 
value of Kc similarly corrected involvifs the fjictor 1.085 anti 
that therefore the uiicorrectcd values of A and Kc may Ih‘ 
used in equation (115). Since p is ind(>pendent of the 
molecular distribution of velocities (Sectijin 8), jind /h* is 
obviously so by nature, the d(q)imdt‘nce ol the? fjictoi kc A 
in equation (115) on this distrilnition is r(‘presentc‘d in 
equations (114) and (113) by laetors involving the cpuin 
titles n, Kc, h, and 7.. The uncorivcU'd vjihu^s of thfse 
quantities may thendon'. b('. used in these (Hiuations. It 
may be noted here that tiie tiuanlityq SV is iirobalily V(*ry 
anproximately, if not altog(Jt.her, indi’pendcnit' of the tli 
tribution of molecular vcbcitics. Thi,s lollowK accord. w 
to Section 13 from the fact tlnit it depimds mainly on t he 
change in kinetic energy Jind change in potentiid ('lun-gy ol^ 
attraction of a gram of sulistjince during a degreu; cliangt* of 
temperature, lioth changes being indei>end<‘nt of th(‘ tlis- 
tribution of molecular velocities. 

The value of kc in these etiuations for si given subslsitu’c 
is determined by applying equation (113) to the sulist.fiiiee 


THE HEAT OONDHCrnON EQUATION FOR A GAS 157 

in Ihn ,„n*clly gn^cous state, which eon-esponds to « - « 
ill wliicli ciisi! the cciuiition bticoincs * 


C=^nmaVKrSy=zKcR 


1. [liTm 


by rncans of equation (21), ,vherc fa now equal to the 
specho heat at constant volume. The quantity 1 it should 
be lulled, is not identical with the quantity It fa a char 
actenstic constant .lependinR on the molecular forces and' 
voluiiie oi thn .sul)stjui(!(^ 

The values of the <|uantitica ^ 

altected to a certain extent by the influence of the mole- 
cules of the substance on two molecules while interacting, 
or 111 lueneed by molecular mtarfcrcncc. The quantity I 
therefore i-epre.senls the portion of a similar effect on the 
heat conduclivity of a sub.st.ance which is not represented 
by liic ^forcfijoing (luunt.iiu'H in wiUfitionH (113), (114), and 
(11.)). ilu'so ('(luatioiiH may now be uaod without referring; 
to tlu! i'(‘!)r(',s(‘ii(.!itiv(‘ HubHtaiic(‘. ^ 

11. follows similarly us in Scattioii 34 in connection with 
the (luaiidiy that tlu* K'rms of tin; series for 4., decrease 
rapidly m maKiiilud(*. As a first approximation we may 
thereioH' I'c'lain ()iily (lu' i.criu 4>'e/ir, or replace the series 
by th(' term t/)r when^ .r would differ little from 2. It 
will n>adily be recognized that the (luantities 0',, , 

in the scales for dv an^ luiiel ions of T and v, which are not 
V(!ry s(aisiliv(‘ to v. 

I'rom (Hiuutions (107) and (,S.3) wt! have 


r 

It, i/tS'/ 


. . . (117) 


whiel) gives the ratio of the mean heat transfer distance 
assoeiuti'd with a moletaih* ol a substaiHJo to the mean 
inonu'iil uiii tran.sier disfancua I’his would lurnish some 
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information about the difference in the effect of molecular 
interference on the chances of a migrating molecule losing 
moLntum or kinetic energy to a medium under the con- 
“ of viscosity and heat conduction respectwdy -c 
these chances are respectively proportional to 1/1, and 

^^‘on substituting for k and 1 . in the foregoing equation 
from equations (111) and(88). it becomes after rearranging 

(118) 

l-|-<l>q KofjSo 


, ci+o+o whilp the Quantities 0 , og, ana 17 

the te determined directly. The equa- 

refei “y . r compare the quantities 4. and 

tion may thus b denend on molecular interference 

Since K, and k„ do not depend on m 


Since k, ana it, uo -- j 

^ r . +V.P^r definitions, and Sg also aoes nor nuxu 
according depend entirely on it, it 

its nature, while both ^ ; 3 ct 4, rela- 

"’""T 'ris‘':iS;L^ b?an — of C 1-0^™ to 

tivc to „„t;on mves some information on the relative 

:ftects'ot nXuiar interference on the heat conductivity 
“V" ilcar" foregoing investigation will 

now be given. coefBcicnt of heat conduc- 

tion of a gas. Since «, is 

‘‘'"‘'i It 'would of eourse cease to hold when the diincn- 
(■ i i 1 vpsse.l in which conduction takes place am 
Hions o hn^ih of the mean heat transfer dis- 

of the equation is based. 
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The dynamical mechanism underlying this result may 
be illustrated by the following considerations. A molecule 
in a gas moving in the direction of the flow of heat transfers 
a certain amount of heat to the medium at the end of each 
transfer distance. If the concentration of the gas is halved 
the length of each transfer distance is doubled, while the 
heat transferred at the end of each transfer distance is also 
doubled since the temperature gradient remains the same. 
Since a change in molecular concentration of a gas does not 
alter the molecular velocities, the heat transferred per second 
by a molecule moving between two walls at different tem- 
peratures in the latter case is double that in the former. 
But since the number of molecules per cubic cm. available 
for heat transference in the latter case is half the number 
available in the former case, the total heat transferred is the 
same in each case. 

The value of Kc is found to increase with increase of tem- 
perature, as is the case with the similar quantity con- 
nected with the viscosity of the substance. This is shown 
for a few gases by Table XVIII. The reason is undoubtedly 
the same as that holding in the case of viscosity, namely 
that the greater the velocity of a molecule the shorter the 
time it is under the influence of another molecule, and the 
smaller its chance of transferring heat energy, this chance 
being measured by l/k, or 1/ kc. 

The values of kc in the Table are not corrected for the 
distribution of molecular velocities since equation (116) 
was derived from equation (113) on substituting for n 
the expression given by equation (21). If they are cor- 
rected according to Maxwell’s law each value has to be 


multiplied by 



or 1.085, according to Section 11. 


same remarks apply to the values of the quantity 
Table. 


The 
in the 
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TAlihE XVI n 




<*jH4. 

HI = 44 



c. 

iy cul. 

(Mtet"d , * IU ^ 

M-f, V 1"“* 

nx'i 1 


0 

100 

3*^45 

,0305 

2.04 

2. OK I 

1.27 i 

.3403 

.OetHi 

2.77 

2.3H 1 

; ! 

1.10 '■ 

1 



CO,. 

ni s 2H 


1 

1 

0 

.1541 

.o:ti)7 

3.45 

2.42 I 

1.43 

100 

.1724 

.0.51 HI 

4,30 

2.02 j 

1 

1.40 i 

t 

1 



Ih. 

m *2 


I 

-150 

2.41 

.1175 

5.01 

5.. SO j 

l.(K> i 

0 

2.41 

,3270 

i 11.04 

t).(»0 I 

1 

1,11,. j 



A. 

II, * 30.0 


1 

0 

.07370 

1 .03Ht>l 

1 

0.0 1 

j 3. S3 i 

1 

2,51 

i 



Hg. 

,u 2tHI.4 


I 

203 

.01470 

.iiiHin 

7.70 

1.7K j 

if 



On applyhif^ crpiutit'ns ^lIHi anti llO) to th<* gitiitHius 
.4ate it follows ihtit 

/ . (' ...... 


since =0, and dv 0. under then* euiuiit i<’n.s. 'I he cal- 
culation of the ndi(» k. s ‘lilTeivid aas(‘H slunvs that it 
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IS not equal to unity, or the quantities « nnri 
equal to each other, and that the value of thp 
on the nature of the gas and its tempelw 
by Table XVIII. We would expect thnt th ’ “ 

should not be equal to each other since thevTn 
exactly the same thing. For 1/k w 1/ * T °* 

the chance of heat energy being tiansfe^:^ 

won, Willie or 1 /k„, is a measure of the chanep nf 
mentum being transferred to the medium under the^on' 

latter m gases, since according to the Table «,/«,, or 
is greater than unity. 

It will be of interest to give a more definite and direct 
I hysica] significance of «« and compare it with that obtained 
foi m Sub-section {a) of Section 34. The ouantifv n 
represents the amount of energy which flows per secrad 
across cuich square cm. of a plane in a substance situated 
at light angles to a unit temperature gradient. Since n 
nmlecules cross the plane per sciuare cm. per second in each 
(Urectioii, C/n represents the energy conveyed by a mole- 
cule across the plane on cros.sing it and recrossing it (some- 

^lircction. According t6 equations 
(lOo) and (111) this energy is eciual to KeSmV in the case of 
a gas, Where the value of is independent of the pressure 
0 . le gas. Thus kc rcqiriismits the energy conveyed by 

« mdecule per unit of its speeijh heat at unit volume of a 
gram molecule of the gas. The ciuantity k^, we have seen, 
represents the momantum conveyed by a molecule across a 
plane at right angles to unit veloeity gradient per unit mass 
of the molecule at unit volume of a gram molecule of the gas 
It can be shown similarly as in Section 34 that a mole- 
(mle takes a tune proportional to v/V in crossing and re- 
(^lOHsing a plane. The amount of energy conveyed by a 
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molecule per second across a plane under the foregoing con- 
ditions is therefore proportional to ncSmV, and thus irLCle- 

pendent of the volume of the gas. 

(5) Equation (117) may immediately be applied 
liquids to obtain the values of the ratio Ic/lrj. Table 


Substance. 

t°C. 

cal. per gm. 

V 

C cal./cm.^ sec. 


E. bromide .... 

E. iodide 

Chloroform 

M. alcohol. . . . 
C. tetrachloride 
C. disulphide . . 
Benzene. 

15 

15 

15 

15 

0 

15 

10 

.2135 

.1641 

.237 

.5868 

.2010 

.242 

.4066 

.004212 

.006231 

.006019 

.006429 

.01351 

.003905 

.007631 

.O 3247 

.O 3222 

.03288 

.O 3495 

.032664 

.O 3343 

.O 3333 

.275 

.2±7 

.202 

.131 

.0981 

.363 

.107 


It 


contains the values for a number of substances, 
be seen that they depend on the nature of the substance^ 
and that they are smaller than unity. We have just seen 
that when the substances are in the gaseous state this 
is greater than unity. This difference is due to the effect 
of the attraction of the molecules of a substance on a migrat- 
ing molecule increasing with the density of the substance. 
It indicates that an increase of molecular interference in- 
creases to a greater extent the chance of a molecule trans- 
ferring heat energy than of transferring momentum 
the conditions of heat conduction and viscosity respectively, 
since these chances are measured by l/h and l/lr,. .-. 4 . 

According to the foregoing result, and the result 
kc/k, is greater than unity, it follows from equation CHo) 

and (117) that is less than unity, and that therefore 

$ >$c, or the interference function of viscosity is greatei 
than the interference function of heat conduction. Since 
each of these quantities is zero for matter in the gaseous _ 
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state, an increase in the molecular interference as brought 
about by an increase of the density of the matter already 
in a dense state would therefore increase to a greater 
extent than Therefore according to equation (118) 
and the considerations following it the value of t? is increased 
to a greater extent by the increase of molecular interference 
brought about by an increase oi density of the matter than 
the value of C. 

(c) Equation (115) may be used to obtain the value of 

<^>c for a liquid, and hence the corresponding value of <j>'e 
may be deduced. The value of required for the cal- 

culations may be obtained from the coefficients of expansion 
and compression of the liquid according to Section 21. 
It may also be obtained by the method of Section 46. The 
value of Kc may be determined by means of equation (116), 
which applies to the substance in the gaseous state. At 
present the data are not sufficient to permit such a calcula- 
tion being carried out for a substance. 

(d) If the values of C and Sg be known for three differ- 

ent densities of a substance not differing much from each 
other, and the value of kc be calculated by means of equa- 
tion (116), the values of b and 4>'c may be determined by 
means of a modified form of equation (113) obtained on 
substituting for the approximate expression and 

for n the expression given by equation (66) retaining only 
the first two terras. The equation will contain the three 
constants, b, C 2 , and 4>'c, which may be determined by apply- 
ing the equation to the substance at three different densi- 
ties, This operation also determines incidentally the quan- 
tities n and Vt similarly as in Section 29. 

39. Formulco for the Coefficient of Conduction 
of Heat of a Mixture of Substances. 

It will l)e evident from a consideration of the investiga- 
tion in the previous Section that in the case of a mixture 
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KM 

tlie heat corKhietivity is t‘(jual to tlie sum of the Gffe<‘tiv(‘ 
conductivities of th(‘ constituents. Hence in the eas(‘ of a 
mixture of molecules r and c we may aceordinp; to equation 
( 106 ), write for tlie ciKdlicient of conductivity 


t , — /0<Smrhr“f“ .... (120) 


where f^mr ami denote th(‘ partial molecular s|K‘citic 
lu'atB of a mol(‘cule r and c rt*spcctively (Section Ki), 
denotes the nunin heat transfer distama^ of a moleetde r, 
let that of a molecuh* c, and rir and /n liavc‘ the usual meanings. 
Similarly as in Station Ho we may write 


and 


lre«^ ‘V V (1^ 

Vr-hr A« 


L= ^ 'rS I . . 

IV U t *V tr 


where the symbols liuvc .similar meanings, that is, tv denotcH 
the volume of the mixtun* containing a gram molecule 
of molecules r. Ah, tin* total eunetuitration of thc^ moleeule.s 
V and ?>, h'r the apparent molmndur volum(‘ of tlu* mixture 
whitdi uiipears to obstrmt, tlu* motion of the moUumles r, 
k'ct the ehanutm-istie fmtor <tf \hv transfer imth of a mole- 
cul(‘, r when the mixture is in tlu* gaseous state, and t'V 
the heat, conduit ivily interfenmee function with reH|>ect 
to a migrating moleeiile r, whih* tlu* other symbols Itavt*, 
similar meuning.s. As a tirst approximation wc may write 
as before 






i> cf 


A* 

iV 


rr 

f 


and 
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where N denotes the nuinber of molecules in a gram mole- 
cule of a pure substance, and 4>'cr and (f)'ce are functions of 
T and Ner but which are insensitive to variations in Ner. 
On substituting from equations (122) and (121) for 
and Ice in equation (120) and applying it to the gaseous 
state, it becomes 


C = 


■— r cr ^ , f,K ce Sg(\^ 7fle 

1+1 J-+? 


1 IW 

N\l 3 ’ 


( 123 ) 


by the help of equation (21), and since 


Ve N_^N 
Vt Vo Vt 


■ er, ^0 


iStnr 

mar 


and See = —, 
mae 


where Sgr and Sge denote the partial specific heats per gram 
of the molecules r and e respectively, ^ the ratio of the 
number of molecules r to the number of molecules e whose 
relative molecular weights referred to the hydrogen atom 
are Wr and rric, and N denotes the number of molecules in 
a gram molecule of a pure substance. When the mixture 
is in the perfectly gaseous state the values of Sgr and Sge are 
the same as for the pure substances in the gaseous state at 
constant volume. Equation (123) gives a relation between 
the quantities k'ct and k'c* which is of use in their determina- 
tion. 

The various quantities contained in the foregoing equa- 
tions are evidently functions of the ratio of the constitu- 
ents. With the ex(jeption of the quantities Vr, Ve, b'e, and 
b'r, they are not identical with the quantities contained in 
the equations of Section 35. 

The values of n'or and k'co may be approximately calcu- 
lated from the values of Kcr and kco referring to the sub- 
stances isolated and in tlie perfectly gaseous state, by means 
of a formula similar to (filiation (102) in Section 35. The 
values thus obtained may be checked by means of equa- 
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tioi) (12M). Similarly tla* vaht.*s of an. I may apjn-oxi- 
matdy ba (‘alcuIaltMl l»y a formula .-imilar lo (‘(luatiun 
(10:1). Tlu* furagoinfr <{uaiitilu‘H may alno La (latcrmiiiad 
directly Ly the method ^iveii iu the S(*elioii mtaitioiied. 

(a) It is instructive to apply eiiuation (12(1) to tlie con- 
duction of h(*at iu m(*tals. Since tla* imdc'cules uf a metal 
are more or less in relatively n,ind iH»silions the hi*at (‘ner^y 
must in the main Ite transferri*d Ly carriers wiiich are !d)le 
to move al)OUt more freidy than tlu* molecules. It lias 
b('en suj)i>ose<l tliat these carritas consist, ol electrons in tlie 
free state which arise throutrl a sjiout tineous dissociation 
of the molecules into eli‘ctntns and {lositividy chargetl mole- 
cules. Etpiilibrium exists when the number of elect roiw 
produced in this way per second is (npial tct the numlier 
iKUitrulized through combin.ation with oppositely charged 
panait molt‘cul(‘s. d’he state iif equililnium may therefore 
be expressed by th<‘ equation of nia s~action. 

KXu A'c‘, 

where Nn <ienotcs the number of netural molecules per 
cul)ic (an., A', the number «»f elecirone or pti, itively charged 
molecailes per cultic cm,, and K ilt<note> the con- taut ot mass- 
action. This constant is a fumiion of tie* t<-mitemturc, 
(Umsity, tind nature, of the metal. 

If th(‘ molecules of the metal are dt 4101010(1 liy r and 
tlie (dectrons by r in e(tuati(>n lUitln we have n, tl, since 
tlie molecules are more or li-ss in relatively lived iiositionH, 
.and the e(j[Uation becomes 

U : (124) 

The valui* of hr is probably goveine*! by the sjtacing of (lu‘ 
molecule.s of tlie imdal, since the si/e of am (dectron is very 
Bimdl in coiujiarison with that (tf an atom, .\s a liist approxi- 
mation we nuiy thendore take ef|u:d to the distanee of 
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separation of the atoms in a metal, which is usuaUv of tho 
order IQ-* cm. The partial specific heat S„ of an ^cteon 
probably differs little from | Wa 7^ = 2.012X10-167^ 
its specific- heat at constant volume in 'the gaseous sS 
Whatever its value, it cannot be gi-eater than the snecific 
heat per atom of the metal, rvhich is equal to twice the 
specific heat it would have in the gaseous state. We mav 
thorcfore with a fan- degree of certainty calculate by me./, 
of equation (124) the order of magnitude of «„ the num 
her of electrons crossing a square cm. per second from one 
side to the other in a metal. Thus for example in the case 
of copper we have 

C = .7198 cal. ==4.808 X 10“^^ cal., 


■2.25X10 ® cm., 


which gives 

no = 9.15X10'io, 

It is of intorcKt to compaiv this number with the number of 
molecules crossing a sciuaiv C!m. from one side tO' the other 
per second in a liciiiid or d(uise gas. Thus in the case of 
CX )2 at 40° C. under a i)r(sssuiv of 200 atmos. this number is 
equal to 7.8X1(7‘* according to I’ahle VIIl. The density 
of tlie CO 2 under tlu'sc' conditions is al)out equal to unity. 

I'he value of according to the foregoing considerations 
would incn'as(? with incniasc of temperature in the case 
of tile pure metals, since they (^x])and with increase of tem- 
pc'rature, and the imo-ease may jiroliably be taken approxi- 
iiiatc^ly ecjual to the incre!ise in the distance of separation 
ol the at.oins. ;S„„, is very likely jiuujtieally independent of 
the ti'inpi'i at/Ui ( 1 . Ihi'i'c'lore for the (‘ases t/liat C decreases 
witli inereasi' of iimqK'rature this very likely also holds for 
Uc according to eciuat ion (124). Some of the metals falling 
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into this category art*: leatl, catlmiuni, iron, silver, bis- 
muth, zinc, and tin. 

Other investigations having a bearing on the elt'etrons 
in a metal will be fountl in Hection *12. 

JfO. The (Jaefficient of Diffunion of a Substanee. 

If the constituents of a mixtun* of substances lire not 
evenly distributed, difTusion fnmi out* part to niiotlier 
will take place till e«pnlit>riuin is olduinetl. The iniinary 



cause of diffusion is the luolioii of translation of tlif* mole- 
cules. This will at onci* apiM-ar frtan tlu^ eonsiderittioti of 
a mixture, whose* coiistittients r uiul c are <liHtribut(*d tiecord- 
ing to the curves shown in Fig. Id, Hu* eoiiC(‘nt ration being 
supposed uniform in {)lanes parallel to tlu* conet'iitration 
axes. MoU'cules are prttjeeti'd fniin each (‘kanent of volume 
of the* mixture. The portion of the ndxttire lietween tlu* 
planes ah and rd will thereforr* receive more moleenle.s r 
from tlu* portion of tlie mixtun* Iwtvveim the plaiu'H cd atul 
<’f, on ac(‘()unt of the eijnetmtration gradi(*nt of the niolc!- 
cules r, than vice versa, d'hns on the whole a migration 
of molecules r in tlu* direction of deen'jisc* of coneentration 
would take place. Himilarly it follows that the mideculcs 
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e on the whole migrate in the direction of decrease of con- 
centration of the molecules c, or in the opposite direction 
to the molecules r. If 5, denote the number of molecules r 
which^on the whole are transported across a square cm., 

~bx concentration gradient, we have 


8r — Dr- 


6x ’ 


(125) 


where Dr denotes the coefficient of diffusion of the molecules 
T. When the concentration gradient is unity Dr= dr It 
is evident that the coefficient of diffusion should depend on 
the density of the mixture, the ratio of the masses of the 
constituents, and the concentration gradient, at the point 
the coefficient is measured. It is found, however, to be 
approximately independent of the concentration gradient 
over a considerable range of gradients. fexaaiem 


jl. The Mean Diffusion Path of a Molecule in 
a Mixture. 

The path of a molecule in a mixture in migrating from 
one place to another is undulatory in character on account 
of the mteraction between the molecules due to the existence 
of molecular forces and molecular volume. It differs the 
more from a nurnber of straight lines of various lengths 
joined consecutively together at various angles, the greater 

mnidrS The effect of this path on the 

pidity of the diffusion of a molecule from one place to 
Mother may be represented by another path along which 
the molecule IS supposed to move, consisting of straight 
hues joined together and lying near the path, and i^i- 
dentally intersecting it, as shown by Fig. 14. In supposing 
that a molecule passes along its representative path it is 
obvious of course that in general the molecule at any in- 
stant does not occupy its actual position. But this does 
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not matter when we tu‘e dealing: with the heluivior td a large 
T^nnibm* of molecules as a wladta 'riu* straight linf‘s c.nisti- 
tuting the representative i»ath will la* culled the dilfusioii 
free paths of tlie mtdecule. 'Hu* avi*rage length ol these 
natha is left arlutrary t(» a crnlain exhmt l*y their detini- 
tion and m' will therefore impose* tlu* cmalitions that the 
smn’cif the representative free paths hi-tween aijy two iKnnls 
a considerable distance apart is c.pial in length to the* eor- 
responding actual patli, tind that i‘aeh direction ol a free 
path of given length is etjually prohahle. 1 hese conditions 
completely determiia* the magnitude of the mean flee path, 
as win appear from tlu* next Si*c*tion. ddiese paths are not 
equal in magnitude Init tire gnniped tiboiit the mean free 
path h according to the law given in Section dl. 


Formula' Hj'pres.shuj fh- Vnofficient of Dlf-^ 
fusion in Terms of Ofher Quatitiiies. 

Let us consider ti lieterogmieous mixture of molecules 
r and e in which tlu* nutleeule*^ are muhtrudy distrihuted 
in planes parallel to tlu* plain* AH in big. Id, but non-uni- 
formly distributed at right tingles to the plane so tluit a 
diffusion of molecules r towtuds the pandl»*l phme b/Mtiki-s 
place, W'hile a dilTusion of molreules * fakes {ilaee in the 
opposii(> direction. We mtiy suppose, to simplify tlu* rea- 
soning, that tlu* uiohseular paths whieh fill the |ilane hr 
hi migrating towards tlie plane r/b begin their journey in 
the former iikinc at tlu* same ptiint. H ?o doiutfo die total 
mmilK'r of moleenles r erossing the phme HF per square 
cm. from one side to the ofher. whieh i-. e«|Hal In the mnn- 
ber of times the pkuu* is eut by the rorre-iHmdmg five jmflis, 
the nnmlH*r whose paths iimkt* tin angle H witli :t periteudic- 
iilar to the plane is .dmihirly. as in etion :ib given by 


tif rin a-ds. 
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The iminlH'r of tlu^^ foro^roiiif*; iiioleciilea whose 
between z luitl z-i-dz is (‘(juul to 


paths 


lie 


?ir sin OulO- 


iZ-dz, 

‘ Sr 


ii«ior,ln,s t<. Scelmn :il, tt-luT,: , I, tho, mean dif- 

fusieu palJi (,f the 'I'liis ..f 

and llie nunibcr nf ninlca.l,* mnviiifr in the 

oi)i)(.sit,n climclmn, wludi wn may supi„>.s(. i„,gin their inurnev 
in t; le iilane (111 m 1.-,^. 15, are reaiiectivcly proportional 
to the inoleeular eoneeiitral.ion.s of the molee.ules r in the 
I anen /.'/.’ and (UI. If Ah denotes the eoneentrltl fa 
th(‘ i)Iane hl < , the concu'nl nition m th(‘ planer ail is evidently 

wlKwe is th(‘ (umcuvritration Aradicnt 

;neasur(‘<I in the diivetion of incivas(> of eoneentration. 
Iherefoiv tlu' loss m niohsades ;• io tln' l)]an(‘ A'A’ is eciiial to 
th(‘ (hm'ivnee^ in tlu' foivgoinj.’ eonc('iitra,iions divided by 
Ar, and imdtipliod by tho proeodiiiK inunber of moleeules 
winch gives for (ho loss 


1 dXr . r- 

Nr (Lv V. ^ 


I Sr 


dz-dO. 


The total loss of moleeulos /• in (ho i.Iuik' is obtained by 
in(egra(iugtlu>lorogoingoxj)rossion from 0 (o od wdth resueot 
to the fro(' jiath niul from (1 (o n 2 wi( h ros[)oo(, (,o (.lu' aiig-le 
(I On rolorring to similar integrals in Sections .'M a,nd 7l8 
it will be evident, that (he intogral in ({Uosiion is (‘(}ual to 

11,1m dNr 

N, dx 

Similarly it, can bo sliown that (ho gain of moleeulos v. in the 
plane KF is etjual to 


lUs.dN, 
Nr dx 
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whore the (?l-uhe..l of ll>c niolcchlcs e is n.e.us- 

r H,e ilireetidii of ti'cif i'loeiise of eom'emnhioi., 
ured m - • j.;,,. iiireetion of the gniilient of the 

molecules r. The total loss of molecules r uml e u> the plane 
EF is therefore equal to 

HrUr dFir __ fid d^' f 

N,^ (lx dx* 

which may bo written When the n.oleeulur paths 

Im t thel original positions the "J "'I”;;- 

sonts on the whole, the Kinn in moleculeH mi thi, I ran 
de of the plane EF. But the sp.iee .K-tn.pi.si by hes.. 
lirls is not aero. A portion of the mixture niiiet there- 
fore be transported boditu across the plane in the oppo- 
site direction to make nK)m fur tlu‘ furcKumg m<»U‘<nileH. 
Let P. denote the volimie of this portion of the mix tire. 
The total iiiiinlH.r of moleeiiles r tninsi.ort.sl on the whole 
across the plane .ht K.pmre em. In the lon .d .1~ 

of conceiitrtaion itradient, whieh is equal to the illlTitsion 

dr, is accordingly given by 


Br- 


H,hrdNr_^ 
i\% dx Avf'.Vr 


Let and (% denote the (‘xt«‘rnnl undtHndar vt.lumefi of a 
molecule r and of a muleculi* e re.siM*t’tively m the nuxtum, 
i.e., the decrease in tlu* vnhnm* id tin* mixture when a mule- 
cule r or c at constant jircssure is remuved. Ihese iiuunti- 
ties are evidently eoniieeted hy the equatiun 

A h A " !• 

The quantity I\ is thendure given hy the et|uatiori 
iVr+Av AA+Af 
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or 




\ Mr§r-Me^e \ 
[ Ne&e\ 


{Nr+Ne). 


On substituting this expression for P„ in the preceding dif- 
fusion equation, and then substituting the expressions for 
Me and Mr, the equation becomes 


[ urUrNe d^r UelseNr dN e\ 

[ Nr dx TVg dx ‘ 


(126) 


which is a fundamental form of the diffusion equation. 
The rate of diffusion of the molecules e, which takes place 
in the opposite direction to the molecules r, is obtained on 
interchanging the suffixes r and e in the foregoing equation. 

It will readily be seen that the rates of diffusion for the 
two different kinds of molecules may be written dr=K^e, and 
8e=Kt}r, and hence the ratio of the rates of diffusion is 
given by 

.8r de 

Ye^Jr ( 127 ) 


In the case of a liquid mixture the quantities and are 
not equal to each other. They may easily be measured in 
practice since 


0 To 


where v denotes the volume of the mixture. 

In the case of a gaseous mixture and Ne+Nr=- 

Cer a constant since the pressure is everywhere the same. 
Equation (126) in that case becomes 


8r— ^ \ 


1 nel&eNT\dNr 

' Nr+Ne\ 

1 Nr ^ 

Ne \ dx' 


If the concentration of one of the constituents of the 
mixture is small in comparison with that of the other, say 
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of the molecules r in comparison with the Wecules 
equation (t26) becomes 


6,= 


177 dx ^ 


by considering 

ampresentat.vei^tumwhmhte^tlms^^^^^ 

expansion pressu , nossess an apparent moleculm 

whose nroperty according to Section 1S> 

The tamer q^tity repmsents the obstructiorrjdm 

molecules volume of 

quantity represents the th-“bO convenient 

a mixture on =‘'lf'"8XmT by the correentration Abi 
now to replace tl e ^ y molecular free imths 

similarly as in Sections 3ond3J ^ expressed similarly 

of the molecules r and c may tnen uu i. 
as before by the equations 


I Hr 


b'r Ncr 


vr 


and 


(130) 


Ve — b'e ^ er 


V rimtntos the volume of the mixture contaiiiiim a 

where tv the total oonceiil.ral.ion 

gram moloxule of m' f ’ " nmlccular vuliune 

of the molecules r and e, (t, the appamm . 

of the mixture which appeal's to .UiTusi.m 

molecules r, the characteristic facloi of the 
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se path of a molecule r when the mixture is in the gaseous 
Lte, and cl> the diffusion interference function with respect 
a migrating molecule r, while the other symbols have 
iilar meanings. As a first approximation we may write 
iilarly as before 




0 Q 






3Ye N denotes the number of molecules in a gram mole- 
3 of a pure substances, and 0 '^, and 0 Q, are functions of 
ind Ncr, but which are insensitive to variations in Ner. 

On applying equations (130) to the gaseous state they 
ome 


l&r — k' 


N 

'"Ner’ 


60 — li Si 


N 

Ah. 


ditutiiig for Is, and (g, from theses equations in equation 
:)• aiKl obtmiiiiig (‘xpressions for n, and n, by means of 
ition (^IJ the eciuation beconujs 




. (131) 


> o-i-Nr--N,r, VrViarNr^-^nir, aiid whci'e 

ind via, denote [Jm a))soIut(‘ and m, and wi, tlie relative 
ciilar weights of the mok'cules r and e resiiectively. 
equation apiilies to the gaseous state and gives the 
Lon lietween lht‘ elianicteristic quantith's and 
viich aiv lune.tions of the temperature and tlie nature 
e inolecuies. 
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' V V, will'll llic Ulixou'.' is ill till' Rasciilis 
Since insiH'i'tiim nf Kill- I'l. "’'“h 

state, it will 1«* c . , niiths of ;i iiiolecule 

shows die reliitioii h ' -en 

and Its !,n a iiliKi'atiiiK iiioleciile passing 

chance of tho li > > -uid rhaiiaing itn diretition. 

Uirougl. aniaxinium ' X„;.: stii.e and the eo.i- 

Wheii the ,.,.,a,iv..l.v s.oull, aiiotlicr 

centration of one . aUaelieil to the quantity 

intcwting 'J'l'" ‘ and it iiulh'ates tliat tor 

the same c.ncenU'atioii griiilieiit per luole.'ule, or = 

*„„t the foregoing nuaiitity is propovl ioiinl to 5,/n,. 
constant, the 1 J;, ,■ ,„„„U'r of luoli'eules erosamg 

Therefore, since ^ . .p,,,,,.,) m right , ingles 

rtrdtJuou S .limn.ion, and denotes the rate the 

1 dilTuse acmas the lilaiie, the quant. t,v s „ is a 

molecules ^hieh has erossed the 

measuie. o „lh,.r, to remain on the latter 

plane from one. side. W tin 

,V and 'I'', in the foregoing eqnatiims 
r" : .‘r the Jlel'dar interfereiiee of the mixture 
cxpresstls e.Ti e f ..l.anging the value o£ S„ 

on two mterailnih , ,|nantities which arc 

which irt not c>xprcHhcd by tiu i 

similarly alTected. ,„„ 1 the foregoing equations 

may be found hy . • it'l n ay be, cor- 

given intH'Ction '111 Ibe^^n- thn. .d.t.ni ^ 

rcctiud aecuuhug *,*’.■» i 'rp,. v'iUu'h of the other 

velocities ^ 

quantities whit.b .n ^ ,1,.,,, Tilled. 

‘"rTu:: Jr'rr:mn,.' .somti.... m moiecnbs-i-.r^ 

value of h, is imn.ediately «■"(" ,|;h,”.Hi.‘'i!mI of dillusion 
Sr may be i.ien.Hured directly. H the . »i< 
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for the same kind of mixture in the gaseous state were 
naeasured, or otherwise were known, the value of would 
be given by equation (133) to which equation (129) can 
be reduced. The value of could then be obtained from 
equations (130). 

In the case of a mixture in which one of the constituents 
is not small in comparison with the other the quantities 
k' Sr and k'j, may be determined by means of equation (131). 
Thus we may write 


~ W~ ^ ^ rttr-j-Neare } , 

^ Sr -‘V er 

and 

similarly as in Section 35, and substitute from these equa- 
tions for the foregoing quantities in equation (131). The 
three constants ar, a«, and arc, at constant temperature 
may be determined by applying the resultant equation 
to three diffusing gaseous mixtures of different relative 
concentrations, which furnishes three simultaneous equa- 
tions. The values of k'^,. and k'^^. may then be calculated 
for any relative concentration of the molecules by means 
of the foregoing two equations. 

An interesting special case of such calculations corresponds 
to Afe = 0. The resultant value of /c'^, may be used to calcu- 
late the coefficient of diffusion of a molecule r in a gas of 
the same kind (a quantity which cannot be measured 
directly) by means of equation (131) putting iV«=0. 

The values of k' and n' obtained by the foregoing 
method would not be corrected for the distribution of 
i^^olecular velocities. If this correction is carried out accord- 
i^^S IMaxwell s law each value has to bo multiplied bv 
1.085. 
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The quantities <t>'sr and 4>' so may now be determined by 
means of equation (126) on substituting for sr, 

I and he in the equation from the equations defining these 
quantities, and for <j>'sr and se horn the equations 


4>' Sr ~ ( brNr^ + brreN eNr-{- hreeN ? } , 

JS er 

and 

<i>' Se = ^ hretN eN t + hrreN ? } , 

deduced similarly as similar equations in Section 35. An 
equation is obtained containing the four constants he, br, 
hue, and hne at constant temperature. Therefore on apply- 
ing the equation to four dense diffusing mixtures oi clit- 
ferent relative concentrations of the molecules r and c four 
simultaneous equations will be obtained from which these 
constants can be determined. The values of and 
may then be calculated for any relative concentration oi 
the molecules r and e in the mixture by means of the lore- 
going equations. An interesting special case of such a 
calculation is that corresponding to = 0. 

The number of times Ag a molecule passes over its 
mean free diffusion path U, which is inversely proportional 
to the number of times the force on a molecule passes 
through a maximum and changes its direction of motion, 

is given by 

( 132 ) 


where Vt denotes the total average velocity of a moloeule. 
This equation follows from the fact that the representative 
path of a molecule is equal in length to the actual path. 

(a) As an application of the foregoing inyestigal/ion let 
us consider the diffusion of molecules r and e in the gaseous 
state into each other. If the concentration of the mole- 
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cules r is small in comparison with that of the molecules 
e the coefficient of diffusion Dr of the molecules r is accord- 
ing to equations (125), (129), and (130), given by 


" NrNcr 


(133) 


Now according to equations (35) and (8) 


Ur 


NjVtr_Nr pRT 
' 3 sy Mr ’ 


and the foregoing equation may therefore be written 


Ner \3w/ 


(134) 


The coefficient of diffusion is therefore inversely propor- 
tional to the total molecular concentration, since k ' is 
independent of tli(‘ volume of the rriixture. This result is 
borne out by experimciut. 

The foregoing eciuation may also be written 

. . . (135) 

J) \ Tflr 

since N,.r = 7.40X according to equation (15), 

j\r = ().2X10“’*, iuid /i' = <S.315Xl(F, where p denotes the 
external })r(!ssur(i. This (iciuation w;as usetl to calculate 
the vahuis of k,, given in Tahki XX for the inter-diffusion 
of a numljtu’ of diflTrcmt gases, wh(;re for convenience and 
siinidicity is now writl,cai for tlui vahu'.s of D used cor- 
responding to p~7i\i) cm. of inerc.ury. The directions of 
the diffusion t.o whi(di the cocdrndcvnts in the Table refer 
are indi(^ated by arrow li(‘a,ds. 

It will b(' scH'ii on iusixH’.ting thc! table thaii ip] in(!r{^ases 
with incr('n,S(^ of t(!mp<n’!i(-ur(! for tlui same two diffusing 
gases. T1 k 5 chancc' of t.lu^ resultant force on a migrating 


180 


THK XATlllE OF MOEECULAE MOTION 


p<‘r unit Uuijith of |)Hth tlinuiiJili u nuixinuiiu 

aiu! chaiiKinp: in tiinHiiou thus tltHTcasinl by an iiicreiise 
of AftuuUy this imnius that sauu* of tha 

siuallar nuixniiu or Ih'IuIh tif tin* luoltH'ulur juith tut* luoit* tii 
less siiuMtthtsl tnit by nn ituToast* tif tomporatun*. This 
would hapjM'U U'ctui?'** tho tiuu* tiny jiair of interact ing mole- 
cules art* uud«*r each other's inilut'uce is tleer(‘tist‘d by an 
incretist* of teiuiM*rutur(*, sinct* this incrt*uses the molecular 
vt*locit ii's, iiiitl ht*iice the tunount td detiection tilth mole- 
cule under|ttH*s is decreased. 


TABLE XX 


er. ! n ^ 

i 

t IW 

, . ■ I 

0 j .in2 2.K1 

U2.'i I -asi it.ni 

i 

; (‘tbn ‘f{»3 
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•lu.n i .t 2 ;ii 2 75 


u 

45 


(ML B'tj. 

tJ.527 2:iCt 

.U7jr» 251 


(yt.air B*t), 


1 ,!»4 

2 20 


j n *3 n)i« 

1 _ ^ 

I IW Oil 

j .UK? 14.8 

I L 17 U h ».3 


i fIbtL-db 

I 

1 j 14.3 

i 4’i738 ‘i la. O' 

1 j 

* {%il. dll 


j ,2!t4 13.1 

I .HUtKt 14.2 

! 

j ( . I s»^ L 1 Ii 


,1721 

.3177 


tl 

U7.H 


.0:10.5 

,o.>nB 


11.0 
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It appcuirs alKo that for tho same medium the value of 
Ks decreases Avith an iiun'wise of molecular weight of the 
dilTusing mohaiule. 'rius indicates that the chance of the 
resultant force on a migrating molecule per unit length 
of its path passing tlirough a maximum and changing in 
direction is increased by an increase in the molecular weight 
of the inoUauile. 'Phe ndative change in ks, it will be 
noticed, is cu)nsideriil)ly smaller than the relative change in 
the molecular wcught. Thus an increase in molecular 
weight acts in the opposite direction to an increase in tem- 
perature on the valu(‘ of k,, as we might expect. It is 
evident that an inctnuisi* in molecular weight increases the 
tinu^ the irit(U’a(iting moUunih's are under each other’s influ- 
eiKUi, since this is aiteiuUul by a decrease in their velocities, 
and the forces that. t,lu»y exivrt upon each other is also in- 
enjased. Th(^ vahu's in ttu‘. Table are not corrected for 
Maxwell’s law of tlistrihution of molecular velocities the 
corr('(!tit)n co^r{^Hpon(iing to the introduction of the factor 
1.085. 

If the quantiti(‘s iir and Ur in (equation (128), which applies 
to the gaseou.s st ate, an* (‘xpn^KscMl in terms of the correspond- 
ing mohuudar velo('iti(‘s, tin; ecuuitioii assumes the form 
usually givcui in tivatises on tlui Kinetic Theory of Gases. 
Th(‘ {iuant,iti(‘H Ur and ar<‘ supposed to refer, however, 
to the, free juiths of moleeular collision of the molecules r 
and resp(‘{’,tiv(*ly, iind therefou' have not the same funda- 
mental meaning given to th<*m in this l)()ok. 

(7>) An interesting ai)plieation of cHpiation (129) may 
1)0 made in eonneefion witli the electrons in a metal. We 
may write = where Nc denotes the number of 
free elect roms per euhie em. in a met.al, and Uc the number 
crossing a scpiare em. from one side to the other in all direc- 
tions per .second. A ehnnge in A,, evidently produces a 
cliange in n, through th(* increase in concentration of the 
elcclrons and the cliange in their interaction upon each other. 
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li will n<jt Ih‘ diflicnlt tt» st-t* that flu* in n, tlu‘ 

fcairuT faust* is largi* in {•uniparisnn with that din^ In tha 
laitar when tlH‘ ehanti<* in enneentratinn is snialL W(‘ may 
th(‘n‘fur(* cniisitler K, a ennstant fur small ehangcB of Ne. 
K({nation cl2tt| applied to the difTnsion of electrons in a 
metal may therefore he written 


5* /&■ 


(lilt 

<{x 


i 

Biiua* - /o is etiunl to thi* partial expansion pressure* P, of 
*,) * 

th(* (‘leetrons aecordiiiK to Seel ion 20 the forc‘ji;oing eauation 
may lx* written 

,J2U.rir. 

dP 

where - * is evidently tlie foree* ueting on a cubic cm. of 
dx 

dilTusing electrons. We may thendore snjjpose that the 
electrons an* nnifonnly distril tilled and this force imnluecd 
liy an elect rii' held X, that 


.VtAh 


t//V 
t/.r ’ 


where i* denotes the eleetrie ehari^e on an eh'ctron, and the 
eijuation thereiore aiveii the form 

. 2/,,XeAh 

.1 ’ 

Tilt* enrreut. / produfed Ity iht* i‘leefrie lii'ld is driven Ity 
/ ti), l:X, 

where k tleiiotes the eleetrie eoiuhietivity of tin* material; 
and till* foreiioina two <'(itiations tlierelore a;ive 

2.512X10 ‘‘’'AA 7'///. 

’ ' * 
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where m. denotes the mass of an electron relative tn the 
hydrogen atom, and 4 = 5.087xl0-2«v^. This eoua 
tion may be used to calculate the number of electrons ne, 
cubic cm. of m uHstal. ^ 

The value of the free diffusion path of an electron in 
a metal is probab y in the mam governed by the presence 
of the atoms, and as a first approximation may therefore 
be taken equal to the distance of separation of the atoms 
Approximate valiu's of Nc may thus be obtained. Thus 
for example in th(v case of copper at 0° C. /c = 7 7X10“^ 
E.M.U., and since; mc = . 001, e = 1 . 6 X 10 - 2 o e.M.U. T= 
273°, and — 2.25X approximately, we obtain 

Ni:~2X 10“^ approximately. 


Equation (blO) p;ives definite information about the 
variation of N, witli the temperature. Since k for the pure 
metals varies approximately inversely as the absolute 
temperature, it follows from the equation that 


iVoCC 


1 ^ 


Thenvforo, since* /.,< <*an only increase with increase of tem- 
perature, tli(' value of Nr. decreases with increase of tem- 
piu’ature in Ili<‘ case; of liu; pure metals. This result may 
of course not- hold in the case of alloys whose conductivity 
usually incri'.'ises with inc,r(‘asc of temperature. 

hlxperiin(*nt= shows that the conductivity of a metal 
is K^'Jdly alTtudrd by small amounts of impurities. These 
should not alter tlu; value of Ige to an appreciable extent. 
Tin; chaiifj^c^ in eonduetivity must therefore be due according 
to (‘(luation f 13(>) t,o a (diaiigi; in Ne induced by the impuri- 
ti(‘s. This is j)robably lirought about by the impurities 
aff(;(;ting tlu* rab* of dissociation of the atoms of the metal, 
and thorefon* t he correspoiiding constant of mass-action. 
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From (‘{{iiatioiis uiitl (12li wt* (»! vtain 


f’ 

k 


^ (f- h:^' 


This (‘(iiiutiaij !^iv(>s tlu‘ valut* (»f th<‘ ratio since 

iV ft 

the (inuiititicH O and k can l»e iiaeisunHi directly, and the 
reinaininK (iimn1iti(‘H are kntnvn c( instants. The ratio ('ik 
lias approximately the sanie vahu‘ for all inire nadals at 
the same temiHTatnre, and is apjiroximately pn»|H»rti(mal 
to the absolute tem{M‘rattire T. 'riiis is shown }>y Table 
XXI, which was taken from HiehardsotFB Ekcirou Tlwory 


TAIihE XXI 


Mftlcriid. 

{'(ilHHT (purcl 

Silver (pure.) 

Oitltl (pure, I 

Nickel (pure). 

Zinc Cparei 

Oailniiuni (juirei .... 

0<uil Ipurej 

Tin (pure] 

Aluminiuiu . ■ • 

Plnlinmn fpuo'l 

Pullaiiiiuu 

I Irnii 

I hi«itu'fh 

L, 

(if MftiUr. Sinc»‘ is 

the temperature, and this 
mately for .S’w, the partial 
follows thiit approximately 


ValtiM nf ! 

f* k at IH" j 

Tcrnii ("*««•(. 
of KtOin.. 1 


3.0.^ it) « 

u.KitKin*® 1 


7.27>;in« 1 

3.«xitl "» 

opaxKjw j 

tj.nxin- * 

7.arixius‘» 

a.Hxin 5 

TtH', ..'iljo 

3.7 Kit) 

7 ir. .‘low 

-1.0 Kit) * 

7 :o V 

3.4Klt)‘ » 

o ;a'. . itp» 

4.3Klt)» 1 

7M >: lt!»'’ 

4.0 Kit) » 1 

7.M X 

4.aKlt)‘» 

law 

4.3 Kit.) ‘ 3 

T-tnx ww 

l./lKlO"* 


very pirohuldy independent tif 
is also likely to hold apjiroxi- 
speeitii’ lieat tif the elect rons, it 
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Another expression for the electric conductivity of a 
metal, which is well known, may be obtained as follows: 
Consider a metal in which the electrons are under the 
action of an electric field of intensity X. Let I denote the 
length of the actual path of an electron at the end of which 
it possesses the same amount of kinetic energy as at the 
beginning, being the path over which all the energy imparted 
to the electron by the electric field is imparted to the sur- 
rounding electrons and molecules of the metal. It will 
be noticed that again we define molecular path without the 
introduction of molecular collision, as this is more satisfac- 
tory. If Vt ns usual denotes the total average velocity 
(Section 17) of an electron, the time t it takes to traverse 
the distance I is given by t = l/Vi. The effect of the electric 
field is to give an acceleration equal to Xe/mae to the electron, 
whose absolute mass is mae. If we suppose that this is 
unimpeded along the path of the electron, it will have 

Xet 

a component velocity equal to — at the end of the path. 

This causes a drift of the electrons which is approximately 
Xel?" 

equal to during the time t. The average velocity of 

2mae 

the drift is therefore or ■ ^ . The electric current 

juTVlae ZiTYlae V t 

in the metal is therefore given by 


Xel 

2macVt 


XNe, 


and accordingly the electric conductivity k by 

2maeVt Qnmae 


( 138 ) 


by the help of equation (35) . 
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If tlie Rupposititjn in made tluit / = and t hat. the electrons 
beh!tv(‘ as if tliey wen* in thi* perh«td,ly p;ast*(mH state/* thi* 
ratio C/k formed from etpiations (EtS) and (105) is pr»)~ 
portional to tin* al)solut(* t(aniH*ra1.un^ T, and its valnt* 
agrees approximately with that found by experiment- It 
is liardly likely, however, that the .sui)i)ositions made are 
triK*, since the tlieoretietil ratio shows great dt^viations 
from th<^ exp(*rimentul wlu'ii the miitals contain small 
amounts of impurities, which should not alTect the* supijosi- 
tions made. Mon‘OV(*r, it is ohvi<nis that in general I can- 
not bt; eciual to h. What we (;an say with certainty only 
is tliat the tlusn-etical ratio of (%k has a factor of 7' which 
for ptire metals has a value corr(‘sponding to the* electrons 
behaving as if th(‘y wt‘re in the perh'tdly gaseous state, 
according to thci results of exiH'rinu'Ut, 

From (Kiuations (168) and (Eid) on (diminating k we 
have 


y _ I 2.515X10 ‘Vf// 

This e(|iiation ident ieally vanishes if w«* assume that 
and that. V', is given hy e<in:itittn (8), whicdi cnrresi»oiids 
to th(‘ ehs'trons hehaving as if they wen* in the iK*rfet*tly 
gaseous stab*. Thus the lat ti‘r assumption, and the assump- 
tion that l = (« = 2/*„ satisfy tHpialions (124), (130), and 
(138). 

Accordingly the ns.s\inipt ion that. 2/, and tliat the 
electrons hdiavt* as if tliey wen* in the gaseous statr*, give 
a value for the tlusirelieal ratio of C/k exjiri'ssed hy eepnition 
(137) whii’h agrees with the facts. But tlu> assumptiom- an* 
not likely to hohl for th<* .«ume reasons us stated previously. 

* Which (’orrcsjamilH to u hfiiiK given Oy cquatiun (21), .S',,,, l-f-iiig 
equal in 4.S()BX1U“=^ cal., luid taking inOi account tliat vNfjn ,, 

= . 001 . 
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'rhc (‘xpivssioa for the ratio C(h obtained from equa- 
tions (121) :ui<l (l.hS) applied to the gaseous state is the 
one asu»ill 3 j-^ivt n in eoiincctiioii with electric conductivity 
hut tlu' iiHxiiiiiigs usually attached to I and L are not 
t'xactly the saiiu; as those given in this book. The ex- 
prc'Hsion for th(‘ ratio given by equation (137) is mathe- 
niatirally tuurt' fimdainental, as will easily be recognized. 

'Fill' ililTusioii of gases may also be treated from another 
uspiH'i, which iiiv()lv(‘s the attraction of the molecules upon 
each oilier. 


4 ,?. Max weirs Expression for the Coefficient of 
Diffusion of Gases. 

If a mole,tuil(5 may be regarded simply as a center of 
f()rc(‘S of atlrac.i iou and repulsion the coefficient of diffusion 
of a gas into nnotlua’ gas is a function of the law of force 
between the moUuuihiS. The mathematics involved in 
finding tin* funelion for any given law of force is, however, 
of a very complieal(‘d character, and does not yield expres- 
sions of any })raef ieal us(^ except in one case. Maxwell* 
has shown that, if t.lu'i attraction between two molecules 
separated by a distiane.C! x may be represented by the expres- 
sion li J''\ whert^ li denotes a constant depending on the 
nature of tin* mohamles, the coetlicient of diffusion Dr of 
a ga.s r int o a gas c is given by 


Dr 


pT 

Pr 


Jh 

B 


] mrmc(mr+mc) 


1 




(139) 


where /n, p., and demote the partial densities and 
pressures respect ividy of tlui molecules r and e whose molec- 
ulai’ whghis ar(! uo- and ntc, 'p^'Pr-hVe, and Ac denotes a 
* ■’ 1 iviisiiiiiriil '^rh(s)ry of (1 !i.h(!h Oollcctcd Papevs, Vol. II, p- 36. 
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numericul «‘u!isHi!)t, T1 h‘ ut-frurtidii tAvo mole 

may pmhalily t»vt'r a (•filaiii rt'Kioii In* sipHroxim 
rei)re\<i‘nl»*i{ liy a ti-nii t»f tlu* ulM»vt‘ form ucco 

to Haftioii 2ll Acliuilly tlu* forct* hetweon two molt’ 
aet'ortling to 8ot*fioii M is fX{>n*ss<*tl by ji numbor of 1 
whieli is prohultly groatt-r flum lima*. 'Hit* tapiatior 
iH'Cii upjjliftl tf» ity tho writta* * ttt oulfulato 

relative eoeliieienlK of tlilTusioii, in eomu'ction with hr 
nations of the nature of the foret's t»f nahecnilar iiilerat 
The diseuHsion tif tin* results is tliertTort" rcHervta 
another plaee. 

In the previous Seetions tlu* diiTusion, visettsity, coi 
tion of heat, was invest igaltal witlatut any reft*renee t 
exact riaturt* of the law of force of moleeuhir intenu 
The fna* paths inlnHlueed have not the tliriHd, plr 
Hifi;nineanee ussoeiuted with the paths defined l»y ill 
method of moleeulnr eoliisi«ui. But we have stnai 
some otlu*r impoiiunt physical significance cun Ik‘ aiti 
to (‘Hch jiath, and to (he more imiiortant ctmiponenl. f 
K uliout which really file interest of each kind of patli 
ters. This proecdure, there can he no litmht, is more fi 
namtal than that inv«*lviiig moletadur ctiijision, and j 
over it is mathemuticully ‘juife somai, iM-siiles being 
much simpler, '{’be const ants involved in llie vii 
(‘Xiiressions oltlnincd in litis way are obvitnisly functio 
the hiw of natlecnlar attrai'lion ami rcimlsitai. 'ria* rc 
olttaincd will be used in ilto nt‘Xf. ehn|iter Itt inic 
various as|«*cts «if Bnnvnian timfion, and the tliflusior 
mohilily ttf paiiieles. I1ie moloculnr free paths will 
hc‘ given extended forms ahaig the lines worked out. i 
previous Section .hy the an! rtf which useful and inlert 
information may he tthlained uhout molenilar motion i 
various conditions. 

*Phil Mhu; May, pp. sO'a, mio. 
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MISCKLLANROnS APPLIC 'ATIt »NS, ( ’t »N’X Kf 'TP tX>*. AX I » 

EXTKNSIONK OF 'i'HK HK'^rOTS OF '1*11 F PliKViol ,^ 
CilAl’TJ'JliS 

44 * The Dired Oh.Hrmtfmt af Nornr nf (hr Qihih- 
lities defending on the Nature of the Mutkm of a 
Molecule in a Subdanee, and their 

In Hcnslioii 4 \w luiv** Hc^ni thul th(‘ iiHifion <t»f lmn>4n 
titm of a colltiidul purtit’lo ia a liquitl iiiuy 1«* nf nurh a 
rnnguitiulc, dcpcudinfj: tni fho hia* of {!»• fiHtli**!*'. ilial it 
can eoimaiicntly ha tdix-rvad duarlly hy iiHUJiH af iha 
ultra iui(’i’os(!(»iH'. 'Uta lufitiMn F dMcillulury ja ugfura, 
and takes piuce in haphui^nnl dirvtinuis. yiura; n 4* f»» a 
inigration nf tiie pnrtitdi* uhii’li is also oseillafitry and hap 
hazard in ehuraeler. It I ho soltitimt j,dvon a mofaut **i 
right angles to fhi* inioidsertjw hy pie- diig n stroain of ifir" 
Hnlntinn through ihe eonfaintng vt’^Md. fhr mofion of om h 
piirliele! as it ajiiH'urs Itj iho «-v<' i tho rt - ullani of fh« iisotum 
of the t>nrii(’le and thuf of fiio lapiitl, ant! ihu**. thi' I. 

apiKS'U’.s t.o traverse an uiidulafory or wavv (ntrvr, l"hi« 
method of ohsiTvation wa^ inOot}ne.,‘d hy h-u-dUm*,, 
who aeeordingly speak** of th.* avnage amphtialr un4 
wavedimgth X of the appaoisl padi t.f Ihe jmiiirfr | hi- 
1/ sliowH as an illusiratton ;ioiiiie tiiat la oluaiijr.l 

in this way. Ihe Irlf-hund sah-' of the tigiiti- 'lea*.' »',r • 

* Zh, f. Ekdrwh., Iff, pp fi,yj mm, / pi-j, < «i 
lltIO, p. 571. 
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of motion of i)arti<*U‘S us tht*y would appt'ar to tlio (‘yo if 
the fluid W(‘r(‘ ut rest, whilt* the rij^ht-hand side slatws tlie 
curves they would ivmv out in tdu* plaiu^ of ohservation 
on giving a paralkd mot ion to t he fluith If the. actual motion 
of a particle in a litpiid at rest wert^ along a number of st raight 
lines joined tog(‘th(‘r consecutivt‘ly at ditTcn-mit angles into 
a continuous line, and this motion were eompminded with 
a uniform motion in a given tlireetion, ihtt motion of the 





parti(^l(! projeeted on to a plane would apjiear as a, eurve of 
a similar eliuraeter, namely ^•tln^:isting of straight lines 
joined togetlun* at varittus angles, d’his is not, uliserved 
in practice, however, and it htllows therefore that the moUftn 
of a ])arti(ie is not suddenly ehanged in dirts-lion at cer- 
tain ijoinls only ulung its palli, 1ml, eontimially so mure 
or less, showing that it is euntiaually undt*r the inliuencii 
of the surrounding moleenh--. 


THE PHOJI'X TION OF A PATH ON TO AN AXIS 


lyi 


If a point is chostai in th(* vidnity of each bend of the 
iKdiiMl i)aUi of t.lu‘ pariicl(‘, and (aich consecutive pair of 
points joincMl by a s(, might line subject to the conditions 
that, tlie Sinn of th(‘ lengtlis of tlu‘. lines between two points 
a e.onsi(l<‘ral)le liistanci; apart is ecpial in length to the cor 
resiionding path, and t-aeli direction of a line in space is 
equally i)robable, t'aiih linci corresponds to a diffusion free 
pat h of the particle according to Hection 41. 

d'he iirojeetion of a diffusion path on to a plane can 
be shown to naluet' it. on t he average in the ratio 7r/4, since 
it may point in any direed ion. Thus if denotes the length 
of the mean diffusion pat h of the particles making an angle 
(I with a line at right, angle's t.o the plane of observation 
and lU) lairticles i>asH tlirough each point per second, the 
haigth of the projection of these paths on to the plane is 
wiuul to 

( 2irls sin O-h-tUh f sin- O-dd 

Jo 'iTTh J, Jo 


bvnti 


Triln, 


sin (h cos (I 


kri. C • 

2 j. 


Trati, l^no 


I 'tail, 

+ 2 ' 


m) C'^ . 

2 'jo 


.sin^ d-dQ 




and thus is efpiul to (tr for a single path. The 

average proje<*tion j> of a. dilTu.sion pn,th on to an axis in the 
plane of olKservaiion can lanv be shown to be given by 


a 




sin <1) • 



or 
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where (f> denotes the miih the projf'etion raakt^s with 

a line at right angles to the foregoing axis. 

The projt'ction p is evidtnilty soiui'what greatia* than 
twice the average ani{)litud(‘ Ai of tin* curve traced out. in 
the plane of observation by the projected motion of a particle 
when the solution is givc'ii a nnhion at right angles ttJ tin* 
axis of projection of p. It is evi<it‘ni that the closi‘r the 
actual path of the vnu’tieic* resembles a muulHU' of straiglit 
lines joined together at various angles the* smaller is this 
difference. Its magnitude is imposHihU* to dett'rmitH* theo- 
retically, but it is i)rohahly safe to say tliat it is not lik(‘ly 
to be greab'r than It) iK*r cent, proltuhly it is often.mu(di le.ss. 
Thus as a first api)roximjdiou we may take, 4 ecpial to •1*4 1 , 

It is possil)le, howt'ver, to di‘tt‘rmin(‘ flu* t*xact average 
value of the ineuu diffusion path from curves of the 
nature shown in Fig. 17. The avi*rage wave* lengtli X of 
the curve is evidimtly e({uai to tla* aviTugc* length of the 
projection of tlu* diffusion i)ath on to an axis in the iilane 
of observation i)arallel to the diu'ctiou of the motion givcai 
to the solution. The magnittnh* of this pnijnet ion, it should 
be noticed, depends on the. magnitude of tlu^ motion of the 
.solution. If fim <lenote tla* numlHW (»f luaxima in tlu^ ettrve 
passed over by tla* particle in one second, and W the velocity 
given to the solution, we have the relutitm 



Each of the (luantities in thi* foregoing (Hpiation nmy he 
measured din'ctly. The lengtli uf path /#, tracisl out. in the 
plane of ol)s(‘rvatiou in om* second may also hci oldained 
by direct meaKurement from tla* eurvr*. 'Tliis length I,, 
is equal to the length of the* <*urve that would he traced 
out in the plaiu* of ohserv!ili<tn if the particle passed over 
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Its chifusion path according to its definition instead of over 
its actual patli. The value of is thus equal to the 
length of the av(>rag(‘ projection of the diffusion path on 
to tlie i)lan(‘ o^t obscu’vation under the conditions of the 
expel iinent. llujn^toie, since the projection of the dif- 
fusion path on to an axis parallel to the motion of the fluid' 
in the plane of olisivrvation is X, it follows from geometrical 
considerations that the projection of the path on to an axis 
in the plains of obstawation at right angles to the motion 
of the solution is 


or 




since w « = 7s/X. This proj ection is independent of the motion 
given to tlu; solution, and is therefore equal to p the pro- 
jection corresiionding to the solution at rest. Therefore, 
since we have piH'viously olitained that p = lsl2, we have 

i.=Yyv-v7. ( 140 ) 


Thus we se(', that it. is possible to determine directly the 
averagi' diffusion {lath of a colloidal particle as defined 
in Section 41. 

It is possilile thenton! to calculate the coefficient of 
dilTusion and tlu' total av<‘rag(i viilocity of such a particle. 
A(!cording to eiiuation (121)) the coefficient of diffusion 
Dr of particles r in a sulistance consisting of particles e 
is given by 


where Vr denotes t.li(‘ number of particles r crossing a square 
cm. from one side' to the otlnu’ per second, and Nr the con- 
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145) 



*i. .V 


JP 


:i ’ 


\vliilf‘ directly 


where ir denett'i^. the nveruge |H‘rimi of the ditTuHlon 
Ig, of a jmrtii’le r, and V,, totsd average velocity, 
diffusion etjuat it a i may iherefose Ih* wiitteii 


path 


Hk! 


(141) 


The period (r itt tdso givioi hy 

/ . V . ^ 

* 9 

gild may thus l«* det<*iuui»ed frmo curves rff the nature 
shown in Fig, 17. Kuuafiun UHl may therefore In* usetl 
to determine the eiMdheii nf oi ditlU'«ion of etdloalal parliclcH. 

t'iuee I have leU pi*'\ioU‘«ly ptihli^la'd the deitiittioii 
o-f the frt*e ditlU“<ioii psoh u^*i'ti, and the nietliod of th'fei” 
mining it> din*elhe in tin* eu^i* *4* a eolloidal pai title, no 
valu(*H of it. iiavt* yt'l. iM'ell ■tlel»'}ntl!H'd. ihit file U\tnigl‘ 
values of tlie amplitudes »li i I a* It ' ef the' t'ni»»'e tleseiihed 
by a purtit'le in tlie pilHfie *4 ob^'-ervul ion art*. liout*\<‘i, 
available, whieli. we have H'em ao' a|»prt«\im.'i!elv- erjnal 
to Svt'dlterg ha^ mt-asnied flit* avi*rav»* Hiiiplitude 

/li, and avtM’Uge |H*re.»d P *4 platiiium partieh-". in varioti-^ 
SoIvtuilH. IVing the.oe v;due*» I liHVe eah'iii;ifei! the t'O" 
elheienis of diiTn!*ion t4 the paifiele-, whielt will be found 
in 4'able XXII. *1 ^ahie-' are prolialdii neasei to (lie 
trntih tbian eoiiUl be ♦tbirtinei} by direef i!ii'.t“iiie!t)t‘‘nti. 
The lust column m tlie ’ihble gi\eH the irntdiiti 


equation for total AV-PT^Ar... 

average velocity 195 

, denotes the viscosity of the solvent. It wiU be seen that 
it IS very approximately constnn+ ^ 

diffusion of a particle thus varies im ^ coefficient of 
of the medium. Thisrwlmt 1' 
the case of particles considerably larger thruTmoLute"^ 

table XXII 


Solvont, 

RndiuH 

in 

cniH. X 
10». 

Tnnin. 

Coiit. 

Time 1 
in 

Boconds. 

Viscos- 
ity *?. 

4 Ai in 
cms. X 
106. 

nxio’ 

cm. 2 

sec. 

Di 7 lOhJ 

Acetone' 

E. AoetHt(^ 

Amyl fu^iaatc! . . 

Water 

Propyl alcohol . 

().2r) 

().2rj 

0.25 

0.25 

0.25 

18 

It) 

18 

20 

20 

0.032 

0.028 

0.026 

0.013 

0.009 

.0023 

.0046 

.0059 

.0102 

.0226 

14.2 

9.4 

8.0 

4.3 

2.4 

2.10 

1.05 

.82 

.47 

.21 

4.83 

4.83 

4.84 
4.80 
4.75 


An (‘xpression tor thc^ total average velocity of a colloidal 
partich^ IS obt,amcMl from the two preceding equations giv- 
ing i,h(‘ pi'i’iod of the diffusion path, and equation (140) 
which gives ' 

Vtr = * = 2V 1 / ~vj^ (142) 


iSiiK!(‘ valu(‘s of /,, are not available this equation cannot 
yet I)(> used to enhiuhUe values of Vtr. We may, how- 
ev('T, us(* file a[)proximatci average value of 4Ai for Igr, 
which gives to the e(iuation the form ^ 

lV:=-4.4,L' = t^. 

A tf 

Tliis eiiu.-ition would hold exactly if the actual path of a 
particle were along a number of straight lines joined to- 
gether at. various nngh's. It has been obtained by Sved- 
h(‘rg on (his suppo.sition, and used to calculate the veloci- 
ti(‘s of part.i('l(>.s. Foi- the platinum particles in various 
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solvents to which Table XXll ref.TS he olOaine.l the veloci- 
ties riven in Tabl.' XXVI. It will be c-.'n that tlf velocities 
do’ not difTer iimeh from one iiiiotbei-. and therefore ilo not 
seem to deismd nmeh on the nature of the ..olvent- since the 
™rticle.s have the same diameter. The values obtiimeil 

arc, however, not exact, ns explained liefore. 

We have seen in Section It! and this N'ction that the 
coeflicient, of dilTitsion deiMuids directly on the tofid averiittc 
velocity of a iiioleeiile iiiid the iiulu.e of il.s molion. .Since 
this al«i holds tor other <11111111 it ies. the coidlieients may also 
be expres«-d in ti'i-ms of tliimi. This iippliiw to the iiiiiin- 
tities .Kiiiotiii pressure and co.'Hiei.uil ..f mobility, and 
their relation to the coeflicient of dilTusion will therefore 
now lie invtnstigateil. 


4,6. The Cueffieieni of Diffushm^ in (UmnecHmi 
wiih Osmniie Pressure and the (’orllielenf af Molee- 
qdar MohdUij. 

ConsiiUo' u «if jutilrH'ult'H < uiul r, 

in whieb cuho diiTuHitm iniilcriili-H fr.im tiuo phirr to 
anotlun' inki's ibufc until tin* lUMlfctib-s. un* tuiilnrmly dLs- 
IribultHl. If u im-iyluniu* imporvitnis tu ■ 

Hay nu)k*<'uk*H r, wen* jbaftnl at nsib? to a, HtiiTun of 

(liiTusing molocults r. thoy witiibl oMoi a |»ros,Hurt‘ in the, 
direction (d tbeir migration upMU lire mtnuhrune. Since 
the conci'iitration ‘>f tlio lunlci’ub*!^ f i’”-; ♦lilloront on Ibc 
two sides of the ineinbrnno, tlii** jires.f*uro is tlio diilereneci 
IxdiWeen the osmotic pres’suro.s of f lio iindotnilcH mUiuK on the 
two sides of the membrane. 'Hjih |jres ure is therefore 
the force iudina; »n>on the moleoiito’* foieliiin to move them 
to places of lower eonemitralioii. wlneh i!nuiiie.'f iti-ell UH 
a pressunt by r(‘aetioit on the no lobmm* plueetl in thi^ 
path of the inoleeuh's to preveiit llo ir mien ion. In the 
absence of the memlirune tliis force r- in i»vt*reoiuing 
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the viscous friction exertexl by the mixture on the migrat- 
ing molecules. We may therefore look upon each cubic cm. 
oi molecules r as being under a force equal to the difference 
in the osmotic pressures of the opposite faces of the cubic 
cm. , which force is spent in giving motion to the molecules 
against the viscous friction of the medium. This idea of 
looking upon diffusion is mainly due to Nernst. 

In gcmeral if 5r denotes the number of molecules diffusing 
across a square cm. per second we have 


dr = NrV'r, 

whore Nr denotes the concentration of the molecules r 
and F'r the vtdocdty with which each molecule r on the aver- 
age IS moving in tlu^ direction of decrease of concentration 
giadient. Now according to the foregoing considerations we 
may write 

'■ Nr '~dx’ 


whw’c Mr deii()tt!s the coeflioient of mobility of a molecule, 
or its V(!loci(y under tlu' action of unit force, and dP^rldx 
denotes t he osmotic, pixissure gradient. Hence the preceding 
e(|uation may he writlrni 


dr 


■m; 


dr\r 
(lx * 


(143) 


Similarly in tlu^ casci of the molecules e diffusing in the 
opposite (lire(!tion wc* have 


5 ,.= 


(lx 


From ilu) prc'cxuling e(iuations and equation (127) 
we luive, 

thlU, . . 


. (145) 
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■in cnuatio.. wliicli .-xiiivssfs the r.iutir.i, 1 „.|«t<'Ii llu' 
omiiiitic pivssurc trru.li.-uls „f llii' iui.I.mmiU.s ,■ uiul Uu-iv 
cooffinwits »f imiliilily. ;in.l lluAr mnliriib.r vulimics. 

Ill the "f “ ililiii'' wiliilii'ii "f ni'il'-i'ii't's r iii 
c the usniotie iirc^siiri- uKr.vs the i!:is laws, thiil is we may 

ur IIT 


Ith 


ih 


iUf 

nut 


s 




wherc mr and nur d«‘iu»t<‘ iIh* ivlutiv^* mu\ innlotMilar 

weights of a luolee'uU* r. stud tin* ntlit* fit.n is tht'refort* 
equal to 1 h(‘ lumiher *V uf mi»UHndeM in a grant iiutleeultt 
which according to SeetiiCt H is ♦•qtud to h. 2 X HH. Hence 


<//V d.V? 

tlr S ill. 


and equation (I hH hecnui.^-^ 


M 


NTiiX 


This gives for the eoeiheient ot dilftnion 

irr 


IK M, 


X ■ 


. ( 147 ) 


d'luis if tlie vahie of eitht-r of the twu quaiilitifs IK and Mt 
he known that of ih(* other ijuantjfv may Ite imnii*diately 
ealeulated. 'Fahle XXUl give., the: vahies of Jf, or the 
mobility tmder unit foree, t,f a nuitih* r ♦*! ditlerent mole» 
eul(‘S in difTereni liquid and gaonus iiirdia, ealeulated 
from the kuftwn vahies of J). d‘alde XXI\ give; the ("ih 
Ciliated values of /l for some eleetijeidly ehaiged mole* 
cules whose; mohilitie.- jM*r nuii Imiv,- roe known, dltey 
agree fairly wtdl with the value.-* uhtained hy e\jterimeui. 
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the time the molecule passes over the pat h / „ with the velocity 
y,!ketion 17), the foregoiuK ciuthioti may be wntteu 


hr~ 

tr 


Ca/r 


RT 

N 


X- ,,r Un iwimI lo cakuiUitc. the inolhlity under 
f»crof “Irticles of a size that uudevgo Brownian 
motion The values of U, and l„ we have s.*n in the pre- 
* , Section can he determhiisl by direct observatain. 
Table "xXV gives the mobility under iiuil force of particles 

TABLE XXV 


Platinum 

Mt'diiiiii 


1 >AUTI(T.KS OK AVKUAOK HADIfrt .25 X U) CM- 


Acfitono 

E. aw'taUi 

Amyl acctiito . . 

[Water 

Propyl alcohol . 


.IKMli 

.tK)5‘» 

.011)2 

.022l> 


Mr. 10 -« ' 


5.:i() 
2.1 )H 
2.10 
1.20 
.54 


11 rllffftnmt kinds of snlulions eulmilated from 
to contained in Tab!,. XXII, nsiuK for 1., tlie approximate 

An itpressiou may i.e found for il.e force F on a colloi-lal 
ving Witt, the observed veloeily I',- under umt 
deet t field. This foree eannot lie calculated Iron, el.as 

colloalal particle as a whole is not „( 

minnoscd to i>o suiToundod liy tv\o paialUl _ 

electricity of «|uat magnilud.. bid of 

layers {2;et distorled wlum an olerlne fu'ld m applu. . 
solution, and the teiuleney uf thi; particle to move so t- 
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TABLE XXIII 





(inH(‘C)UH 

GaBcmis 

* 





iiK'iliuin 

rnndiurn 





Moloculos 

of C< )'> lit 
700 cm. 

of Ha at 
7(i0 cm. 

Liquid medium of water 

l> IB 

in Tablo 
XX. 

prcHHure 
and 0° (L 

pressure 
and 0° C. 





M 10 “-12 

M 10 

Molecules. 

Temp. 

C. 

r 1) 2 

D , 
day, 

M 10-«. 

ILO 

3.0 

18.8 

Hydrogen. 

10 

3.75 

1.14 

CILO 

2.4 

13.7 

/ Nitrous 

1 oxide. 

}w 

.63 

.19 

C„II« 

1.9<) 

8.02 

r Cane 

}l2 



CallinOa 

.83 

4.70 

1 Sugar. 

.284 

.087 


TABLE XXIV 


Nature of 
KHH in 
wliieli the 
ions are 
protluced. 

Valiu'H of M for 
-1- and — ioim 
calculated from 
(‘xiniriiuental 
rcHuIlH olituined 
by WelliHch,-i> 

Values of D for 
+ and — ions 
calculated by 
menim of eima- 
tioii (147). 

Values of D 
obtained di- 
rectly by ex- 
periment by 
Townsend. t 


M l()ia 

il/ 1- l()>a 

D~. 


D- 

n+. 

lb 

5.13 

4.32 

.200 

.1()0 

.19C 

.123 

Ol! 

i.ii; 

.88 

.0153 

.0343 

.0396 

.025 

C( ). 

.55 

.52 

.0214 

.0201 

.026 

.023 










Triuii,.; A, V(.l. CXCIII, p. 129 (1000) 
1 lin'd., A, Vt»l. (KMX, j,. 20!) (1000). 


On (KiUt'iliiip; (Ju* (khvOUmcmiI, of (liffu.sion givGn by RC|ua- 
tion (14()} wit.h t,hut given l)y (Kiuution (129), wo have 

nrkr_ UT 

Nr 

feiiuKi Ur- (Sc'c.iion 18 ), niid Vtrtr-lsn where /r denotes 
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readjust, this tends to give it a continual motion. The force 
F a(;ting on tlie particle is immediately given by 

Vc = FMr, 

which may he v/ritten 




MTtr 


(149) 


by nu'ans of t'ciuation (148). Each quantity on the right- 
hand sid(‘ of this (uiuation may l)o (hitermined directly and 
henc(‘ F (calculated. 

Expe.rinu'nt shows that the obsccrved velocity Vc of a 
(colloidal partichc varies inversely as the viscosity of the 
solution, or us 1/r?, lait is ind(cp(!ndout of the mass of the 
partichc. Hence fur dilTencnt sol vent, s the force F is inversely 
proportional to rj, and proi)ort,ional to U/l'i, or inversely 
proportional to tluc mobility, mceording to (.quation (148). 
Situac th{‘ mobility is proport.ional to the coefficient of 
dilTusion I) according to (‘((uation (M7), and Drj is constant 
ac(cording to d'able X.XII, it follows that the force acting 
on a colloidal partichc in a solution umh'r unit (electric field 
is approximately indeixmdent of all (condit.ions at (constant 
temiu'ralure. 

It will Ik* of interest- to d(*t(crinine tluc alcsoluto value of 
F in a special eas<*. 'Flms lin'dig found that Vc, in the 
{ca.s(c of platinum particles susiu'mh'd in wat.er had a value 
of about .IKM)2r) cm. per s(‘(cond for an (chcctric field of one 
volt {ler cm. According to Tnbh*. XXII for platinum 
particles of radius .‘ioXlO ('in. suspt'iuh'cl in water, 

.Ol.'l soe., Id I .tKKHMIi cm. corresponding to 7’ = 293°, 
while /i’ H.Hl.oXKh, and A' -di.'iX lO"*’. A.ssuming that 
winch holds npproximuh'ly, we obtain t.hat 


F- 2Xlt) "’dyne 
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fur ii platiimiu purtii-li* uiular tlu> f<UT‘p:oitiK coiKlit inns. 
'HiiH is lh(‘ fum‘ that woiiUJ act nsi the particle if it possessed 
ail electric charge (njual ap|irnxiiitutely tn lOOc. 

The fonuuke fur the aifi'usitni and vtscusiiy ^dveii iit S»*c- 
tiuiis 42 and da invulvt* the tiuuntitk's /n and the 
miniher ef muleculcs r an.l e crusMUg respect ively a square 
cm. from one side tt» tlie <i!her {H*r siaamd. Thest‘ cpiaii- 
titicH may he expressi'd in tiTins uf (piuntities which have 
nut been dehneti previunsly. 

46 *. Parfidl Jnfrin.^iv Prrssitrrs.* 

In cunnectiun with the inlriiisic ]n’i'-sun‘s uf a mixture 
it will he cunvenient tu intrudnia' tlu* quantity partial in- 
triusic pressure, whereby expre-'-iuns fur various (luantituw 
are furnished wiiieli are .»f iheiuetical inteivsi and often uf 
practical use. I>et us e«m'‘ider a mixture uf inuleculcH 
/■ mid c ctit intti twu parts l»y an iiunjjiuary plane nh us 
shown in Fia- 7. I-^‘? fV- deimtc tlu* attraetiun which 

the ntuleeules r in the purtiun /»’ exert on the imdeenles 
r in a cylinder uf unit eiM->»seetitin and iidinite lenp;1h 
standing in tla‘ petrtiun A with une uf its bases un the plane 
nh, and let have a Mualar meuniim in reference tu the 
mulccnk's e. I,et /V,- deiiuie' die attraetiun uf the mule- 
cnles r in lla* purtiun /•' un (he muleeiik's r in the cylinder, 
which is alsu etpial tu tiie aftraeliMn uf the muleeulcs c 


in this purtiun eat tlu' muleculr 
intrinsic pressure ui the mixtui! 
the sum uf the fureyutnij SuiceH 
given by 

I\. Pnr. I 2 /', 


H in the cylinder, 'khc 
in the plane eh, wld<*h is 
mI a,t!ractiuu, is ther'elure 




f iriO) 


where tlu* (piantitie,' un the riidif iiaitd side ul the e*|u:ifirtn 
may lie called the purlial iiitiiiisic pre ure,-; ut the mixfuie. 
* iifiOintjed l*<r ?he Ui * Inn*-- 
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sion pressure of tlu‘ tiH)!efuI(»8 r, and a sijuilnr n'liiurk apidies 
to the partial (‘xternal pressure of tiu* nutleruU's e. It. 
follows then from Section 20 that if th ileuott* the imnd((‘r 
of molecules r erossiiifi; a scpiart' eni. in the mixture from one 
side to the otlier, and ti, has a similar int'aning with resiieet 
to the molecules <\ we huvt* 

I r ^ 

= 2..>i:ix VfVnT, (152) 

Vf “ 0 , 

and 

2.o4dx K)' -hi, , Vy’w';. (in;i) 

The partial intrinsie presMir<%‘s eaiintit y{*l he t‘xijr<‘ssed 
similarly as the quantity /’„ in ti-rins of «»ther (plant ities 
which can ht* dir(*t‘fly nieasnn*ti. Ai>pn>ximate numerieul 
valuers may, howevia-, he <*h}uined from tin* simultaneous 
equations (150), (h52i, and fh5:P;. hy noplreting tlie partial 
external prc‘ssures in eompurhon ujih tin* partial intrinsic 
pressures, which may usually l*e donta and eulciiluting tla; 
quantities nr, /(„ h\, an«l hy tht* ntetlnal of tstadi«>nH 

21 and 29, 

Ap{)roximut(‘ values may also Ue r»hfuii«nl hy the fol- 
lowing method. In the rn>e of a |»ure sulcsfaiiee the intrinsic 
liressure according to Sect ion ’iti may as n first approxima- 
tion lie taken proportional to tla- sr|uarr of the density p 
of the suh.stanee. Appiyinsi thP n-sult f«» tho kind (»f mixture 
under (amsitlerathm the tpiantifies /Vfs ami iVs may evi- 
dently lie written 

Pnrt 1154 ) 

and 

1155 ) 
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where pr and p, denote the partial densities of the molecules 
r and e in the mixture, and Br and Be denote approximate 
constants. As a first approximation the quantity Pnre is 
then given by 

Pnre- BeBrPepr, (150) 

The values of the quantities Br and Be may be obtained 
from the internal heats of evaporation Lr and Le of gram 
molecules of the substances in the pure state. Thus accord- 
ing to Section 21 we have 


Pn'dv— ~ ~ '^tB^t (pi — P2) , 

where pi and p 2 denote the densities of the pure substance 
r in the liquid and vaporous states, and a similar equation 
may be obtained for he. These equations express Br and 
Be m terms of Lr and Le. 

The values for the partial intrinsic pressures obtained 
by this or the preceding method may be tested by sub- 
stotmg them in equation (150), and determining P„ 
(the intrinsic pressure of the mixture as a whole) by the 
method described in Section 21. It an agreement is obtained 
we may be fairly sure that the values of the partial intrinsic 
pressures obtained are very approximately correct. 

If the latter method is used to determine the partial 
intrmsio pressures, we may use equations (1,52) and (153) 
to determine n, and n,. We arc thus furnished with another 
method of determining the latter quantities, which is com- 
paratively simpler to use than that described in Section 29 

The latter method of obtaining the partial intrinsic 
pressures may evidently also be used to find the uitrinsic 
pressure of a pure substance. 

In the case of a mixture of more substances than two 
the corresponding partial intrinsic pressures will not be 
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(litlifijlf to doliius uiitl liuiy in* in it isimilur way aa 

tlascribiHl. 

Tin* imrtiul preS'^uros nf a lu'tortigoiattmH tnixUiro 

may ulna Iw* aomuHat**! with its fj'^sitntu* j»rosHun*H. Bafora 
tiiscussiiig thi* atnnH'ftioM it will ht‘ n<‘a{‘ssary to conHider 
.some general eontiilions id* otjuilihrium. 


4T. ('ondifioH,^ of //«• Kqinlihrinm of a Ilefero- 
geneon.H Miriurr .such a,s Tiro i^hiises in ('iintavt. 

The ndativi* etmef!i*nifi<(U of tlu* ei»nstiltu‘nfs of two 
phasi'S (tf a mixtun* is ir-tially ihffcreut nml gradually eliangeH 
from on(‘ tn th«* tdht'r in tla* trun'ititm tayiU’ whieh «‘xistB 
at the htmmlary t»f t!n' j»ha>t‘s. In llu* ease <tf a mixture 
of luideetili's r ami f, !mi oxamjjh*. i*»iUa{iMiiH (lo'ij and (1,53) 
iimst holil fitr Iwttli and tin* iranHitiim luyt‘r, and are 

therefore 1 w*» iif the I'quaiiitie* tU" equililnium. 

'riii* iKtiiial external {t!es>mi's p, and p, in tliesi* tniua- 
tions mu-1 havt* lla' >auie values evervu iKU'e, ofhi'rwi.st; 
dilTusitni from mii* port tort tt» iho other wtedil take plaee,uud 
the .systi'm wouhl rntf In* in ei jUiUhrium. This hdlowH at 
onee from emi'-itlering twn lay*‘r-- nf li«|ui«i in whieh the 
partial t'Xternal jtr«*.'--an'i''>; ha\'t‘ the values p,, /o, mid //r, 
//,. res|«-‘elively. t^met* the tt4;sl {tresMjre in the BUine 
evi*rywl»i‘r<* 

p* d ih ■' /* r * P r, 

and Inuu'e 

P,- p% ph ■ Pr. 

From lilt' lalO'r e»pirt»3Mis it odhav." fliat ihma* F an exeesH 
of presMire of the mok-eu!*' ^ r m one direefam whieh in 
halanci'd l»y an e\ee ■ oi pn-oire «<i' ihe mok'euies e in tin* 
opposili* direeiiitii. But tin-- would give ri »* lo a ditl'mdon 
of the two St'!:- *4 iiiMlecnde:- tliroueh leodi other, reastniing 
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alons tlu‘ ns iu the previoim q,..- 

(hsturl) lilt! ftiuilihriuin. Ilenco we irm.si 

Ir Pr.UKi ^ ^ ^ 

cin.^fmn o!;f th^ ^ square 

with mspiict l« fj„. .„„l,,,„|„, ,, ^ moamngi, 


CiiJlU I 

V = ,J «58) 

£™ t-' W 0„M 

iicdi.tii willi''th(^ t'^a'^si?iu,Hay,’,,.''q «>“- 

ccim'ciKnition Knidicnls il,,. tyii.l’i-ni.v „r d .’'‘"'"“'ai’ 

til «„ (III. lll.,|,.CIll,.S ,•r„^,■,si,|L^ -ISCn.'MV , ' 

; ‘“.'I I" Kiv.. „ls„ ,|i,r,.,v,„, v„l„...s ^"1'’”*;“ 

Bui ihci’t* (‘vitlciif ly (‘xisf s n fortM* ill fli i ' •* 

- " ■•"--I" 

llu* cxislinicc (,i iiuih.rulnr ftirncs of nllnclion * 'n • J 

7"/''^'l ‘"'nii- i.' ,.r,.«s,„.,. I,,,, "“ I™' 

- 

..n,, 

Mantlii.m tin ilH. niunhcr t.f mtilomilcH 
t t. .uiK a . (jiiaif ciu, In.iii niic m, ,« lo ili,. (,||,ni. i 
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the case in practicti. siiaa* lli«* of tlic int rinsic 

pressure gradient, on a set of inolocules doiHanlH on their 
nature, the concunitnition gnu lien! u t »n!d i»»t niaH'ssurily 
be the' same for each std of inolt‘c!ili*s »‘orresjH.ntling to the 
equilibrium conditions (152) tind tl5:0. 'Unis wi* see why 
the relative concentration of the ingre.iients of a mixture 
differs in the vaporous phase from that in the liquid phase. 
It will also be evident that, since the ultraeli.m of a molecule 
increases with its mass, the rt*lativ«‘ concentration of the 
heavier molecule is likely t<» lie .^mailer in the vajiorous 
phase than in the licpiid phase, 'rius is exemplified in prac- 
tice, though it need not , ami dot-s not . htdd in every casm 
Similar conditions apply to a mixture of mort* than two 
constituents. 


Jf.8. Osmotic Pressure erpressetl in Terms of 
the Kinetic Properties of Moleruies.* 

If the different jiortimis of a imxitire of .substances are 
not in equililiriimi with <*acli of Iter, which wouhi manifest 
itself by a redistribution of flie mgredienfs l»y diffusion, 
the equations of equililuium givtm in I he h*regoing Section 
will not hold. Evidently eipiations I Io7s will not hold .since 
the vapor pres.sure of tla* moleeult - r d« iM-mls on their 

concentrations. A forei* equal ti» / \ w in re .r is measured 

t).r 

along a line of decn^ase of coneeitf rat eui, will flitu'efore act 
on each cubic cm. of molei'ules r. l iiuotiMn ir»2) may hold 
at certain parts of tlu* mixture, though m general this would 
not be the ease, i'hen* is thcrefoje an additional force 
equal to 


I B /A , v,ft 

[dx\^ 




/' 


I* 


Mutter [Hifilelioi fur the Ijrht fiau' 
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acting 

on the 

moleimh's i 

'■ per cubic cm. 

d'hi^ total fortu! F, 

acting 

on t,h(^ 

mohauiles i 

’ per cubic cm, 

. is 

tJierefore given by 

^V=± 

\Ar « 

V 1 Ar 

)lrl'r (5//, 




[2 Vr~ 

-b'r 2 

{I'r-h'r)- 8x 





+ 

,dpo/ 1 


I'r \ SVr 



2 Vr-h'r 

(Cj. 

™^V)V 8x 



-• 

gj.iPnr‘ + Prur- 



This force is equal to th,‘ o.smolie pivssuiv Mctin^ on the 
molecules r. It, p:iv(‘s rise to a dilTusioii of molecules (Hiual 
to nr~n'r; and e<!uations (158) therefoiv nlso (l(. not haU 
It 18 likely that the upina* sign of tlu* lirst term of tlu* right- 
hand side of th(‘ foirgc.iiig <‘(iuation always holds in praetiet* 
Similarly the forec^ F, acting on tiu- moh'enles c per 
cubic cm. giving ris(‘ to a ditlusion <.f moh'cuh.s r in the oinio- 
Hite din'ction to the molecules r, is given by ^ 


/Css^Jflr ''' , d, a,fv (V)', 

2 2 i tv h\F Fv 

.{•*’''‘7 ^ 'V 

« VV li\ (tv “//,)•:/ fVj; 

t J , hit,, 

! n. \ I 1 . (IflO) 

Flince rir de|)ends on the rimlitm of translation of th(‘ 

un, ,1,.. 

.■M H.SH „.s.u„U,. |,r, „,,„H „f 

iimhtCT'Iar al.lrncliuii, ui„l Ih,- !.|.|,un.|,l v..lu.u,.. 

HI «• I'yKlctil 11)1 Hull 1,111^1 

ansi, (,!i)-<mKli III, -M. „r ,„„i n,,, 

ai,,ll)<.,,.r,s.,. I, I 'l l,,.,. l„„v, 

i -,( us(‘ in piaetiee to calctilafc iiHUattie pressun* dnc'e 
wo havi, I,„ „„.))„, y„l. .,f ,s, i, n, 11,;. 'l„„. 
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tli6 quantities Ur, Vr, and Pner vary in a heterogeneous 
mixture from one part to another. 

Osmotic pressure as exhibited in connection with semi- 
permeable membranes will be discussed in connection with 
another subject. 

Since the quantities ne and Ur in the foregoing and 
other formulae depend on the total average velocities of the 
molecules e and r, it will be of importance to see if some 
direct information can be obtained about the values of these 
velocities. 

4 - 9 . A Method of Obtaining the Velocity of Trans- 
lation of Particles undergoing Brownian Motion.- 

The path of such a particle we have seen in Section 44, 
is zigzag in shape. The average velocity of translation of 
the particle may therefore, according to this Section, be 
determined from observations of the average period t of the 
free path 1^ by means of the equation 

v ,=\ (161) 

Table XXVI contains the approximate velocities of plati- 
num particles in different solvents determined in this way 
from observations of the amplitudes Ai contained in Table 
XXII made by Svedberg and described in Section 44, 
which we have seen are approximately equal to l^/A. It is 
usually supposed that the average velocity of a colloidal par- 
ticle is the same it would have in the perfectly gaseous state. 
But on calculating the average velocity Va under these con- 
ditions, which is given by Va= ■922V and equation (8), it is 
found that it does not agree with that observed, as will 
appear from Table XXVI, which gives the velocities of 
platinum particles obtained in these two ways. Now this 
is what we would expect from the results of Sections 16 and 


THE MOTION OP COLLOIDAL PARTICLES 


211 


29 . 


But it has yet to be shown whv H,a t , 
might be smaller in the r.n.«A velocities 


corresponding to the gaseous state, ^Xnin the^f^ 
single molecule m a liquid we have seen it bn ^ 

value. It appeared from Section 44 that a collmM ^ 

IS continually under the influence of tb^ Particle 

cu,e. in ™ .Ws, ^nrZlXT^^ZT^- 
au sides by molecules, whose resultant effect is not 


I'ABLE XXVI 


— 

Platinum PAUTieLMs of avkuage itAwus .25X10-fi cm. 

Va FOU CJA.SKOUS HTATE=8.72 

SEC. 

Mfidiuin. 

ViucOHity. 

^ sec. 

Acetone 

PI. aootiite 

Amyl acetate 

Water 

I’ro'iiyl alcohol 

.0023 

.0040 

.0009 

.0102 

.022(5 

444 

33G 

308 

324 

2 GG 


but continually cdianKcs in <lin,cl,i(m and i,nenMn,I„ ■ ■ 
the particle tl.<. wvll-known m 1^^ rt 

when the particle l,e,i.,s to n,.,v,b^in; .?.:;:\,i 

or less .nidcMianniiuen;: 

c.il s Mence ,1 Ihe 1 y,,|„ri, ,,,,,, ,,„,Tespondimr 

to the gaseous state, or greater, i(, u.ay l,e slow, si ,Cn o 
. much .sinalli'r value bciore Mu* pari, id,, nicoivf's a 
impetus, and tiu. 1„(al av.Tage veleeilv d r 

lilci'ly to I)e t,h(i saiJH* as in ilw • i^icK'loro not 

, M<*i-s(‘ous stat(‘, l)ut ui-iv liA 

uiuch less. Section ()() also d(‘als with this point. 
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It is often asHUined that tin- vehieity uf u 
particle obtained from oliservation- nI {laih d.H-s imt 
represent the true veloeity, sinet* tin- amnlilufli. ,,f tjn. 
oscillatory motion may iieensifuniliy t«- f^ujal} tfmt it 
cannot be obseinaai by na-niH uf f!i,» uhra.|iuc-ro>ft»}M*, 
and what in truth is a wavy eurv«‘ of mhuII Mitiplitmle and 
wave lengths would be taken for a sinoiitli lim*. '{'his [h 
no doubt partly trm-. Hut it i-^ Idiilily imfirobable tliat 
only tV of the jiath of the partieh- should !m* iKo-ilde of 
being observed by tiie ultra-mien orofM*. tttberwbe the 
oscillatory motion of tlie |»arti«*le would largely eorreH{iond 
to amplitudes whose maKuiliide eould not tleterinined 
by the microscojK-, on which are im|}re*«>^nl amplitudeH of 
very much greatt-r magnitude. l*hiH d»M*s not seem to be 
in harmony with the dbtriimfhui of tiie amplitudeH according 
to Clausius’ law given in Si-etiun :u. f-br iIuh renson, and 
that the particU* must always In- »»ubje»*! t«» viscous fric* 
tion in its motion, we eonelmie that tlie vebtciiy netnl not 
be that coyrespomling to the gn-eou-* Hlafe, but in probably 
much less. 

Some experiments Ity wlm slanved that particles 

of diameters !.%<, and .-bi. have the velocities 2.7, 
3.3, and 3.8, n-spc-ctively. pomt to the .vatite concliisitai. 
For the inusseH of tiie partieles an- proiHuiional f»» the 
cubes of tlu-ir diameters, and their velitcitien m fla- g.aNeous 
state therefore- proport ieuia! to the I power of their 
diameters. Rut tills is evidently not reahv.ed. 

If Fi denote the vt-loeily of a particle *0 any in-faiif 
in pas.sing over the disfam-e §!, aiid A’ the viscotiH resistance 
of the medium, we have 

R ■ hi ■■ h-ii m , I » 5 m,^ 1“ | ■ A 1* | , 

where wia denotes tla* mass t*! fho paitir-r d io* O' I'fance 
R is proportional to 1 i, or t-pu.'*! to wlitae Ki denotes 
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coiistuni, lUid tlu* (‘ijuufitin on .su])stitiUlt- 

ing for /«? and .sjiv«‘s 


where Vt denotes the* initial v«‘loeify t»f the imrtiele wluni 
it changes its direction, 1^ the vviocity wh(‘n it is aljoitt. 
to receive a new imiietus, and / the length of path hetwetai 
the eorrt^sponding points. 

It follows therefore 'that the rate ..f change of F, th(‘ 
negative acceleniti.ai, is constant when the part icie’ is not 

propelled by the nrtih'cuhs {)f the iiualiurn. 

The viilnv of IC, is {u'ohid.ly wry dilTcient fmm tlie v.nhie 
of the coefluaent of mobility referring to the nccrof/c vt'ltn'ity 
of a {)articl(* ptivdlUi to it tfimt iliniimn considered ov(*r a 
time that gives a nmutnut lulanly iind«'r the action nf an 
exteinal force. I he latf(*i' constant has been consiflt*r(*d in 
^Section 4n and is the factor of IV in t«(imtfi..n i 1 Hti. 

The re.sidt of this .s’ection m nf intcrcM ni eonms'tion 
with th(« osmotic pivssure of drhite .solutions <'onHi»iered in 
the next Heetion. 


r,0. The (hmnlir /’rr.H.wn- of „ DU,,!,- .Sot, , turn 
of Afolrnitr.s. n„tl thoir I t-lorih/ of Tra,i;tlntton,* 

yii't Ilnirim.-i^h.mi. Ilir.l il f„„„ il.,-nM.«|yM!u,i 

iCH thal. Ihi* osmotic }»i'ev.u},. ,4 *, ,l,intn .nlution obevs the 
gas (Mjtiafion, (hat is, wr* mail’ wiitn 

n />' / e li T\\ 


whcie N iliTmti'H ll„. 

* NmI prr-.iMMdv |.utih«lit'*l 
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cule of a suhstaiKHs and A’f tin* «a»!irv!ifr.-if i».ii i,f ijj,. .-.hIuIo 
molecules r in the solvent * . 4 hi' h;i*. tiivcn rise fo 

the erroneous stattaiionf ttfu it joado that the voloeitv of 
translation of each solute inolomlf h fli»> sajiio as that it 
would have in the |M*rfectly tuoeMus .fjji*., obvious 

that if this be true ff»r tlie Mdufo lOMleryles it 
be true for the molt‘cuie.s of a |iuro li*|ttid. Hut u <.m, j,^, 
shown in many ways flmt this oauuMt ladd, thoui^h 

Van’t Hoff’s law he true. 


If the velocity of translation oi h nioh i'iile js ahvavs flu* 
same as in the gascsms state tijo o\|iaii'-ion luessuro of a 

substance would lx* Kivt*n i»y ftie ox|»r«'s;sion ttccordiii^ 

to equation (40) in vS*cti<»n 2tl Kmv flie o^n-rujii rH*t*s.sure 
of a substance is not equal In fhiH ;sj,q theri'fore 

forces must exist between the looh l ufr-- wluch i^ivo ns(. 
to an intrinsic pressure wlnoh. wufi the exttu'ual 

pressurCj iiahuiccs tlu* ex|ian>«iMO pir‘*sijsj', jih py 

equation (do). But if the looli-ioilt s * \* it forot's of atirac- 
tion and repulsion u|xu{ oaeh .xio s ;h,- uiil have the f|Ti'*ct 
of chanpjin^ tla* xolocity of a !it**|r('o|i iitsio wliaf it wciuld 
have in the gaseous state a> shown m risMji 17, Aeeordiug 
to Sections 2/1 and 2tl tfu> hUnl -ots i,s|,o- i, lot*ily of a inolt*” 
cuIg in a litpiid is inatty tinto' whaf ii would have in tin* 
gaseous state. Another metleel n , d ,|, s, rijon ;il gave the 
same result. 

It can Iilsd lie slimvn lh:ii ilu nli i> a 

beotion IS, wliii-li ^ivi-s n- l.i ..lii. i JH 

us suppose tlial. (ho va|Hrr piv- ,,i i|„ ...Ituo ,■ ,,( dilu- 
tion IS zero as is (he .1, 

the molecules of (he solo.o ,1.,. („ 

iuffian'” ' I'" T'"""" *1'"" 

uflucnce uiioi, oaeh o(hor |.r:..e„,|,lu leu,.;',,,. 

= 0. According; to VaiiM II., r- !., Vi /., ■ ,il..iic 

»tr A’ til- ’ ^ 
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u coma'iitralidii Ki-adii-iil. in (lin mixture. Equation ritSQi 

tlun-c'fon* ni this cuse heconies ^ 


RT 5R 

N 5z ^ Vr 


~ 8h'r 

'>■ Vr-b'r 5.r^2 (nr-l/r)^ dx 


4 


Arffr 


1 


i5?’r , SPf 


.rr~h\ (163) 

Now if 11.0 vnlooity of ,n,n..lali.,„ »f a moloculo r wore the 
Mine ar m (lie Ra,s,.(m,s stale a, would be given by equation 
( 21 ) on ad.ling sulUxo.s r l„ n,,. ,y, to, 

be given by ..<|uati«ns (1,12) an,l (20). i„ winch 


^^‘rJ^^RT 

mrNAr' 


SNr 


Thereby,, on .lividing cination (I (111) by and taking 

into urn unit tli.-it R ri'rtihn nir, it, nuiy hr writ.ton 

R'^ 'V A’7’ 1, , 1 ,,. T)//, 

N, Vr-l/r N '‘2 

RTiv/ 1 _ ,v 

Nr \Pr-h% (Vr^Fr)^ 

But tlu* riKitt-hutui i.idc of iJiis (‘(luul.ioti is iidt idontically 

(‘<|tiul id (h(‘ h'ftdiand side, for in not upproxi- 

mntfly d(junl to unity, since the vulue of />/ accordiuK to 
e(!(vfion 20 IS deleriuinerl t.y Mu* voIuuk; of tho iuoIccuIoh 
r; UH well as that ..t the nioleeules r in a, j>:ra,iu moh'culo of 
mdlecules r, aial the value of //, is tliererore not; Hinall in 

‘•omparison with iv; for the Hunie reuson in not .oro; 

r / 1 r 

^ I * fife 

(h'Vr »‘'<>l<‘<'nlar forces exist. Thus 
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in general the voloeity of of tin* #• woiiitl 

not be equal to that in the gu«*ou« .Htntt*. 

We may also note the foliemiiig euriNidimu in 
connection. If we supjHise that the veltjeifi* of flu* sHluf,. 
molecules in a dilute .solutiiut is tite ||,.^| ^vliieh 

they would have in fciie iHTfi-etly state their externul 

A* 7’ 

pressure is given hy ^ .y. Now the aiqmreiit voluuii^ 

If Of 

b'r of the molecules of the inixtiin*. or the apparefif vriltnae 
which the molecules r and r apjMUir to ofwtriietiiig 

the motion of the inoleeu!(‘s r, is not in t'oijiijurkaj 

with Vt. Its value is apiiroxiiiiutelv eqjui! Ut r,K r*. where 
refers to the .solvtuii e in fhi* pure Hliite, Aeetirdnig to 
the above supposition Van dor WnnlH’ e<|iia!ion holds, nn,} 
if applied to the .solvent v in the pure slaU* wo have 


P+/A- 


HT 

r* 


(Section 2 ()) wheie / «, tla* intriiiHie iireHHiiie, is larg** in eMuo 
parison with tlu; ext(*rnal preHsuie p. nnd large eSeetu.n 
21 ) in comparison with the {)res,-iiri* p’ ifn. jyp.|» would 
have if it beluwed as a iH*rfeet goN. If hdlmvM flau-efore 
from the equation that. li( v, is ru»t Hinall in eotnpfirj?’Mii with 


unity. Hence on siiltstituting 


; I', lor 1**1 in 


RT 


becomes ajid thn^ tin. |tf,.Hiitre exerted by the 

solute molecules is many times tlmt whirh tliev would have 
m the perfectly giiseous state. d1,|. pr, ensure is in part 
balanced by the intrinsic pr«‘ssiire of the niixfiiii- We 
^nnot, tlierefore, with any slum- of n-a.oii, >ay f hui i.eeame 
le osmotic iiressure of the ned.rulrs <4»ev’ the g;s. 

lna,.hui,.n ,> ,h,- >amr m ll,,. 

gaseous state. 
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The values of rij and Pnre of a dilute solution are evidently 
proportional to Nr, while Vr is proportional to Vr, and we 
may therefore write 

Ur = aiN r, b'r = a2Vr, and Pnre = aaNr, 

where ai, a 2 , and are constants. Equation (163) may 
therefore be written 


2^T(1— ^ 2(1— a2)a3 
NAr Tr ’ 

on taking into account that 


(164) 


N rOrTYLar — VYIt) 

which gives a relation between the foregoing constants. 

A method of determining directly the number of mole- 
cules in a gram molecule which is based on equation (162) 
will now be described. 


51. A Direct Determination of N, the Number of 
Molecules in a Gram Molecule. 


Perrin* has determined directly the value of A" by a 
method of counting the number of particles in a dilute 
colloidal solution. The gravitational attraction of the 
particles tends to deposit them on to the bottom of the 
vessel containing the solution. The concentration gradient 
caused thereby gives rise to an osmotic pressure acting in 
the opposite direction to the gravitational attraction. 
Equilibrium exists when these forces balance one another, 
which corresponds to an increase in the concentration gf 
the solution with increase of distance from the surface. 


^ 18.(1909), pp. 5-174; Bull. Soc. Fr. Phys., 3 (1909) p 155- Zs f 
ElectrocL, 16 (1909), p. 269. ’ 
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Since the esnnnie }»re'^>iirt* fh».» gjH law.< the tiisfrilni- 

tion of the jjartieks in ?iiiiiilHi tt» ihaf ♦*! the utMleeiilt's ji 
gas under the action t»i gravity. 1 ht* difjVretif iui et|uatiun 
of equililn'ium is 

F-Bh ••a/k. 

where Ps dc'iiotes the n.-mutie |ire'*>iire at a di’^taiua* h from 
the surface of liie seintitin. .a!e! F fhi' fun-e dm* to gravity 
acting on the partieh's iti a esilij*- ein, nf tht* HMitjtion. If 
Va denote tlie volume of a jj;ulie!i% j?,, uh deii.sity, p flu* density 
of the litpiid, 've have 


/*' « I .,f — (i'-tjXf, 

where Nc denotes tin* eonmit ration ♦»!' the |(arti(’le«. Idtr 
P, we have 


according to eipiafiou * l»i2 , am| |5,an‘f. th,* equafion ,if 
equilibrium becomes 


which on integration gives 

(hi-h^h'jp, ■ log 

where tin d A dtmtife fbr eMOs'iauraf ioii’>i eorri’snonding 
to till* disbinces hi and /»,• fr<eji tie' '-nnace t*f the -‘tilnlion. 
1 hc! ViiliK's of A s ami A .. ♦•‘o}'r»‘:-ps»ij*iiisg to gii'en values of 
III and }t 2 W(‘rt* found by eouiiifiiig tlio it.aiin'ies in different 
idanes in ti i«olution jdaeod ujs>!«'r flit- u!t I'auiiieroscojH*, 
Solutions of gtimltoge and io;s.'-f 'jr sr u *'d. 

the d(*nsilif's ttf the ui the eolutioite ri'ere 

dcti.i miiu'd b^\ two mefliMsf'!. In mih- fiis-tbod ii was Itdien 
the same u.s Ihtit «4 the Mib^u.-met us flu,* undivided state, 
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wliilt* in l!i** ufhfr it lamwii vtiltiiiir of tlu* sokition wus 
(‘vai)t>r;iti‘<} niiti tlif ri'HiOut* winghoil. 'fho two nict.luHlH 
.gavi‘ (umt'ordarif rtwilt.*4. 

Tilt* vohiim* «»f a |»trtirk‘ wiw olitiumHl, in one of l,h(> thn.e 
lUftluHis ustal, by eoiiiifitin llu* iiu!ulM‘r of |>ar{icl(‘.s in a 
given volume of nmi, knowing their weight and 

deii.sily, tin' vohmM‘ wiik inimethutrly <»ttlaijH*d. 

In the second inefluHi the einnbion wan slightly addu- 
laled, which Iisih the elTeet «»f making the partieit'H .stick 
titgelher in liltk* strings which Hiihere to ilu* vc'sser.s walls. 
On measuring the length of a string mul counting the num- 
l>er of jjartiek's in it, tlieir rmlii could Im* dctcnnimsl. 

The third method dctMiidc«l on an npidicalion of StokcB* 
law ti^ the rate of fall of tla- jiurticicii tmder tlu‘ action of 
gravity. 

'rhcHc methods gave eoneortlant results, d’hu.s in one 
case tile three melhosls gave for tlie Hjune jiatiide tJu‘ diam- 
eters .Iti/i, , tfi.V, and , I’urfieies of mnsfie and gamboge 
in a solution fijUK apjwar to \ h * sphe-rie.nl in .shnjx', and 
their roof ion itlH'.V'S Stidvo,?*' law. 

'riiese meaNurennmls dettrinim* the vnrions iiuan- 
litas in eijimljon i {Fmi r\ei'|»t ,V, which is {hereforc* extire.sKed 
in teriie-< of lla*«e 4|Ufui! it a In thiH way Perrin obiainml 

.V-7.tt5K JO'h 

wliieh agrees as well as can !«* exiM-etinl wdfh t-lu^ value 
given in d'eimn :i.. 

It is vti'v inipi uiaiil to leUiei* that this investigation 
does, nt*f j|i’|Hitd U|w»is ihi' vokautv of f raiislat ion of tlu* 
liaiiii'Ir. iil'iiig fltr- naire' an if flu-v wtao m the perfectly 
g:e-ri(u, inn., ft »lr'|»i-!idH mm-h upt*i» f he onimtj ie pre.ssure 
ohi*ying llie ea*'- e«|ii;if4*uj, whwii afrurding to Seeiion Tit) 
may I'c the ,,| ifir i,»di»rily of la'anslatiou 

of the parfielcN. ‘iliiH point ih m| miporlaitee beemiHU these 
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ex|H‘rinH‘!its ;ir«* ♦nTiii'-iNijully r-ifi-ti m f*rfH;‘i}iti:, «*» jsrrmiut 

/i'7‘ 

of the* (H'furroiii'o of liu* iitrior in osjuutitin liflAy that 

the eolloidul iiartiolfs jti u Lavo llto suiin* voloi-ity 

EH thoy wtnild lutvi* in fhi* ‘•tiifr 


A Free Paili Ftirmitln inrtilrintj SiakrF Imu\ 

According to Slokcn* Ihav li n **|'slsi*rtrid jiaiiiclc t«f riidiiiH 
r in tiiuk'r tin* action of a fona* /■' in ii liicdiuni of vinnmty 
rj and tii‘nHity p, and ihon* i** no H!i|i|»injj it^iHnion .‘111, 
the velocity Vf witii which tin- iwftirh' nioviv im givcjt hy 



Since Ve-MF, wlicrc M diia^f#*** tin* nwcHicioiil of inoliilify, 
the e{|iiation may I k* writ ton 


M 


I 


iihfi) 


On Huljstituting thw cXjifi*^?*ion for M in oquiitna} O-IKI 
it Injcomch* 


IF irr 1 

t X 


t ItlTI 


Since the vahie of hfil** tiofo I'Mor timcH thi* aver- 

age amplitude .'1 1 of a paiiielf- t4»»**''iii''cd in prat'firt* iSe<*» 
lion 44j the lafnafion .‘.hould Myo-r 3»pnio\iiyufidy wifit the 
facts provi(h*d iStt>kcH’ law hold-*. If i'»«i exuniide iltr- \';dueH 
of 4/1 1 and t (Seetion -M.l L'li- >vrdlw*rii. for plulinnia 

particles are suhstituted in flie Irlt-haiid ^ade of ilir t-'piaif ion 
for and ( it- docs not agree r-v»-ij ;»|t|ft'*.fxintafely witli the 
vulia*s of the right-hand side, a,-. }«. ••hottn in ‘rahle XXVIL 
Ihis may be cansetl ity the valtn--. *4 Lii dillernig more 
* Not previouHty |«il4oljol. 
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from the values of Is than is apparent. The values of 4Ai 
are probably otherwise unobjectionable since the coefficients 
• of diffusion of platinum particles in different solvents cal- 
culated from them (Section 44) give very approximately 
Di 7 = constant. It is more likely that the motion of plati- 
num particles in a solution obtained by the sparking of 
platinum electrodes in a solvent does not obey Stokes’ law. 
This is perhaps not surprising since these particles are not 
likely to be spherical in shape as required by this law, 
but more likely consist of flakes, since they are produced 
by portions of the electrodes being torn , off through the 
electrical discharge. 

The particles of gamboge used by Perrin in the investi- 
gation described in the previous Section are more likely 
to be spherical in shape since they were prepared by rub- 
bing gamboge in distilled water giving a yellow solution 
containing particles of various sizes whose corners would 
more or less be dissolved off. Thus the motion of such 
particles might obey Stokes’ law, as Perrin has directly 
observed. Values of Ig and t for such particles are, however, 
not available to test equation (167). 

But whatever the geometrical configuration of the 
particle the velocity Fc is likely to vary inversely as rj, or 


Vc=FKc/v, 


(168) 


where Kc is a constant depending on the nature of the 
particle; and accordingly equation (148), since Vo = MF, 
may be written 


ls^_ dRT Kg 

t N Tj 


(169) 


This equation appears to agree in a general way with the 
facts. It might be used to calculate Kc, which has been 
carried out for platinum . particles in Table XXVII, using 
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tiu* tlutii hi \\ll- Tii*' 

un* pntt'lit'uily . U' u*.' wmiiI*.! f|j;if tlify ’•littiild 

Ik* if tiu* HHiss ‘*1 ?!»' jiur!ii*}»'- j*- l>r|if tin* Mimii*. 

i'ABU: \\\li 


i Pl.ATiM M i*\irr 4 * i. 

i 

1 '• tii' H ' 4 I«)} “ 

Jo,. Ilf '4 


1 Suiw'iis 
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to expn-HK fho nuiiiiioi' mS +hiiii-iMn palls . .j,, jon .pi sin- 


AN EXTENDED TREATMENT OP DIFFUSION 223 


one square cm. in area, a quantity which occurs in the 
diffusion equations, in terms of quantities which can be 
determined directly or indirectly. We may, however, give 
other definitions to the diffusion path, which, however, do 
not enable us to express in a simple way the corresponding 
value of n in terms of other quantities. Thus we may take 
a number of points on the path of a molecule subject to any 
condition we please, join consecutive points by straight 
lines, and suppose that the molecule in its migration passes 
along these straight lines instead of along its actual path. 
The points, it should be noted, need not even lie on the 
actual path of the molecule. The straight lines thus obtained 
constitute, as usual, the representative diffusion paths of a 
molecule under the stated conditions. 

Suppose for example that the points are taken on the 
path of a molecule, and are so selected that the diffusion 
paths are grouped about a mean path of any chosen 
length according to Clausius' distribution law given in 
Section 31, and that any direction of a path in space is 
equally probable. It follows then from the investigation 
in Section 42 that the expression for the coefficient of dif- 
fusion of a dilute solution of molecules r in e is the same in 
form as the coefficient given by equation (129), or 




ft dr 


(170) 


where V sr has replaced Igr, and n'r the number of representa- 
tive paths cutting a square cm. in one direction has replaced 
fir. We may give I' sr any value we please above a limit 
determined later, and determine the corresponding value of 
n'r from the equation. Since n'r is a measure of the chance 
of a molecule crossing a plane one square cm. in area in 
moving along its representative path, it follows from the 
foregoing equation that this chance is inversely proportional 

to I' Sr. 
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Th(* i»*ii uiay Iw* >T«i in 

terms ef t»th(T (.{tjuiitilie-s wisiefi uir *4 tiitr'ir*.r 4 hie. if 
deiHfte the uvenigi* Vi'ltanfy u iiitderiili* huve 

if it. puHHwi «»vt*r its n'prest'Htrttive fintli. iii“4rii«l uf uver its 
actual path, it can 1«* .4it»u !i tin»! 

, xrh. 

« » ' ■ • 

along the name lines as iH{uati«»ri 'ATv We 

also have directly that 


where (\r denoti's I la* avi-rage time it WfHihl Ifike fht* tiiole- 
csule to pu-SH over the uverau** rlilfii,»«}MU 14,., jf' it piiw*i*d 
over its rei)n*sentative pHtli**, It f** imled that 

is not e(pial to the ffital nveraiie I 'j, *4 the lyolerule 

uiiUiss l\r is equal to By mean** »4' ifir hiregoing two 
(Kiuations iKpialion C17tti may U* lo tie- forms 

!h ^ riiij 

and 

1172.1 

4 4 ^ 

In these etpintimm we may .ei’i't' 1%, im\ i-jiim- we please 

above a lindl w'hitdi will !«* oBiaitird pfr'-^ n*li, di-formiue 

from th(*m tlie e(,(rrr‘SjKUidma vahe-, . ♦>! i aod i".„ 

Since th.t‘ path i»f a parta'!*' e-* oa45il:tf».*iV, surd the 
points locating the’ difTiif*ioii path'., ho ilio asHi.al jiaih 
of thci particle, itds evident tliat tho ».iiedlr-i f,, e. tahoii the 
nearer is tie- repjresenfafivo pathoqual o* fhr- pafti, aiitl 

the nearer aptuataehes 1',, fht* ti^fal avriaiir' ii’lMriivof the 
in(.>lecult;, 'Fherehtre eannof Im- wj|»;;d|r'r fliao 17*, and l\f 
therefore according to Hpiation *1TIj nof f.|iiallor than 
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ZDr/Vtr. This limiting value of 1'^, corresponds to the value 
of the diffusion path Igr defined in Section 41, since \he 
representative and actual molecular paths are the same in 
length. But the points locating the path 1^, cannot, and do 
not, lie on the actual path. It follows therefore that under 
the foregoing conditions I'sr can have values only which are 
somewhat larger than the value of Is,. The paths are evi- 
dently of interest only under these conditions, namely in that 
their points of location lie on the actual path of the molecule 

If a molecule in a substance moved along a straight line 
with a constant velocity, the period ^' 5 ,. would be proportional 
to I'sr, instead of proportional to (I's,)^ as indicated by 
equation (172). It follows therefore that a molecule pur- 
sues a zigzag course in a substance. It is interesting to 
illustrate equation (172) by means of a diagram in this 
connection. Thus let abed in Fig. 18 denote the actual path 
of a molecule and ac and ad two selected mean diffusion 
paths of which ad has double the length of ac. Now it 
follows from equation (172) that if the molecule traveled 
over its representative paths, the time taken m passing 
over the path ad is 2 ^ or 4 times the time taken in passing 
over the path ac. And since the molecule takes the same 
time in passing over its actual path as over its representa- 
tive path it follows from the figure that the molecule on 
the average takes times in the ratio of 1 to 4 in passing 
over the actual paths ahe and ahed, where ad=2ac. 

It is obvious that we may substitute n'r, n'e, I'st, and 
Vse for 'i^r, Ue, Ise, and Zjg in the general diffusion equation 
(126), where the former s 3 Tnbols have meanings of the 
nature just considered. The equation may be given forms 
involving V's,, F'gg, t' s„ and t' s^ similarly as just shown. 

The points on the actual path of a molecule which indi- 
cate the location of the diffusion paths may be selected in 
a different way than the foregoing, which is simpler and 
physically more definite. Thus we may select the points 
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Hciuarc e.m. in (inc diivdinu po.v st^coiid. The fore^roiae- 
tKliiatioii may be written in Die lorniH foregoing 


J ) ‘ Hr 

() ’ • ■ 

• • . (174) 

n„ l (7^r)2- 

• • • (175) 


similarly as Ix'fnre, wlunv (Icmotes the average velocity 
the moI('enl(‘ would have if it jiassed along its diffusion 
patlis, and /'Q, tlu^ mrragr time' it would take to pass over 
a single dilTusion path. It (am be shown similarly as before 
that I can have valiui.s only .sonunvhat greater than the 
average dilTusion path /,,,. 

Tile geiK'ral dilTusion (Hiualion (corrcjsponding to equa- 
tion (I2())) may lu* written in this (!u.s(‘ 


Sr- 


Nri'fr + N,t\. 


I dx ' or fc ” do; 


(176) 


wheri! t he meaning of t lu‘ dilTemnt symbols is evident from 
what has gon<* before. 

'Till* iioints on tlu' p.ath of a moUaaile locating the dif- 
fusion paths may be .set'c.ted in a third way which is of 
interest,, 'rims tlu* period tlu* moh'cuh* takers to pass from 
one point' t (i I he next( may lu^ taken t.he same. Tot us .suppose 
in this eonneetion tliat of Ah mokuailes r pw‘ cubic cm. 
/If, hav(* a diffusion jialli h and ih, a diffusion path h, and 
.S(» on, ef)rresponding to the perio<l //'V- We may consider 
each of these* sets of moleeuiles .s(‘])arat('ly and apply the 
preceding result, to obtain expinssions for the diffusion. 
On taking -into account that l.lue eomurntration gradient 

corresponding to the molecuk'S /o, is and that 

Nf dx 

corr{‘sponding to the mokHnihiS Hr, is and so on, it 

ly f (liX/ 
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follows at once that the coefficient of diffusion of a dilute 
solution is given by 


1 \ nnll^ + nrM^+ . ■ 

Nr . J 6 t"'sr ’ 


(177) 


where denotes the mean of the squares of the dif- 

fusion paths. The corresponding general form of the dif- 
fusion equation may now be written down without any 
difficulty. 

It will readily be recognized now that the points locating 
the diffusion paths may be selected in other ways, in fact 
according to any law we please. The foregoing three ways 
are, however, the only ones of special interest and importance. 

An interesting and important feature of the foregoing 
equations is the fact that either the period or the diffusion 
path may be given any value we please. We may. therefore 
immediately calculate the diffusion path corresponding to a 
given period, or vice versa. These values furnish interesting 
information about molecular motion. , A set of such cal- 
culations has been carried out in the next Section in con- 
nection with similar equations involving viscosity. 

The dependence of the diffusion path, or the period, 
in equation (175) on more fundamental quantities may be 
obtained by equating the coefficient of diffusion given by 
the equation and that given by equation (129), and substi- 
tuting for Isr from equations (130), which gives 

,, N rN eriPr—V r) O'" 6t)^ 1178) 

^ ^'^~~^nrVrK',rN{l+^\r) 


This equation may also be written 

.n Ner{Pr-Vr){V',r? 

*'■ 2VtrVrK'BrN{l^^')sr’ 


(179) 


by means of equation (35). Thus for a selected constant 
value of I" Sr the period varies inversely as the total average 
velocity Vtr of a molecule r, as we might expect. The 


relation:^ of the path period 
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existence of the apparent volume h'r of the molecuk^s r 
and e has the effect of decreasing the period from what li. 
otherwise would be. This could not be recognized directly. 
'Th^ ^vi'< 3 +pnce of molecular interference has the same cITcuit 
positive. AIho an increase in whiel> is 
proportional to the diffusion path in the gaseous state at 
standard pressure, tends to decrease the period. 

The period may be expressed in terms of the partial 
intrinsic pressures and other (luantities on eliminating rir 
from equation (178) by means of equation (152). 

The variation of l"sr for a given selected constant period 
is obtained by solving the foregoing equations with 
respect to l"sr 

Equations similar to the foregoing may be obtained 
corresponding to a mixture which is not dilute. Thus on 
equating the expressions for dr given by equations (120) 
and (176), eliminating hr o-od kc by means of equations 

(130), and equating the factors of and separahdy 

to zero, which holds since the equation is an identity, we 
obtain in the case of tlic molecules r an eciuation which is 
the same as equation (178) having the factor 

Nr^'K-hNexh 

introduced into the right-hand side. Thus we see that in 
the case of a solution of moleculc.s r in c whicli is not diliii,(;, 
an increase in the number of molecules r relative to tlie mole- 
cules e increase.-! the period l"sr- The existence of the externa, I 
molecular volume dc of the molecules e decreases tlu; pialod 
from what it otherwise woidd be, while the external molecula r 
volume of the molecules r increases it. 

The periods corresponding to the selected paths, or vi(u^ 
versa, may approximately be calculated from (Kiiiaiions 
(178) and (179) on determining the approximate valiums 
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uf thi* q!iu!ititi«'> »»!;i iiultt-li^sui Mdt’.H liy luwtiis of the 

iiM*tht.Mi (!est*ril j*‘i! iJi -i™. 

;i4. Kjiemied Formn «#///«• Vineomty EquatianH, 

The iH|«utjo!iH h»r the vi-i**e5ty Riven in Hi^ctunw 34 umi 
35 inuv Im* given <*’^feiitieti linin'* ^imihtrly aa the tlifliisien 
eqiiulitni^' in tin* |»inviMi.H Pitinta iiniy he Heleetcul 

<m lilt* uetu:sl |«»th «»f eneli !ie»l<'enlt* and tliem* jninetl, uml 
the HUjiiweilhni inwie tlmt npniienlnui w given in the mih- 
stsinee jmmllel in it-'* imitii-in. er uh**liiietei,l timn tlu* Hiih" 
Hlatiee, ut tlii'n* only hy tlie jnoleeiile. I he line, 

joining twti eomeeiiiive ntny he eulltni li rnotnentum 

tmnf'fer dintunee nndej- ifje ,-tnted e(»ndithiiw. The [Kiinta 
(if loesititni of the ir:nn!-er iliHinneeM niny Im‘ w^ected 
{leeintling hi any givt n hiu'. th*'ie are thr<*e wnyn only, 
lunvever, whiidi are »♦! int* r* -t. niel uliir-h wert* ilHed in enn- 
neetion with dilfn-ion. HeH wi* lany tlmi the 

tnue'der di**t;tni'i*'* mi* ei*'n|M'ii ulrt»nt then' intnin iieenrduig 
to ( 'hin’"‘’ins' Inwj ttr uit* I'tinul in ijtlieri e>T enrreB{M)nd 

ta the Muue {wnio*! hn th** neilt'enh* t»i |iH>H from one point 
to tin* i’<ni>i'eiit i Vi* piiint, tie' iwtiitl** ni eueh t'liae heing ho 
aeh'etetl that nJi>‘ thri'etiMii lii' h liin- tif given length iaeiiindly 
prolnthh*. 

In the hi>4 e;e‘e tie* t'Mtin iti" tlse vi**eoMty et|nilfion re- 
iuuin!"i tlu* haim* .'tr* that ni ei|tioiiiin cKil, iiiid for n pnie 
wjliHlum'e r may 1 m* v.iitli'ii 

^ nhm4*i'^ ■ (IHO) 

\vlH*re fleniiter^ tie* me-an moniinitnin friitiHfer tlistunee 
in thin eU'M*, umi t*'t th** iitimlM'r of i'e|iti*fM*ntn.tive piiths 
crossing u :'tpuir«* i'lii. iToin »in»' ' et** ti» the otlii*!* iier aeeond. 
Tile latter ijuuntily i> given hv 
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where denotes the velocity the molecule would have if 
it moved along its representative path, this quantity being 
directly given by 


where denotes the period of the average transfer distance. 
Equation (180) may therefore be written in the more impor- 
tant form 




NrlUar {l\rY 
3 t\r ■ 


(181) 


The equation for the viscosity of a mixture of molecules 
r and e is accordingly given by 


(^ , (Z'J2 


. (182) 


If the transfer distances are taken equal to each other 
it can be shown similarly as in the previous Section that 
the corresponding viscosity equations are the same in form 
as equations (181) and (182) having the factor | introduced 
into each right-hand side, that is, we may write 


and 


_ Nrmar (Z",,)^ 

6 r' ’ ' ' 

<■ nr 

Nrmar {V\rY , (Z",,)2 


6 


t' 


vr 


6 


t' 


tje 


(183) 

(184) 


where Z"„, denotes the selected constant momentum transfer 
distance of a molecule r, the mean of its periods, while 
the other symbols referring to the molecules e have similar 
meanings. 

If the average period for a pure substance in equation 
(183) is taken equal to the period in the case of equation 
(175) applied to the diffusion of a molecule in molecules of 
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tlK‘ HUJui* kiini, uikI tkis fliutinaitfd ht«u tl 

ucnuitions, we ol>tuiii thi* (HjiialiMU 

r'l, _ jS\m,>Jh 

i’\r\ ^ 

If th(‘ nature of tlie motion uf a lueleeiile wiut* !tt»t 
by a HluairiuR motion ^veit t(* tl»* Mik^tuneo, f',, w» 
(‘qiial to whieh eorn‘>^lionat4 to tb.‘ imrmii! inott 
molecule. The foregoing e({ualion, {^♦nv♦‘Vl•r. iinlictit 
this (te not hohh as we might fxiret, am! i*%pm 
elTect of shearing motion on the vuhie of I ^ f 
velocity gnuluatt in th(‘ siil^stance. 

Binw‘ the viscosity of a gas is in*leiM‘nrieiil of its {) 
or the niolecular ccIiKnmtratioit, it follows from e 
(183) that th(‘ value of the HVi*rage jM'riotl for a e 
vuhu' of V\r proiKjrtionul to the iiu»leciilar eoncei 
Nr. This shows that the* molecules in tlanr em 
deflect t‘aeh other from their paths, uml thereft»re fli 
path of a moltnmh* bedwi'en twti fKants in greater t 
straight line joining them, ^^e m.HV tln‘refi»re s4ty ^ 
{Kn'UHl a molecule takes t<» lravers<» its c!irvr«l uin 
path between two jKunts a coic’tatit di>"ta!ice ftps 
gas whos(‘ pressure is varied, is pr*»p*’rtionfil tit its el 
encountering aiHithiU- nadeeuk*. 

'Tin* viscosity of a liquid i^ gi’esiti'r tlctn tliat toti 
ing to tlut gas(*otis state, and la*nee aeeojdiiig to * 
(183) the av(*rage jHU'iod for a co!r**taiit vuha 
in tlie case of a litpiid, is smstller titan projiortioitid 1 
.smaller than the ehance of the ntedeeiile i iieotmte 
other molecule siiong its p:tth, wojjhl be tic 

the averagt* velocity td ft nedemlo in the liquid 
greatisr than in the* gaseotis, whieh would deeie,i*s 
it takes the inolectilt* tt» pass ttver it s path. I ln> fit 
results obtained prtwiotLsly. 
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It i» <,f interact to obtain by means of equation (183) 
toi (hffi lint hulistancos the average periods (" that a mole- 
cule. takes to pass from one point to another one mm. apart, 
or corresponding to cm. Table XXVIII gives the 

values of the periods m the case of CO 2 at different pres- 

TABLE XXVIII 

Vahjich op t'V Corresponding to ^',^ = .1 cm. 

' C 02 AT 40° C 


Vohuiui 
of II Rriim 
riiolpiiuld. 


Nf 1021. 

seconds. 

2.52 

1.49 

3.61 

1.95 

4.74 

2.08 

7.26 

2.08 

7.86 

1.92 

8.48 

1.75 





Ar^i02i 

‘'V in 

seconds. 

6.05 

.67 

5.39 

.94 


4387 

7.38 

.36 

30()() 

6.65 

.45 
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surcs at the tetiiiH*nifiin‘ 40” ( arul t4 thn'j* liquids at 
different teml«‘r!ltu^•i^s. 'Flu* {H'riod i»f a nailfcule of CO 2 
when it diK*.s net edwy the jia,- lawn evidently does not 
deixmd tmieli on thi‘ rnoletnilar eonecattralion. the effect 
of the inerease of eoneent ration lH*inK pothahly more or 
less Vialanced hy the inerease in moleetiiar veh»eity. The 
order of' tlie iK*riod is two seeoiuh. In the ease of liquids 
the period is inereased with an inert^ase ttf ttaiiperature, 
as we would exjjeet, siiiee the eomaaitraf i«»n is thereby 
decreased whieh th‘ereaHes th(‘ nntlHnilar vehMOty. Its value 
apfHairs to decrease* with an inereasi* in the inoleeular weight 
of the liquid, and is of tlieorder <4 <»ne soeond. 

In tlie ease «tf a gas r at stniulurd tein{H*rutiir(‘ uiul pres- 
sure till* period is unih‘r tht* foregoing i'onditions given by 
tlie etpiation 


l.axid "w, 


(186) 


where iip denotes tlu* relativi* nioleeular weiglit, and rj the 
viscosity whieh in tins ease is indt’iHaiden! ol the pressure. 
An idea (tf the depondetiet* of the js-riod on the nature of 
tlu^ gas may Ih* tilitained fn»m an laqH'fpon tjf 'ralde X 
whieli eoutaiiis valni'S of n and m ha a mind tor of lUfferent 
gases. 

If the period is kept ettintant it e:m he shown similarly 
as in the iirevious .S'elittn ihal tlie vixe^iuty in the ease of 
a pure HVilistnnee r is givon l»y 

V i i”’ »- 

5 ? ,, ...... 

tl < 

when* deimti'S the moan of tho sf|uari‘* ot tho transfer 

(listunees corroi-jjoiMling to tho oonUruit jn-imd f''\„ and an 
(HimUion eonsisting <4 similar ti*rms imiv Ito obtained lor a 
mixture, (4 suhstanei's. 
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It fail lie h1h»wii ii» tht‘ saiiu' way as in the previous Sec- 
Uoii that ihv smullcht adiiiissihle values of and 

are soimnvhat larRer than tlu* value of defined in 
BeetioiJ 33. 

The tlepenthniee rtf tla* extended transfer distances and 
perioils on the nattire tf inulcHaihir interaction is obtained 
on equating tla* exprt'ssitm for the viscosity obtained in 
this Bt'ftion with tliuse olittiined in Section 34. Thus in 
the ease that the tninsIVr distjince is kept a constant length 
we obtain from e«|uation (183) and equations (90), (91), 
and (92), the eqiiutaais 

\tV-h, Nril"r,r)i_ 

t) t'r /0?V X,jr( Ld~ 4’,)^) 

2 >'f l'hrtVh',,r(lT 4*,,r) 

1 NrAAl'\;)l^ 

12 i/^ir f7V)tVK>)f(14- 4v)’ 

on adding the stitlix r to tiie .syndiols of the latter equations 
ttrdia- to bring the notation into line with the former 




r 


t 


»}f 


( 188 ) 

( 189 ) 

( 190 ) 


U Hr MMUK, till U»n»ii»w4i vr xiujl uj.au auxxaaujl 

qualioii, and taking into aeeiiunt that VrNrmaT^mr, where 

do r».()H7Xl() -'>VTn7r. 

einnitions that the apparent 
the interference function 4v 


i hese 
anil 


It will be seen from 
iiioleeular vnlmue h,, 

(which is {Hi'itives, di'creases tlu^ period from what it other- 
wisi* would lie. *1 hiiH the exisi(*ne.e of molecular forces of 
re{)ulf'ion, which jaeviaits the molecules approaching each 
other witldn any degree tif elos(‘ness, and the existence of 
iuterfeivnee of the moleeulcH of the substance with two 
intta'ueting iitoleeule.'*, havi* the (lifect of dccieasing the 
jMTiod. An inerea-e in the total average velocity Vtr has 
the (dleef. of deei e:e ing tlie imtuxI, US is also directly evident. 
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In the case of a suhstance net elveyinK the gas laws an in- 
crease in vcilecity at (tenstunt temiMTuture, it, may l>e noted, 
may be brought alKHit i)y an inereiise in tlu‘ density of the 
substance (Sections 17 and 26). An increase in which de- 
creases with an increas{M>f the molecular mass, has thecdTt'ct 
of decreasing the perhxl, and tins jUso Imlds for the volunH‘ 
Vr of a gram moleeult‘. An inensase in the molecular forces 
of attraction would givi‘ xim to an im;rease in the intrinsic 
pressure Pnr, and In the numlHU- u, of mohic.ules crossing a 
square cm. pi^r sticond, and thu.s givt^ rise to a dtaTcase of 
the period. I'lciuation (IHII) of tht‘ three etiuathms (18S), 
(189), and (190), indicat<‘s best the* <leiHmdeiiee of the 
period on the temiH‘mture at constant volimu^. It tle<‘r(taseH 
with an increase of temiH'rature, .since IV, and %f 
increase with an imatnise of t(miiH‘raturi* at constuiit V(dume 
(Sections 16, 17, and Tl), while hr is probably appiaiximatcly 
independent of the temiH^ratun?. 

The dciKUidcnce of l'\r ‘ai tin* fundamental properties 
of a substancH* for a e<jnstunt iM^riod is olduinetl tm wdving 
the foregoing equations witli rcsj«H*t to It is evident 

that the effect of the changes in tin* t plant it ies considered 
on the quantity l'\r ia opixtsifi* in tlircction, and less I through 
the extraction of M([uarc roots <ai solving the t*tpiationH as 
indicated) than in the east* of the {«*riod. 

In order to obtain the diqs'iidcnct* (if tin* inTiods on 
other (puintilieH in the can* (d a mixture of utoleeules r 
and e, each of the term.s on the right -hand .siih* «»f eipiation 
(184) is etiuafed with can* of the two terms to whieli it cor- 
responds on tin; right-hand side of etpiation (9H|, aiul tint 
resulting ctpiation Iraiishirmcd hy means of e(pm.iionH (99) 
and (100). Etpiation.s mmilur in form to equal hms (1H8J, 
(189), and (190) will }K*ohtaint‘d in this way. 

Apiiroximate vnhn’.s of tin* jnunids eorresiKinding to 
given transfer distances, or vice versa, in the ease of a 
mixture, may he obtained from ihest* etpuitioim on obtain- 
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approximate values of the other quantities they contain 
}he way described in Section 35. 

In connection with the foregoing investigation the fol- 
ing remarks may help to clear up any difficulties encoun- 
3 d. If we take a plane parallel to the motion of the 
(Stance corresponding to the velocity Vi, it follows from 
isiderations of equilibrium that the algebraical momentum 
' molecule paiallel to the plane on the dvovcige is equal to 
ma- Therefore on considering two planes corresponding 
the velocities and V2 of the substance, it follows that 
I molecules crossing each plane in the same direction will 
ih have o?i the average its momentum parallel to the 
,nes changed from V ima to V2ma on passing from one 
,ne to the other. This will, of course, not hold for each 
ilecule considered independently. These considerations 
)W that wc may suppose that momentum is given by a 
ilecule to the medium and abstracted from it in these 
mes only, which may be taken any distance apart. This 
y be ilkiBtrated by considering a number of similar par- 
el planeB corresponding to the velocities Vi, V2, . . ^ Ve of 
3 substance. 'The momentum transferred from the first to 
3 last plane by a molecule is equalto {(Fi— 72) + ( 72 -^ 3 ) 

. , . (Fc—i ""FfOhna, orequalto ( 7 i— 7 <!)ma, and thus the in- 
•mediate x:)laiK;s have no effect on the amount of momentum 
insferred from the first of the planes to the other. It 
lows, thereof ore, that a molecule crossing one of the forc- 
ing planciH may, or may not, be taken to change its vis- 
sity monitmtiim in crossing it, just as we please. Also a 
ilecule may ix'.c.ross a number of times each of two consec- 
ive plaium bcvt,w(H'n the two points lying on the planes at 
rich only it is supposed to change its viscosity momentum, 
ae foregoing planes may therefore be taken to indicate 
e location of tlu'. various points defining the molecular 
tths used in t In': pr(;vious investigation; and hence it follows 
lat these i)aihs arc permissible to use. 
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It slioiild I)(‘ pointetl out, ho\vt‘Vt*r, that llu* n^prewonla- 
tive mol(M.!iilar path prol>ahly fuiiuot asHumf' all iiuirua’ically 
possible values l)(dAveeii t\v<,) givtai liiuits, in' that it is iirob- 
ably a recurring (iiseontinuous funetiiai. It c-aii easily be 
shown, for exainpUs tluit tlu‘ values of th(‘ iiath / fur a part 
which is a straight line do not fit in with the relatiun P/t== 
constant. But the total region of diseontinuity, if not zero, 
is probably small in comparison with tin; remaining region. 


55. Extended 0 / the Heat Conduction 

Equation'^, 

Extended heat conduct ion etjualions may Ik* ulitaiiKsl 
along the same lines as the i‘xtendetl visi>osity and diffusion 
equations in th(‘ piveeiling two .S-etions. W(‘ may supiiose 
as before that the heat transfer distanees ar<‘ dtdined by 
points distributed ae<*ording to any given law on the paths 
of the molecul(‘S. Tin* t ransfer dbtanee.H an* of int<*re.Ht only, 
however, when tin* points are distrilmted according to one 
of the thr(>e ways alns-idy used. 

If th(^ transfer distances an* grou|M*d about a mean 
according to Clausius' law tlie heat ennduetivity equation 
for a pure sulistanee r may immediately !«* written 

(' ( 101 ) 


according to vSiadion 3K, where deiettes the average 
heat transfer flistanci* which may lia\e any value abovi* a 
certain limit, to be determined pre'-ently. a', denutes tlu* 
numb(‘r of transfer distances croN>iug a square cm. in one 
direction per second, »SV denotes fije >perihe lu*a.t at iMin- 
stant pressure p(*r gram and w...? flie alc-olnn* mol(*cnl:ir 
weiglit. If Ibnlenoles thi* av(*rage veloeil y a molec'ule woiihl 
have if it passed along itssneet‘ssive tran fer distanees. and /,? 
the time it woukl take to puss over the av(*rage transft!r 
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rtan..,. (whujli is the «m.e as the time taken to pass over 

'5 actual path), wo have 

‘cf 3 

mac equation (191) may lie written in the form 


3 ■ ’ 


. ( 192 ) 


liah is more important. The heat conduction equation 
a inixlure of moleeules r and c may now immediately 
writion down. 

If th(‘ (list unco hthwcMui oacjh pair of consecutive points 
tuktni tlu‘ Huino and (uiual to and p;., is the average 
riod (rf tlio transfor distaiuHs it c,an be shown along the 
ni^ linos (sf ivusoning as oonUiined in the preceding two 
jtions that 

, AV/a„r.SVr 

' “ (1 ,n^’ ( 193 ) 


a pnio snlistanco, and 

t"r ’ <> 


( 194 ) 


a inixtnro iif nioli'onlos r and c. 

On 1 1(0 nl her hand il llio period is kept the same it 
( ho shown ulung similar linos as heforo that 


A',///,„.S',r {/' 


'iff 

ti I"' 


( 195 ) 


the oaso of a pure suhstaiaa* r, wlu'ro (PV)“ denotes the 
an ut the spnaros of Iht* o!irr(‘Sj)()iiding heat transfer dis- 
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tances. An CMinatinn {‘nnHij^ting of tlu* sum of similar tnrma 
holds for the coefheitmt of eondiietivity in the (‘UHe of a 
mixture. 

It can be shown along tlu* sanii* lines as in the preetaiing 
two Sections that the kaist admissible vjdues of T,,, 
and P'V tJ-re somt'wlutt larger than the valut* «sf /, as didined 
in Section 38. 

If the pt‘riod in taiuation (1U3) is takcni etpial to tlie 
period in equation (183) and it is elitnitiatiai from the 
equations, the eciuation 


/>?*%/ 

r.r v c 


(190) 


is obtained. This equation gives some information about 
the effect of a shearing motion vff a substunee, and of a flow 
of heat, on the nature of tlie mofitm of a nndecule. For 
the quantity /'V refers to tlje motitm of a mok'cule in a 
substance und(*rgoing a shearing motion e,orresiH>mling to 
a unit velocity gradient, and the cpiantify /'% to the motion 
of a inolecuk* in a snbstunee through whieli a flow of heat 
takes place corresponding to a tmi! heat gradient. If the 
molecular motion w(*re not affeefed by these cfaulitions 
l''cr would lx* efjual to l'\,. But lids is evitlenfly md the 
case according to the foregoing equation, sinee the term 
under the radieal is not equal to unify. Aectuding to Hee- 
tion 38 the right-hand side (»f the etpiation is larger tlmn 
unity when the suhstanct* is in the liquid slate, and smaller 
tlian unity when in thi* gaseous .•^tale. 'riierefore on the 
average the liin* jtaning twtj poiats tm the path of a molecule 
in a licpjid for a eemstant [xuitxl is inereased wlien a velocity 
gradi(!nt exists in tlx* Huhstance ijt eomparistsn with the 
magnitink* of tlic line wh(*n a heat gratheiif e\j‘dM, and tht* 
oppositi! holds in the cast* tjf a gas. 

The fact tluit. tlx* internal molt'cnlur energy of a c«mq>l(*x 
molecule is .several times greater thait fht* fret* kinetie energy 
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of translation (Soetion 13), gives rise to a transference of 
eiK'rgy to tiie medium by the molecule in moving along a 
heat gradient, or vice versa, which is considerably greater 
ilian the change in kinetic energy. This will have the 
effect of changing the nature of the path of the molecule 
consid('ral)ly from what it would be if the molecule possessed 
no energy apart from its kinetic energy of translation 
The distortion of the molecular path by a heat gradient is 
probably in the main caused in this way. 

If the periods arc taken equal in equations (193) and 
(175) and eliminated we obtain the equation 


[NrmaTSgrDr 

Ter V ■ C 


(197) 


The quantit.y I " may lie taken to correspond to the diffusion 
of a mok'cuk^ in a substance of the same kind instead of in 
a mixture in whiidi molecules r possess a concentration 
gradient. The motion of a molecule in the former case is 
normal. It would lie interesting to test the equation under 
these conditions. 

'riui heat i,ra,nsfcr disl.ance and its period may be connected 
willi morc^ fundamcni al (piantities in the same way as similar 
quantitiiis in the* iinice.ding two Sections in the case of 
viscosity and diffusion. 

It will b(‘ seen that the ditfusion, viscosity, and heat 
{■onduclion expressions given in this and the preceding 
two Sc'ct ioiiH an* ('a,c.li of the form l^/t multiplied by a factor 
which d('])(‘nds on the conditions under which the molecules 
are undei’going motion of translation. Each of the quan- 
titic's / and / may la^ taki'ii to a certain extent as arbitrary, 
but not at till* sanu* time, since one determines the other. 

A set^ of equat ions for tlu; diffusion, viscosity, and heat 
conduction of substance's will now be developed, which are 
similar to the eiiuat ions obtained in this and the preceding 
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two Soctiuiis. and wliiolj iijvolvo th(‘ projection of the inoticn 
of a uioleenle along ti line. 

<•” 56 *. The Cmisiant Prriad Dis'plaeemeni Dif- 
f union Equaiinii and its Applicatimin, 

],(*t us take an iinauinary plane for n‘ferenee at rigltt 
ogles to th(‘ di!Tu**ion in a hetinogentanis mixture and 
{kUerinine tla* numlM'r of inole»‘ules tjf <iiie kinrl that drift 
across it per square enn ja-r second. 'Ha* mot hut of the 
iiiolecules will he (‘Xpresstnl in ferios of their di-placeiuent. 
at right auglcH tti the foregoing plane for a si4eeted peritid 
t. It will 1 h* evitlent that in each element of volume half 
of tlie mole(nili‘H timing the timi* I umlergtt a <lis{jlac«*ment 
in tun* directittn, while tin* tUiier half uialerutM^H a disitlace- 
laent in tin* tij»po>ite tlireclion. Suppose llntt /c,,. 

. . . , molt‘cules r \vh«ee disjdaeemeiits art* respectively 
dr„ dif, t/f„ .... thiring tht* jMTittd {, ertts> the plant* }M*r 
Hcpiare cm. in the directhuj of their dilTusion .say fnun 
to{) to bottom, 'Ida* mttleeules tif ilisplactuneul tL, comt* 
from a cylimler ttf height ih, and unit eross-si'eiitui sianth 
iiig oil tin* jtlane, while the moli*eu!es ttf tiisplaeemenl t/., 
ctuue frttm a cylintler <4 lii'ight </,, slantling ttn flte plant*, 
etc. ''rht‘r(‘forc if ahj. ah., n%, .... molecult's r ttf »lis" 
placements d.,, <h,, d,,, .... ns-.piaUivt'ly come frt»m each 
cubic cm. of Ilf* mixtun* wt* h:tv«* 

ltf^ ■ ah/Zf,. ?o,' ' etc. 

We also liuve 

2ut%A.ri',, f . . . )■ ,.V (IflK) 

siiHH* taich molecule uiitli*rgt«'S a tlisplaetumuil tluring tlit* 
ptuHtid oiu*«half of the natleeules melergttiiig a di*qt!ace- 
ment in <tne tlireclion and Iht* otlau* half underytiini,!; a di*-- 
phuaunent in tlie ttllier thretUittn, where .V, tieiioie-i iht* eetit- 
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centration of the molecules r. The total number of molecules 
r which cross the plane in the direction of diffusion, or 
from top to bottom, during the time U is therefore equal to 

nri+nrj+nra+ . . . r^dT^+rirfiTi-^ . . . 

But molecules r also cross the plane in the opposite 
direction. Similarly as before the molecules of displacement 
dr, come from a cylinder of height dr, and unit cross-section 
standing on the plane, and the molecules of displacement 
dr, come from a cylinder of height dr, standing on the plane, 
etc. We may suppose, to simplify matters, that the molecules 
r of displacement dr, which cross the plane of reference in 
the direction of the diffusion, or from top to bottom, come 
from a plane at a distance dr,/2 from the plane of reference, 
while the molecules of displacement dr, crossing in the 
opposite direction come from a plane at the distance dr,/2 
on the opposite side of the plane of reference. The numbers 
of these two sets of molecules cire proportional to the con- 
centrations of the molecules at the starting planes. If the 
concentration at the upper starting plane is Nr, that at the 

lower plane is Nr— dr, where ~~ is the concentration 
dx dx 

gradient of the molecules r measured in the direction of 
increase of concentration. We may therefore write KNr 

and k( N r— drr-^- \ for the numbers of these two sets for 


and K\Nr—drc^j for the numbers of these two sets for 

migrating molecules, where K denotes an appropriate 
factor. Since nr^^KNr these numbers may also be written 


Ur, and Ur,- 


Ur, dr, dNr 

Nr dx ' 


n'r,dr, and n'r,dr,—' ^-^ - 


MISC'KLLAXKt U'S APi’I.K'ATIO.N.'^. (’OX.NFATK )NS 


since Tlun-eftm* the excess «»f meleeules r of 

(lis})kicen)ien1 dr, ertjssin^ tin* plniit' of refertniee in tli(‘ (lir(>c- 
tion of tlilTusion over flu* iiujleeuleH r of (iisphiet^iaent dr, 
crossing in tlie oj)i)osite tlireetitnt in thi* time is equal t<t 

n\,d'\ dX, 

Xr dx ' 


Similarly it can In* shown that the excess at ntoleculcB r 
of displacement d^ crossing the plane is etpiul to 

n d\ t 
Xr dx ’ 

and so on. 'riierefon* the* totjd exeess of rnole(ni!e.H r that 
cross the i»lum* in one st'comi dtu* to tlie displactantmts they 
undergo, is eiiual to 

' . . . t I d-'^ > d"g d S f 
2(2;d„ I 2nk,-{- . . • ) h dx * 2h dx ' 

by the helf) of csiuation ilhsi. whine 

dln'„d-u \ 2n',.d-,r \ . . . J 
{'>n'u Vln'„ \ ... I ' 

the mean of the .<qnares of the displneeinent*-. .‘Similarly 
it can he shown tiiat the excess of moleculev. * that iToss 
the phane in the opposite dirertiun per second due to the 
(ILsplaceinenls they undergo b equal to 

d% dXr 

2tf dx ’ 


wh(*re (P,. denotes the mean of the Mju.ares ot the displaci*- 

d\\ 

miutts corresponding to tlie period t. and the con- 

centration gratlieni of the moh'cnies ♦ measured in the 
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(lircud.ioti of int'H'M.st' of foTir>on+vn+,v i 

opposite dir,.,. teat, tl,e ^rndfent of the mokcute r k 

^tr dx 24 dx 


But the spa,.,. ,.,Tup,e,l l,y these molecules is not zero 
A portion of he imMl,uro must therefore be transported 
bo< ily across the plane to make room for the foregoing 
tnoleculcs. 1 Ills may lie taken into account in exactly the 
same way as m ,s,.,.| ion 42. It will appear from that investi- 
gation thal tlie total migration S, of molecules r across the 
plane per .serend is accordingly given by 


l<KN,(mr d\.NrdNe 

A'tf/r f AviV,. 1 2tr ''dx'^'~2L' dx 


(199) 


wher(‘ ih and d, dcnolo ihc (‘xternal molecular volumes of 
gnim molecules of molecules r and 6 in the mixture. The 
dillusion ol the inoleeul(hs e is oldained by interchanging 
the suilixes r and i- in the' foi-egoing equation. 

In the eas(‘ of a, dilu(.(^ solution of molecules r in e the 
foregoing equation becomes 


‘>r 


dNr 
2(r dx ' 


( 200 ) 


rh(‘ eoellieieiit of dilTu.sion Dr in this case is therefore given 

(201) 


rims if the niuleetdar displacc'inents in a mixture for a given 
.H*no(I eouhl be measured the diffusion could be calculated. 
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This is of course impossible in the case of molecules, but 
can be carried out in the case of Brownian particles. Exam- 
ples of such investigations will be considered further on. 

The foregoing equations are limited according to the 
following considerations: Suppose that the displacements 
of the molecules of a cubic cm. of matter were observed for 
several consecutive periods each equal to tr- The value of 
Wr for each set of observations should be the same, since the 
equations are independent of the time of beginning of a 
set of observations. Now this is the less likely to be realized 
the smaller the value of U- Hence there is a luniting value 
of U for lower values of which the equations do not hold. 
This limiting value can definitely be determined as will 
now be shown. If the path of each molecule consisted of a 
number of straight lines joined at various angles, and their 
lengths were grouped about a mean length according to 
Clausius’ probability law given in Section 31, while each 
inclination of a line in space were equally probable, each 
line or molecular free path would be , independent of the 
preceding path. The corresponding displacements, or pro- 
jections of the free paths on to an axis, would therefore also 
be independent of each other. But this would evidently not 
hold for displacements corresponding to a fraction of a free 
path. Now the average of the displacements dr, which is 
given by 

^ r2dn~\~ . . . \ 

2n'r,-\-2nr,+ . . . /’ 

and the average free path Zjr are connected by the equation 

4dr=kr (202) 

according to Section 44. Hence it follows that a period 
tr is inadmissible if the corresponding average displacement 
has a smaller value than given by the foregoing equation. 
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'PhiH wcHild 1 h* in pnic.tice V)y the values of U and 

'(l^, not fitting in with ('(inations (2()()) and (199). But in 
imietiee the nu)liM*uli*.s do not move along a series of lines 
joined together, espeeitdly in a liiiiiid. We may, however, 
(iSections *11 and 42) find a series of rectilinear paths lying 
close to the uetnul jiath (‘tinal to it in length, which indicate 
the uvi'rage directions of dilTereiit portions of the actual 
jiuth as shown in l-'ig. 1*1, and whose lengths are grouped 
about a iiH'un length according to (’lausius’ law, and whose 
directions in space ari' unr<*strict('d. The jiarallel planes 
liussing through tht‘ })oints of coniu'ction of these paths 
divide the actual path into a nuniher of parts which we may 
take us hiang independmit of <‘ach other as the correspond- 
ing nadilinear paths, 'riu* snudl(‘st pericxl U admissible 
in equations (199) and (2{K)) would then be that correspond- 
ing to (lu‘ average displacenamt whiidi satislies eciuation 
(292), wliere (he symbol now dcnot-(‘s the avi'rage dif- 
fusion path as detined and used in Sections 41 and 4% 
Smaller values of (, and tlie (airresixniding values of (P, 
will therefore not .satisfy eiiualions (199) and (200). 

'rhi.H result may be olitainetl in a, somewhat different 
way. Ltd u.s ; uppttse as before that a molt'cule moves along 
a serit's t>f retdilinear paths, t’oiisider the displacement 
corrt*spontiing to a jiortion of a retdilinear jiath for a period 
t wliit’h is much smaller (liau tht* iH'riod of the itath. The 
correspomling tlbjdaetaueiit. t/i is tluai j)ro]»ortioual to ti, 
Mr etpial to where (\ is a eonstant.. Thtt value of 
#> in etjinilitat (200) under these conditions is therefore 
etinal tt. /,L*.*, where (‘j. is a constant. Hut this is obviously 
impossihle, and the ptaiod (> can thtuefom be given values 
only t'qnul I't 'tr great t‘r than tlu' iieritnl of tlut avt'rage path. 
Since the :o-1ual jiatb of a inoh«cidf may Int on the average 
rcpreH*nti*d by such a .series of nsdilint'ar paths, the same 
rcMilt httlds in relVumet* to tiie period of tht! average rep- 
rcH-ntative |i:tth. Ihe deviation of llu! ratio from sadlB- 
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fyinu; rquuii.tu tui i, hmiiI»!, Iitiwrui', in- 

inon* iznui»a! in this raM% 

it I'l ikaiHli* tlii* .'•uiulli'.-'t .'uliuix'-ihif iM-ritni fh:rt 
(HUJutioii (‘JtlOj ami ti\ tin* avcrnut- »*!’ iki* 

di.si)l!iiH‘irmiits, tlit* tntni aViTaiii- vrim-ity IV> *4' a. im.knilf 
r in {j^iven by 


/i, Id', 

b. 


tlitttl 


by tlH‘ hi‘!}> (♦!’ i'ljimfitm i2t>2a Mma* b than tbf 

of till* H\ (‘ifs^f* |iafh .ff... uiiii ba* 

and ai'tual jiuHi ttf a nmlrruh* nn* rijuaj in jSci'fjMn 

41). This (‘({nation may In* n.oni {.,♦ {aj.i {{a* vidocity of a 

colloidal iiarticlo, us will bi* dco*nlH>i! in St-fimn tin. 'I’lia 

iniiubia* of tiuu'S {ht H'latnd thai a -tinun* cui. i"* oroxscd 

bj’ inol(‘Cul(‘s r in tau* dinn-iiMn i-. inirn by 


according to oiiuutitais fL’o.;, un»l 'oby 

I 1 h‘ ioo't'oiiia rtiijujii,'-, :siul fMiiut imo-h (‘Jb.'ll uiid 
apply also 1 o a mixfinv *4 nuTnailr;.. / ui r u lnob i- not a 
diliito soliiiion, 

1 la* larp.ont*'';s of flu* vain*' fhat luuy hr lulr-n iny fhi- 
poriod b is linutod oiiijovdirO io. fh,. fur? m iIm- •kdm- 
iioti of (•(jnalion n i. n-mnu-d fhut (ht* umnhrr 

inolfcnlos tindci'aoiiiu a ds,plur,.ni,-!.? a? furb i«n 
cijnal (•li*ijti*nlr 4 of voluioo in a lirf*'jH{o lifoii oo-'Oo’. :sf rt 
distuncc d uparl is piuptai i>.na! lo ibr- f-Hiu-i m !'■<**. -n ..! fhi* 
iiioliuailcs. Ibis will oi ('uiir-n-- ntU !j«? 5 t| ivia-n ih* tipo ourr 
b{*iw(H*n tlio funcfUtruiiHii.- m flit- uvo \Mlinof' i l-o-n-, 
lliis^ diffon'iu’o (-vidonfly drqK'iid;. on flu- fuiu-M-:’ or'infi 
ffi adit'iif, of ih(* nii’ilni'o. I la* udno .iltlt* - •<( fin- 

displacement and {.HTiod thfoiMio t.n flii- tsait-tii' 
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ution gradient, and increase with decrease of the gradient 
le same remarks apply to the limits of I' in Section ">■? 

si^rCequa. 

IIS (201) and (175), and eliminating (l"sr)^/t"sr from the 
ailtant equation by means of equation (178) or (179) 
i obtain equaW similar in form to the latter’ equations’ 
Lich express d%/tr in terms of fundamental quantities! 
le same remarks apply to these equations as were made 
connection with equations (178) and (179). 

Equation (201), which applies to a dilute solution, has 
3vioiisly been deduced * by Einstein by a different method, 
bhout obtaining, however, its exact limitations. The 
ithod that I have developed is more general and funda- 
mtal since it gives diffusion formulae for any relative 
ncentration of the constituents of the mixture without 
erring to its state, and gives the exact limitations of the 
'iiiulae. It should be noted that no restrictions whatever 
3 made in the investigation in connection with the molec- 
ir velocitic's. By means of this method other diffusion 
iriulae, and formuUe for the viscosity and conduction of 
at, can lie olitained in terms of molecular displacements, 
lese are g;iven in subsequent Sections. 

An application of the foregoing results to the Brownian 
ition of colloidal, particles will now be given. 

(a) On (xiuaiing tlic values of the coefficients of dif- 
uon giv(.m by eciuaiions (201) and (147) the equation 


N ' 2tr’ 


(205) 


obtained, which expresses the coefficient of mobility 
a i)article, or the velocity under the action of unit force, 
terms of otlmr ciuantities. If the particle is spherical in 
ape and its siK (3 is so large that its mobility obeys Stokes’ 

* Ann. tier Phys., 19, pp. 371-381 (1906). 
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law, the (aK*t!u‘ii‘’H «»f ujoliiliiy iiixvu by fla* i'<ir«‘Lajing 
tj(|uati(>ii anti ftiualitju Uf»tb luny In* 


<F,^irr I 

if S '4wrij' 




whara r d(‘nc)tt»H t!u* radius ut !}»♦ {auliflia nud r| ttu* vis- 
etisity of tlu‘ nu*dhmi. 'rhis iuit has htaui applied to 
the Brownian nuttion of rtdhnda! puiiiides of difftacnf 
sulwtanties in diilVnait solvfUts, tito valuos of tl, fora HoltH’ied 
value of If hidiiti: diret’tly <jhtservi‘d by meaiis of tho uhrn- 
niieroseope ns deseribed in S«‘fiiou lb or rotauded photo- 
graphically l)y itioaiis of an appotjinute arrangoment. 
Home of tin* earlier observatitms did not lit in well with lla* 
eipiation. 'rids was probably due fo some extent that flu* 
period W!is taktai behev the leu>t udmi*«'il»le value, tin* 
liiuitatious of the equation m*t iM'iiig kutnvm lader expert” 
in(*nts hapi«‘U to have In'en earried out for larger pei'kalH 
and constHiuently gave a itefier ago'emeub It is also 
hardly likely that tin* tmlloida! ]»Hrtieles obtamed l»y sjiark" 
iiig between varitnis metal eleefroiles plated in a litjuid 
should in all eases be exaetly. or appro\ima1td)% s|therieal 
in sliujie us required by the otjualiMU, W*' wttuld expeet 
that the geometrieal shajH* of ih«* purfieles shouhl tleptiid 
a good deal on the e*»iidiiinns ttl the sparking. A good 
eoidirmatittn of Hiiislein's oquatitai was reeiufly obfained 
by iSordhnal,^ wlm used paiiieieH ttbf allied by sparking 
mercury in a liipdih 'I’lH'se part lele"* ate lioimd to In- '•■pherieui 
in shape .since they wttuld l»e m tht' ln|ue! slate, atal hence 
Htoke.s’ huv would hold. Xt»rtl!uut! tiiieimuital A, the 
numlH*!' of mttlecules in a gram loolt'eiile. by means t»f the 
cuiuation, anti obiuineil llu* vahit‘ 


5.11 IV pF-b 

* Zn.f. Vhy. Vhtm , S7, pp -10 l.g dUtt). 
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whit'.h in in cln.se ugrctMiK^iit with the values obtained by 
utlu'r iiudhods. 

Einstt ‘ill’s fornmla lias lieon exhaustedly tested by 
Millikan* in tlu‘ case of particles suspended in a gas, and 
found to lie in complete agreement with the facts. 

According to eiiuation (201) the value of ^ is constant 

If 

for dillVri'nt valiu‘S of dr and tr. This is necessary to test 
befort‘ using t'(iualion (20()). Table XXIX shows the 


TARI.E XXIX 


— 





d2. 


Z -lu,. 

"17- 

« It 

Loat) 

1.039 

2t 

2.4.5H 

1.229 

lU 

tktin? 

1.319 

41 


1.416 

r,( 


1.337 

(U 

7 .urn 

1.327 

W( 


1.353 


* . , — 



agreement olttained by Kordhind in the investigations just 
described. It will lie setai tbat fo£ periods of the displace- 

meat th from 'M. to lOl inclusive is practically constant 

where ^ is a constant . 'I'he vahu's for the periods It and 2t 
do not lit. in widl with the others, and they are therefore 
proliably inadmissible values along the lines previously 
explained. (Hee also S(‘ction 00.) The result is of interest 
and import anci‘ since it, is (‘vidence of the soundness of the 
cD.iuction of e.iuation (IhO), and incidentally of the deduc- 
tion of tla* etpiation.s in Sections 57 and 58, and of the 

♦ Tht Klu tnm, l.y li. A. Millikan, the University of Chicago Science 
Scries. 
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(‘({UMli'His in Sudiuns 52, 51, and 55. t4' wfiirh 

an imk‘tt*rmina(f linrar laat^iutudi* •■ttnni*ci«*d witlj tin* 
actual path ttf a mnltHailn, and d.'j ft»rn‘>{«»iiding indctcr- 
ininate imriod. 

fi7. The ihmdant Dhplaremrnt Diffmhm Equa- 
tion. 

fiiHtead of considering the displaetiuent of the niole- 
culcH for a Keleet(*d [M*riod t. we may ruii>,ider the different 
periods of tlie inol(‘euli‘S corredMuidiuK to a ?^.{(*t.tf*d ilisplace- 
inent, d. Tliis eus<* nnty In* tn*at(*tl idonn hiniiiar lines as 
that, in tla* pn'vions .S'cfion. Suppon* that inoleeuleH 
r IHT cnlne cm. liave a {M*ritui h, in tindeiKoitig a displace- 
ment d, in one direction at right ungk^s to tlu* j»lane of 
refcrc'nc(‘, and that id,, intdeetdes huv** a {Hukid etc. 
haich of tln‘S(‘ .seds of moletailes niuv !«• treated indepeinl- 
(‘iifly aktng tlie saint* linen as tin* invent igatitni in flu* {»rt*- 
ct'ding S(*cti(nj. It folkovs immedjafelv then from tin* 
previous Hection that the g.ain jwT .-econd in iimlecttles r 
having tlie jH*riofl tH*k»w tht* plant* of leferenct* is etiUid 
to 

li ^/.\ , 

/jjA f tlj' 

and the gain in niolecuk*s r having a perjotl i,, is f*tjinil to 
l/j.f/’*, dX, 

/?^.V f da 

and Ko on. I he tot;d gain in ntok'erjk'--* r t |'|j*i'ffrire 
, '-Sp I -'f's dS, i, k/’ , iiXf 

. tfi t,% j A , dx 2 dj * 


wht*re 
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A displacement diffusion equation 


the mean of the reciprocals of the periods. Similarly it 
can be shown that the gain in molecules e below the plane 
of reference is 


2 dx ’ 


where de is a selected displacement and ^ the mean of 
the reciprocals of the corresponding periods. The gain in 
molecules r and e due to their displacements is therefore 

t-^ CPr dNe 

2 dx 2 dx' 


But the volume of these molecules is not zero, and if this is 
taken into account similarly as in the previous Section we 
obtain that the diffusion 8r of the molecules r is given by 



do 


Nr'dr^ N cdc\ 




dx 


+te~^^d^Nr 


dx‘\' 


(207) 


where do and d> denote the external molecular volumes of 
gram molecules of molecules e and r respectively in the 
mixture. 

In the case of a dilute solution of molecules r in mole- 
cules e the foregoing eciuation becomes 


tr~^d\ dNr 
2 ^ dx’ 


. (208) 


and hence the cocfFicumt of diffusion is given by 


2^' 


(209) 


It can be shown along the same lines as in the previous 
Section that the; sinalkist admissible value of dr in equation 
(209) corresponds to its value in the equation 

4:dr — Isrj 


( 210 ) 
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where lif deiietes tin* tiverngt* di<Tu>i«»ii piitli .ni*«*Mr«Uiifs t(» 
Bectirni 41. K deiu4fH the s-tiinllej.! 5itlini^.-.il»le vuliie uf 
dr UTiti K the av{*ruge nf the eorn%Hj«tiidiii|4 |M<ri<Kls. the 
total average vt'loeity 15, of u ia«4eeul»‘ r in given hy 


15. 


I,. 

!% 


^d% 


1211) 


by means of tin* ba-egoing eeiuat ion, sinee ilie average dif- 
fusion path is ei|ual to th<* eorres|Niin«ling net mil path. 'Hie 
mnnlier of n, n Mjuare eisi. is emssiHl |M‘r se*cend by 

inoleeuleH r in one ilireetma i-^ giv*‘n by 


A5V5 


?o 


4 Sfd'f 

•1 


212) 


according to etpiutiMim 12111 and 1551. I lie teregning 
reinarkH and etjuutions idso bold wlien tbi* niixtine is not a 
dilute solution of inoleeul(*s r in > . 

On (‘({ualing the eKpressiooH Imi /b given by equatuum 
(20U) and (147) we obtain the e«|uation 





ibli 


which may In* used to deteinnne tlie eMelheient of metnhiy 
Mr of a etdloidal |iurtir’!e. 41ns equation and equation 
(KHi) give tin* etgiuiion 

py j 

b h/% J ....... . ^2Ml 

A .it rtf 

w’hieh dt‘jH*nds on Stedies' law, and may !«■ UH'd in the 
same way us equation i2tlt»}. 

It will now lie reengiii/^t'd that an e\j.ti'e'vor,ii Ibr the 
dilTusion may l>e olitained ulonu the same line-’ eoi te-pinidittg 
to any law of neleetion of the dis|daeeinents, or of the jH-riods. 
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58. The Constant Period and Constant Dis'place- 
ment Viscosity Equations. 

The viscosity of a substance also may be expressed in 
terms of molecular displacements at right angles to a plane. 
Let us first obtain a formula for the viscosity in terms of 
displacements corresponding to a constant period. 

(a) Let the plane of reference be taken parallel to the 
motion of the substance, and let us suppose that the velocity 
gradient is unity, and for convenience of reference from top 
to bottom. We will adopt the same notation as in Section 
56, and suppose that we are dealing with a pure substance 
of molecules r instead, of with a solution of molecules r 
in molecules e. Let us suppose that a molecule at the begin- 
ning of a displacement (which takes place at right angles 
to the motion of the medium) abstracts the momentum 
Vinia from the medium, where Vi denotes the velocity of 
the medium in a plane parallel to its motion passing through 
the molecule whose absolute mass is mar- This momentum, 
we will suppose, is transferred to the medium at the end 
of the displacement. Now it follows from considerations of 
equilibrium that the displaccnuint of a molecule in one 
direction from one plane to another, both of which are 
parallel to the motion of the medium, is accompfinied by the 
displacement of another molecule from one plane to the 
other in the opposite direction. Therefore if Vi and V 2 
denote the velocities of the medium at two planes taken a 
distance d from each other, the momentum transferred 
from one plane to the other by a molecule and its associate 
molecule is (Jx-V^ynia, or dnia, since the velocity gradient 
of the medium is unity, ox {Vi- V 2 )/ d=l. Since nr, mole- 
cules of displacement dr, cross the plane of reference per 
square cm. in each direction during the period U, or n'r^dr, 
molecules, where n'r, denotes the number of molecules in 
a cubic cm. undergoing a displacement dr, in one direction, 
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it follows that these molecules transfer the momentum 
n'r^d^rjnar aoross the plane. Similarly it follows that the 
molecules undergoing a displacement dr^ transfer the mo- 
mentum n'r,d\mar during the period U across the plane 
per square cm. and so on. The total momentum trans- 
ferred per second per square cm. of the plane, which is the 
coefficient of viscosity rj, is therefore given by 


^ _ d^mar / ^1^'nd^n 4 " ^'l^'nd^n 4 ~ • • 

^ 2t, \ W, 


or 


rj = 


N flYla 

itr 


(215) 


where d\ denotes the mean of the squares of the displace- 
ments of the molecules of a cubic cm. during the period tr. 

It will not be difficult to see that in the case of a mixture 
of molecules r and e the coefficient of viscosity is given by 
the equation 


tj. 

I 


^_N4Kmar , Ned^m„e 


(216) 


where d^e denotes the mean of the squares of the displace- 
ments of the molecules e in a cubic cm. during the period te. 

It can be shown in a similar way as in Section 56 in con- 
nection with diffusion that the smallest admissible value 
of d% in equations (215) and (216) corresponds to the 
value of the mean of the displacements I, which satisfies 
the equation. 

(217) 

where Z,, denotes the mean momentum transfer distance 
of a molecule r as defined in Section 33. 
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If ^ denotes the smallest admissible mean of the dis- 
placements and t'r the corresponding period, the total aver- 
age velocity is given by 





. . (218) 


while the number of molecules Ur crossing a square cm. 
in one direction is given by 


NrVtr ^^ ^rd'\ 

3 d t'r ’ 


(219) 


obtained along the same lines as similar equations in Sec- 

tion 56. t • 

If equation (201) is supposed to apply to the dihusion 

of a molecule in a substance of the same kind and the period 
is taken the same as the period in equation (215) and 
eliminated from the equations we obtain the equation 

^ = ..... ( 220 ) 

d?ST DrNrTnar 

where the suffixes 5 and t? have been added to the displace- 
ments to indicate what each refers to. According to this 
equation the ratio on the left-hand side is not in general 
equal to unity. Thus the displacement of a molecule along 
an axis is affected by a shearing motion of the substance at 
right angles to the axis. 

In the case of a dilute solution of molecules e in r the 
value of ^ will very approximately be the same as for the 
solvent in the pure state, and may accordingly be obtained 
for any selected period tr from equation (215). The value 
of We may then be obtained for any selected period te from 
equation (216). It would_furnish interesting information 
to compare this value of (Pe with that of a pure substance 
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of inoleciilt'?^ f, i»r if tiu* nnliito i>f fftlhiidul |»urf it*h‘s, 

to c<)iji{)an‘ tin* v:tlut* with that 

If 1 } is oliiuiiialfti frtim cqiuttitHi *21.5) hy iii(*uii> of niu* 
of the (Hjuatioi^' lUll, aiid t02}, an o<|Uulit»!i ts olitaioial 
whifli iIh* ratui #, /? it» torios i>f luiiro fiiiitlaiiH‘ittal 

({luiiititu's, lli(* otjimlioii l«*in,si ^iruilur to «mo of thi* otiua- 
tioiis (1H8), (ISUI. aiitl CllHth 

If wo write i,-t, and d-C" in ion i:2lt»i if gives 

for any si'leetetl vahu* t»f If a vaha* of tf% wltielj iii si seiist* is 
a mean value of »K' autl d*,. It w«»u!d !«• iutore-tiiig t*t eoju- 
part! this value with that of tho '•ulofsiaee r in tl»* j»ute stafi*. 

Tin* vsdiies of #, and >f\ in !i|U.Hliofi i2!dl may he 
(li‘t ermiiK'd for stay seleeted vsdues o! I. siitd h tty f't|!isitinK 
esieli of the two terms on tla* light-hsuid siile of the equa- 
tion with the eorri'spoudijig ierin on tli«* iiglit-lisinti salt* 
of (‘({nation diSI, and ealfulatiiiy tie* (|jmntitieH in- 

volvt*d in iht* tvsiy dt'OTilt* d in 8effion M.5, 

It ean t*a>ily Ite proved along the sHuie jts fta* 

preet'ding invest igst! ion that if iIh* jH-riott* of fiie nioleeuleH 
in a euhic eui. h'tr a selt'cted tli'-plneement fi. are (sh^erved. 
the eoetheit‘nt of vi-eo-iiv is given h> 

j| ■ s|% /f hfi-.,, ..... |22I| 

when* tf * denoft*s fh** mean **l Oif* r*'e!|*r*!*’a!‘' of the ptaiods 
(•(irrt‘Spoudiug tit the df-pisieenu'iii d, and i- giveii liy 


In t:lu‘ (‘ase of a iidxHiO' t»f nie»!»*eiile' r ssnd « tte l'iav«‘ 

rj :lX,>rj, h«,, i JA". dh A h.H . . ’222| 

ddie sisiidt'si admissilde value o| ti, m r-i|U:ifioii *',fhf 

Hatlslii‘.s the (‘({nation 

hi, . . .... 22;;; 
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DLSPLACEMENT OF HEAT ENERGY 

which followH Kiinilarly as before. The formal® for the 
total V(‘l()(;ity and the number of molecules r crossing 

p(‘r mi'miil a. K(iuaro cm. from one side to the other in terms 
(if the Hiiinlk'st- a<lmisHible displacement d'r and the cor- 
n'sponding iniain of the periods are the same in form as 
('({uations (21S) and (219). Similar relations apply in the 
cast* of tlu‘ moU'cules in a mixture of molecules r and e. 

The Camtant Period and Constant Dis- 
plaeement Heat Conduction Equations. 

We will now find an expression for the coefficient of 
condiietion of laait in terms of molecular displacements, 
UHing lilt* suiue notation as before, and taking the plane of 
referema* at. right angles to the flow of heat, which we will 
siippose takes i)la(‘.e from top to bottom. A formula involv- 
ing the tlisphuamients for a selected constant period will 
be first obtained, L('t us suppose that a molecule r at the 
lieginning of a displaccnnent, (which takes place parallel 
to tlu* flow of lu'at at right angles to the plane of reference) 
abstraets tlu* (‘lua’gy TiSmr from the medium and transfers 
it to the medium at the end of the displacement, where 
7'i deimies t he absolute temperature of the medium at the 
begimiing of the disi>la(U‘mont, and Smr the corresponding 
internal siHteific; h(!at, at constant pressure per molecule. 
Siiin* iH» inat tm' is transhuTed from one plane to another, 
f.-ich <»f wliie.h in at right angles to the flow of heat, it fol- 
ItiwH that the <lisi)lacement of the foregoing molecule is 
aeeonjpuaiefl by the displacement of another molecule in 
thi‘ ofiposite direr, tion, botli displacements lying between 
tile same two parallid planes. Therefore if Ti and T 2 are 
the absi.lute temix'ratures in descending order -of magni- 
tude of the medium in these planes the energy TiSmr—T 2 Smr 
is trail' ferred in the lower plane by a pair of correspond- 
ing mnl(*euli‘S during the |)(U'iod h* If fhe distance between 


2tW Ari’I.IfATIOKH, (‘oxxr* l'|M\.s. 


the iilioit*,*' If*- ii aii«l till* lirat grtidk’itf f.t iiiiity 

•y-j... 7% #1-1, hipI thr «f lir'iit tr;!i!r4«‘n»'‘ti H*uy i«‘ 

ivritt'pn t-»f' >/. m#-'* 

flit* plaiif tif r#*tV'rr«n‘ in diiijfie 

/f, wlik'ii fstii m wjital t«i f/,,4. , fisIlMW*. 

tliiit ilit-N* iraii'*f»T flit' fMrrgy |m«} 

Kt|i! 2 irp rill. tia* .‘'iniillirh’ ii tljai 

tlip iiitilt'inilff. il,., traiitiffrr fi*.' 

|M'r >i|!iarr rm iirp.*### tlii* |ilaii*% aiifj au. 
Thi* tntsil •■iitTRy |M*r wiiiiirr* rrii, f^-r 

aciiiHK tiu* jilaiif, «»r th* Imu r*mt|ticii%*iiy (\ i% fltrrt‘f«#rs* 
given by 




or 


2?, 


X,K> *iK 
2 T’ 


.V. 
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where #F, it ■»'**# lie* naisii *4 tin* neioiiriw f»f lltr tipfiiiiri** 
t»f flit* lU H rsi». If «irfnslr ||n* !i,|- 

teriiiil .ffjn'i'ibf’ I'irai a! cussHtfuat f^'r grfi!» %r l«rv*' 

tN«»f * wii(-r«* ?#»,, nfr'ijMti'H llsi* mubTsilni 

weiybt #4 ;i njulfriil#* r, nrel tlii'* f*»rrimiiiK *'«|iiii!i«Jis ini-ry 
iberi'furt' l«* 


III th(* tif u mivtiirf #•<! lipslt-riili*** r -iii*! « %%*• lui'v** 


I ' n * ' 

2 2 i. 

It rati ■••uJiilarly !ti- tinsi it* tip. * 

in ke|.)f- etuif-laKt wr bavf 


;f 4'' . .1, 

•' Si* M ■? 

Iln'iiari,}! *1, 


THE ADMLSHIBLK VALUES OF DISPLACEMENTS 261 


and 


.Kmnr>% 

"'"'b 


d^'tr- 


N' e'l'flaf'Sn 


d^et. 


(228) 


where I, d(‘nt)t(‘H ilit* mean of the reciprocals of the periods 
of the moltH'ule.s in a cuhie cm, corresponding to the dis- 
placement and has a similar meaning. 

'riu‘ least- admissihk' value of the average displacement 
(If in tlie fur(‘g«»iug (Hpiations can be shown, similarly as 
in the St'ctions, to be the value which satisfies 

tlu* ecination 

Mr~lc.T, 

where h, (h^not-es tlu* heat transfer distance as defined in 
S(*e,tion h7. 'riu‘ magnitvule that may be given to the value 
of d, in limited sitmewliat by the fact that in the deduction 
of tlu‘ etiualious wi* hav(i assumed that the specific heat 
along the* lieat gradient, at- two points is independent of their 
diHtanee apart. Hut this cannot hold unless the heat 
gradient is taken infinitely small. The formulas for the 
heat cunduetivity may l><^ given forms taking the variation 
j»f S,nr nnii A% along the. la^at gradient into account, but 
on account of their complexity they possess no particular 
iiitere.st. ttr importanee. 

If the iieriods are taluui the same in equations (225) 
and (215) and eliminated we. obtain the equation 


7Frr ^ 

tl\r 


(229) 


wlum* tlie HufiixeH c 5in*l v have been added to the dis- 
placements to indicate to what they refer. The right-hand 
Hidt- of tlie eqnatittn is evidently in general not equal to 
unity, and htaice tlu* nature of the motion of a molecule is 
influenced in dilferent ways l)y a heat gradient and a sh ear- 
ing motion in a suhstancta It should be noted that d^cr 
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refers uiiit heat unHlifUi, aiel t** hiui vt-lt teif}- 
of the Hiihstsliiei*. Aer**»rtling it* St'ciimt -‘IS Iht' ifehti-liuiul 
side of the htreitttiiiit fe .uii'aita’ fhuit uiiily when 

the HuliHtanee is in tlie au*| Miuitfer tluui 

unity when in tin* litjuitl .■^inte. 'I'hii- the tli-ithietaneni 
of a rnoleeiile for a liiven |i«i-it*i{ in n ht^ut jinitlit'Ot is re!a» 
tively greater than in a \''t'ltteity gratlHail t»f u Mih-tunee 
’when it m gasntns, whih* tla* t»|-»|>ts‘.ne htthls wht'u i! is in tla* 
liquid state. This ap|M‘ars ft» nelieuit* that lie* jtafh «»f a 
particle in a gas is rendere»l relaf ivriy !a«»fv luaiulntorv 
in character hy a vehieity gratiteni ihe.n Isy a heat gradient, 
while the oppi^site holds in the ea>n i»f :t lit|!iit!. 

The diHpIacenH*nts aial iH-raMfe t'^pressed in 

terinH of inor(‘ fmaiuniental tpiantitfes ^sijuiluily as in the 
previous Heetion. 'Hie re-sttitK liesv usi'd Im liiei appr<t\- 
iinate values of the former quantities in the ease *4 a nurture 
by the helj) of Seel ion MS. 

Another Slelhtu! of Drtermhi iioj the T tit id 
Average Vdoeitij of TraNsIniitoi tf a ('uiloida! 
Partiek, 

We liave seiai in See'litm Mti that eqmiletii ‘2itM Imltls 
only when the p(*riod is eqmd tn, m luiger, fletn that 
corres}Kmding to tlu* average di-pbeeue-nf vhieli 
t!(|Uation (202). I la* .smallest \'alue <<1 f, adno' ■ ih{** mav 
lx* (itderinineii hy using .sueees,,ivrly values , 4 ' f, iu de-ereas.. 
mg o! del of magnitudi* and MbMaviog the eM!‘ns,,|^mij|jjj|f 
values of the tlisplueemenls, till values ao' ehluinetl whieh 
do not satisfy t‘<juafatn {2(tU, or equroiMit iTtHii it StMke-v 
law holds. The vrdiie <4 i, etare jamding to tlie traiidfioii 
point i.s tlu* Hinalls’^t atlniis>il4e value, t tu sule-liiuting 
this vjihus and tla* value *4 the euiTi':vjH*n*.iiiig average el!:-- 
{ilaceinent in ecjualion f'iOMi the value e4»iaiii,d h»r Ife 
is the total average veloe.ily <4 the particle. 
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Sinc6 dr on th.6 average is proportioiia,! to tr when its 
value is inadniissible according to the Section cited, it fol- 
lows from equations (201) and (206) that in that case 


and 

IFr HT 1 

tf N Z-nTT)' 

Thus as the value of the period is decreased a point is ulti- 
mately reached when the ratio dPf/tr ceases to be constant, 
and decreases proportionallj^o U for further decreases 
in tr. Therefore on plotting d\/tr against U, and drawing a 
mean straight line through the points which indicate that 
the ratio is constant, and a mean straight line through the 
other points, the intersection of the two lines gives the 
period t'r nnd displacement d'r which on being substituted 
in equation (203) give the total average velocity of the 
colloidal particle. 

No experiments have of course yet been carried out with 
the oliject of determining the total average velocity of a 
colloidal i)article in this way. It seems probable, however, 
that Nordlund in testing the constancy of (PJtr in the 
experiments described in Section 56 advanced into a region 
in which the values of d‘^r and U are inadmissible in equation 
(206). '^rhus an inspection of Table XXIX shows that the 
ratio in one set of experiments, though constant for periods 
of and lOt inclusive where 1.481 sec., decreases con- 
siderably for smaller periods. If this deviation is genuine, 
as it seems to be, it will be possible to detemiine from 
Nordlund’s experiments whether the velocity of a colloidal 
particle is the same as if it were in the perfectly gaseous 
state. The radius of the mercury particle corresponding 
to the values in the Table cited was 2.66X10-° cm. The 


(A) 

(B) 


Ciii., uiitj !Ui‘r*‘iMrr f** I 

dis}:>l;itH‘iii»iit i> |:irulf.tli!v vi-ry ;»jj|*r 
Hq\iart‘ r«K»i tif aad itrhr#* tin- 
parfu‘k‘ aminliiii* !»» ^niatiMn .‘ji.r 

A ill k’|}j. 

If thin tin 

of th(* {«U1 sok*. UA }*« 

(k*vinti«»U>5 ItU‘iitiuti«'»|. ll tim 

I IIHHI tjf that tii** |♦ar1^r!A i,vs,!!i|r| 
KasiHHls Niati*. This r»*ASill tif*v la w; 

:Soiu(* |.»v si 

this {h* 

of till* Browiiiuii loiitiMii ni 
1m radios io \vat4-i', ’I'lir 
(!orri's}M)iiti«*(.| Ik a |h*r!««l kI .y t.4 
HHjallor tliaij thuK* ivalrul’sij ,| ijmj 
T his (icviulion joi^hl havf r:u|. 
smalha* than flit* IkmaI a-hui 'il4r v:s 
th<‘ iii'viatiKiis an* in th.- iis,*!*? *ijK 
lit'iiri t'Oht'ii wli)-th>i’ (F, I, j;-. t-i.f,-? 
was iiti! sjKa'ially invA'-f an i * 
iiiatoly aoiislant. liui. fh.* *l» 
fuiistaot. whi'ii if uftai!-* }, 
may thorofon* 1 m* aitprK^ijjia’rfv 
rogiou for lyiiiy Im-iwai-!* liSKii 

Iliiudta It) }«; dlffli’lill Ik mi* hisv* i 

an oiTor roidd havo I’omi* in Im |srM» 
magnilmh* nu‘HfiKiit<d, 
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It. is hiu:hiy th‘.siral)l(> that experiments be carried out 
witli the td.ject ui evMluatiiip; the ratio of colloidal 
purt i(!h‘s for ms small periods as possible in order to obtain 
in OIK' ()r more e:ist‘s with (certainty the smallest period that 
will salisty eiiuatitm {2t)()), and to calculate from that the 
total avermtr* vidoeity of the particle concerned. It is 
I)rol)ably not aeei(l(‘ntal that in all cases that have come 
under my noliee Ilu‘ al>ov(‘ ratio when not fitting in with 
ecluation li1t(‘(l in with the inequality (A) which 

eorrespomls periods not admissible in equation (206). 


67. The Di.stribution of the Molecular Velocities 
in a Siibsfttnre not Obeying the Gas Laws. 

It «loes not seem possilfie as yet to obtain any definite 
tljeon'tiea! inhumation about this distribution. The proof 
of Maxwell’s law given in Wcastion 7 applies only to gases, 
and the law’ ihhmI not therefore hold for a substance not 
olteying tin* gas laws. It is very probable, however, that 
th(‘ distribution of mohaailar velocities obeys Maxwell’s 
law in all eases. 'Phis may be tested directly for colloidal 
partieles in solid i«in. Thus according to Section 7 the 
probability that the velocity of a molecule has values lying 
between lb and Trla/lb and is 

'.mi '"'’•dFi. 

VfVTT 

'This expre‘- -ittn may be converted into one involving dis- 
]ilaei*m«‘nf ^ tSeetion oti) as follows: The projection of the 
path of a partii’le between two points on to an axis is the 
same as if the points were joined by a straight line. Now 
if the path of each partii’le were divided into parts corre- 
sponding to the same period 6, these joined by straight 
lines, and the partiele MipjHi.sed to move along them, the law 


2t»ii n* t '« »wi :t ''|■|M\^ 

*if irf I'rlMcstir-' wt*s4i»l |»r»4‘;rf?i\ umi Ih' .ulfu'r-l 

if If k iH'Itrtv ji «'i-rliiru iutjit, ulis-rj* 1* :nr-i I ttniilil hmw 
n*fi*r ti» tin* 4'uii* lit stiff t-ilv iifiiifinrin. 

tliH flit* iilas- fli-llliltV- 

lurlitH, will t»** !i4‘»r«.' r*siiv* ir»*-nt i*:* ‘!*iris I'in^ rt'nuirri! 

fri.Jiii Hin" III flii- i«sii *4 {fis- !(. sri’ii'tiiiiii; 

lirwliiiliility 'I liii*’ wr i» krTiiitii 7 

tliiit tilt* I’truliulHiity lliiil 4 if;.."' u 

%’elticity lyitig « i*ipi rt’-t' tijr i'« 

, ^ , 

I'jjN * 

Tlw (luaiitity I’f. in tin* !«' »-’sc|fri*H.Hr4 m ifriim 

iif tlu* nf thi* tu flu* 

{.xiriwl t,. AiH’urtliiig tu 7 uf hnvr 

1. 

\ x 

whr»n* r?, tlu* uvt*niis»' v«'l«H'ily t,| h infiln’iik in uiiy 
Hinlt', Ilinv flu* *4 I tlir ;t.\r;:s4s' Vr'l* H'i! \ Hi tiu* 

gUWtni'H iki u|i|»lMlsi*. Hi il 

tn tliiH vtm- liy t'»ui‘‘i*ii'rniji. f!n‘ r* id iis»A i-ul n 

imiivitltmlly uiul u«ltlnm >4» th- \m- fld'ijy 

y, yy i.. 

Tlu* ftirt'gniiiK fwtM'tiiisiliMn:. yivi* tli*- ♦-*|?s4!Uits 14.. s k, 
\vhit‘h ilt ffdlir- mI ^L. Mit ,'4l}»4S" 

tuiijig tlii> |t«r I ;»ip! wiilind «•'. f,. i*.| si. jit fh** 

fnrcgiusig jirnhulfility dMU. nu4 run i :t liiiHift'*! 



»L\ g 


V!'‘Lc){‘rrY DISTRIBUTION AND DENSITY 267 

fill* 1 1lf mimhiT (»t' llu' displaanuonts Na which have values 
lyiiiK lH‘UvtH*ji ilr and d+ddh.) eorrcHponding to the period tr. 
Ida* valiif.H (»f th(‘ obs(‘rv(‘d displaceiucnts appear to agree 
with ihf tVavgoiiig law of distribution, and Maxwell’s law 
for Ihf fiistrilmlion of molecular velocities holds therefore at 
h‘!ist ajjproximalfly for colloidal particles. 

I'hf most jH-ohahle displacenieiit, which is obtained by 
diviiiing the luregoing expr(>ssion by Nu, differentiating it 
with respect to d„ and e((uatiug the result to zero, is equal to 
zero. 'Hie ri-ason for this is not difficult to see. Consider 
tlu* moU'cnlar paths of the .same length per period tr passing 
in rdl direct itms thnmgh any given point. It is evident then 
that the muiiher of molecules associated with a given pro- 
jfcelioii increases witli a dt'crea.st' in its value. It is of impor- 
tuMCt* to point out (hut the average displacement obtained 
l>y direet observation will tlu'refore tend to be rather too 
btrg** rim .‘^mall. '‘Hu* total average velocity of a col- 
ioiiial dfdufinl according to Section 56 will therefore tend 
to be to(» large rather than too small, a point which is of 
iinportancf in determining whethe.r this velocity is the same 
as that forresjiondiiig to tlu' gaseous staU\ 

Idle v.aluf ttf the most j)robable vidocity Vp in Maxwell’s 
distribution Imv will depend, .according to what has gone 
hi'fore. on tlif .Holvent iti which tii(', piirticles are suspended 
be»*idfs on their muss, and in tlu! case of a molecule the value 
of bj. will increase with iiau'casci of (hmsity of the substance 
a! t'oieUant tt'mperature, siruti^ we have seen that its total 
average vidocity increases with the density, 
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Osmotic pressure: Cause of, in heterogeneous mixtures, 208, 209; 
connection of, with molecular motion in a dilute solution, 213-217; 
constants of, in heterogeneous dilute solution, 217 ; in connection 
with diffusion, 197; permanent nature of, 21. * 

Path satisfying given conditions: Mean and mean of squares of, 109; 

■ probability of, lying between given limits, 107; probability of, 
cutting a plane, 108." 

Polymerization; Of mercury, 105. 

Pressure; External, given by equation of state, 81-86. 

Pressure of expansion: Average, per single molecule in any state, 
35-37; nature of, in a substance in any state, 62-64; of mixtures, 
67, 68; total, in terms of other quantities, 65, 66. 

Repulsion: Forces of, surrounding atoms and molecules, 47. 

Shearing motion: In viscosity, 110, 111; effect of, on path of particle, 
232. 

Sound: Formula for velocity of, 41. 

Specific heats: Of gases, 39,' 40; of liquids and dense gases, 42-44, 
103, 104; ratio of the two, of gases, 40, 41. 

State, corresponding: Nature of, 91-94. ^ _ 

State, equations of: Conditions that they have to satisfy, at critical 
point, 88; at absolute zero, 89; thermodynamical, 90, 91; various 
forms, 81-86. 

Stokes’ law: Formulae involving, 220, 250; nature of, 220. 

Thermodynamics: First law of, 37, 38. 

Volume, external molecular: Definition of, 172, 173. ^ 

Volume, internal molecular, or b: Cause of, 78, 79; determination of, 
95-105; mathematical definition of, 68; properties of, o8, 59, bl, 
superior limit of, 78, 79. 

Volume, real and apparent: Discussion of, 77, 78. 

Velocity of a molecule: Average kinetic energy, in a gas, 28; averap, 
in a gas, 20; determination of total average, 95-103, 139; mferior 
limit of total average, SO; most probable, in a gas, 20, variation 
of, with time in a gas, 20; variation of, with time in a substance in 
any state, 265-267; when not under the action of a force m a gas 
or liquid, 52, 53. 

Velocity of colloidal particle: Determination of, 195, 210, 2b2-2bo. 
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